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1. Introduction

Studying solutions of the d-equation on pseudoconvex domains with weighted
L?-estimates of Hormander type is one of important problems of complex analy-
sis of several variables. The original Hérmander Theorem (see [11, Lemma 4.4.1])
said that if {2 is a pseudoconvex domain in C™ and ¢ is a weighted function in
C?(2) such that

n n
CZ lw;|? < Z 9*¢(2)/0z;0Zrwwy, z € 2, weC,
j=1 k=1

where ¢ is a positive continuous function in {2. Assume that g € L?p o1 (£2) with

0g = 0. Then there exists u € L?p q)(Q) with Ou = g and we have the following
estimate
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/|u|267“"dV§2/|g|267“’/ch,

where dV denotes the Lebesgue measure in C™.

Later, a number of authors, namely, Donnelly and Fefferman (see [9]),
Berndtsson (see [3, 5]) or Blocki (see [7]) extended the above result of Hérmander
for (0, 1)-forms on pseudoconvex domains with estimates through Kéhler metric
i00p. We recall the following theorem which is essentially contained in [9].

Theorem 1.1. [9] Let ¢ and ¢ be plurisubharmonic functions of class C? on a
bounded pseudoconver domain 2 and let ¢ satisfy the condition

i0¢ N O < midd,

where m is a constant. Assume that g is a 0-closed (0,1)-form on 2. Then there
exists u € L?(£2,v) such that du = g and the estimate

2 - 2 -
/|u| e VdV §Cm/|g|i85¢e dv
holds, where C' is an absolute constant.

Later on, the result of Donnelly and Fefferman has been proved by another
method by Berndtsson with the constant C = 6(14?)2, 0 <d <1 (see [3,
Theorem 3.1]). Notice that all the above results have been proved under the
hypothesis that 2 is a bounded pseudoconvex domain in C" and for d-closed
(0,1)-forms. In 1991, in the paper “O-problem on weakly g-convex domains” on
Math. Ann., L.-H. Ho proved the existence of solutions of the d-problem for
0O-closed (p, r)-forms on weakly g-convex domains (see [10]) without weighted
L2-estimates of Hormander type. By modifying techniques of Hérmander [11],
Berndtsson [2] and Blocki [6, 7] in this paper we will study solutions of the 0-
equation on g-pseudoconvex domains for d-closed (0, r)-forms with weighted L?-
estimates of Hormander type. Notice that the class of ¢-pseudoconvex domains
is larger than the class of weakly g-convex domains introduced by L.-H. Ho in
[10]. Now we outline the main contents and the organization of the paper.

Throughout this paper let {2 be a g-pseudoconvex domain in C™ and let
g < r < n. We will study the equation

ou = g, (1)

where g is a O-closed (0, 7)-form in £2.

Assume that there are a weight function ¢ € C2(£2) and a nonnegative func-
tion H € L'(£2,loc) satisfying

Z ' Z /aJaLdet(waz) < H Z ' Z (pjzajKakK (2)

|J|=r |L|=r |K|=r—1 j,k=1
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for all (0,r)-forms o = 3. "asdz;, where (¢;7) = (¢;7)jesier. Note that if
|J|=r ’ ’

r =1 and we take H = 1 then condition (2) is obvious. The first result of the

paper is the following.

Theorem 1.2. Let {2 be a q-pseudoconvex domain in C™ and let ¢ be a strictly
C? plurisubharmonic function in 2 satisfying condition (2) and —e=% a q-
subharmonic function. Assume that 6 € (0,1) and ¢ is a g-subharmonic function
in £2. Then for any 0-closed (0,7)-form g in (2, there is a solution, u, to equation
(1) such that

1
ul2e Ve gy < 7/111 2 _ —vde gy
Z' | o1 =5y ) on,

Here |.|1.85¢ denotes the norm in the Kahler metric with Kahler form i00p.

Next we obtain the following result which is a slight extension of a result in
[4] (see [4, Theorem 4]) for the case {2 is a g-pseudoconvex domain and ¢ is a
plurisubharmonic function on 2. Namely we prove the following.

Theorem 1.3. Let 2 be a q-pseudoconvexr domain in C"™ and let @ be a plurisub-
n
harmonic function on 2. Assume that © = i ';1@j’Ede A dZy is a positive
J, =
definite hermitian (1,1)-form with O; % continuous on {2 and w is a positive
C?-function satisfying _ _
100w < w(iddp — O) (3)

in the sense of currents. Then there exists a solution, u, of (1) such that

1 = T
/|u|267“"de§ ) Z Z /@J’kngngeﬂ"de.

P |K|=r—1 jk=1¢

The paper is organized as follows. In Sec. 2 we recall the notions of ¢-
subharmonic functions and g¢-pseudoconvex domains used in the paper and
list some of their basic properties. For details of results concerning with g-
subharmonic functions and g-pseudoconvex domains we refer the reader to the
papers of Ahn and Dieu [1] and [8]. Sec. 3 is devoted to establish the norm for-
mula of (0, )-forms in the Ké&hler metric induced by a positive definite hermitian
(1, 1)-form ©. Moreover, we prove some auxiliary results which will be used for
proofs of the main results of this paper in Sec. 4. together with some corollaries
from these theorems.

2. g-pseudoconvex domains in C™

In this section we recall the notions of g-subharmonic functions introduced and
investigated by L.-H. Ho [10] and g-pseudoconvex domains in C" introduced by
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Ahn and Dieu [1] recently, where 1 < g < n. First we assume that the reader
is familiar with plurisubharmonic functions. For details concerning with these
functions we refer the reader to the monograph of Klimek [12]. Now we come back
the definition of g-subharmonic functions. Note that in the following definition of
g-subharmonic functions we do not assume that they are in C2(£2) as in [10]. It
seems that this is a slight extension of the definition of g-subharmonic functions
introduced by L.- H. Ho.

Definition 2.1. Let {2 be an open set in C". The function ¢ defined in {2 with
values in [—00; +00) is called g-subharmonic if it is upper semicontinuous and

e 02 _
/‘P X > m(amakmd‘/?() (4)

h IKl=¢g—1 jk=1

/ . .
for every o = Y aydzZ; € Dyg,q)(£2). Here ' means that the summation is over
[7]=q
increasing indices and ajx = EJJ k., where

J the sign of the permutation taking {j} UK to J, if {j} UK =J,
£ =
K770, if {jlUK # J.

The function ¢ is called strictly g-subharmonic if it is g-subharmonic and
satisfies (4) with strictly inequality for all « # 0. If ¢ = 1 then 1-subharmonic
exactly is plurisubharmonic.

We will denote the set of all such functions by ¢- SH({2). Note that in the
case ¢ € C%(£2) condition (4) is equivalent to

f e 02
Z Z (%Tgkaﬂ(akl( >0

|K|=g—1 j,k=1

for every (0, q)-form a = > "aydz;. That is the definition of g-subharmonic
[71=q
functions introduced by L.-H. Ho [10].
We list the basic properties of g-subharmonic functions which the reader can
find from Proposition 1.2 in [1].

Proposition 2.2. Let 2 be an open set of C™ and 1 < g < n. Then the following
hold:

(a
(b
(¢) If ¢ is q-subharmonic in 2, then v x o. is smooth g-subharmonic in (2.,
where Q. = {z € 2:d(z,002) > e}. Moreover, 1 * o \, ¥) when ¢ — 0, where

0 = o(z/¢)/|e|*™, o is a nonnegative smooth function in C™ vanishing outside
the unit ball and satisfying [ odV = 1.
(C’n.

If 1 is q-subharmonic in (2, then v is subharmonic in (2.

=

If ¢ is q-subharmonic, then ¥ is also r-subharmonic for all ¢ < r < n.



Weighted Estimates for Solutions of the 9-Equation . . . 215

(d) If x is a convex increasing function and v is q-subharmonic in {2, then
X o ¥ is qg-subharmonic in (2.

Now the following comes from [1].

Definition 2.3. An open set 2 C C™ is called g-pseudoconvex if it admits a
continuous g-subharmonic exhaustion function on (2. Here a function ¢ is a ¢-
subharmonic exhaustion function on {2 if it is g-subharmonic and for all ¢ € R
the set 2. = {p < c} € (2.

We have some following remarks on g-pseudoconvex domains.

Remark 2.4. (a) If 2 is g-pseudoconvex in C™ then (2 is also r-pseudoconvex
forall g <r < n.

(b) Assume that (2 is a ¢g-pseudoconvex domain in C". By using arguments
as in [11, Theorem 2.6.11] we can find an exhaustion function s € C*°(2) which
is strictly g-subharmonic on f2.

3. Norm Formula |.|@ for (0, r)-forms and Some Auxiliary Results

Let © =1 Z ©, zdz; N\ dzZx be a positive definite hermitian (1, 1)-form. In this
7,k=1
section we will establish the norm formula |.|g for (0,r)-forms. First note that

if 5(z) = anl Bj(2)dz; is a (1, 0)-form then
j=

n

Bla(z) = D 07%(2)8;(2)Bi(2),
7,k=1
where (67 ’E) is the inverse matrix of the matrix (0, ). Moreover, assume that

f= 3 "f@, w =0 A AW Wl = Z chjdzn are (1,0)-forms satisfying
[J|=r h=1

n

E Chjclk = 0j,

where d; ;. is the Kronecker symbol. Then

5= De = I

J|=r

(See [11, p. 119]).
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Let A1(2), A2(2),..., An(2) be n eigenvalues of the matrix (@j;). Then

1 1 1
A(2) A2(2)" T An(z)
Let C' be the matrix of unitary change of coordinates such that ' ((9 j;) Cis

the diagonal matrix. We set

are also n eigenvalues of the inverse matrix (@jvk).

n

W(z2) = Aj(2) Z cnj(2)dzn.

h=1

It is clear that {w’} is an orthogonal basis for the Kihler metric induced by
6. We have

_ - Cih _p,
dzjzzj—w .
=1 VAR

So for all |J| = r it follows that

dz; = dz;, A...Ndz,

= zn: (H Skt )5’”/\.../\5’“

hi,....,hr=1

[l
>
o> 3
:
|
I
%‘ B
a
=
u:h
Ay
ol
>
ol
v
&€
=
>
>
€l
>
\.i

»»»»»»

where Ay = [] An,. Thus, we have
k=1

f=3" "tz

J|=r

_ Z ZfJ(HJZ)thA"'WhT

hi,....hr=1|J|=r

= Z ' Z 5];11 »»»»» he. Z £ (H Ej;j;i) oH

|H|=r hi,...,hr€H |J|=r k=1

where 5];} """ " is the sign of the permutation taking {hi,...,h,} to H. Hence

RS ST SR T | PTY

|H|=r hi,..., h.€eH |J|=r
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DD BB SN H A DY H

|H|=r |J|_r |L|=r hi,....hr€H
, T
Boyhe TT =
x > en 11 e,
! —
hi,...h.€H k=1
! 1 h
19 h
DI SO ONT A D DD SR 1 PR
|H|_r |J|_r |L|=r hl""’h’”eHh/ly»»»yh;GH
n n
! ! —
e RPN D DD DI
[Jl=r |Ll=r B =1yt g
’ ’ T
o ghoee h
Ehl,..

e
hi,....h \/)\ LR k 1
n

= Z / Z /fJTL Z sgn o Z chkhk H U(k)

|J|=r |L|=r o€ES,. hi,...,hp= hor k=1 k=1
, . n 1 r B
= E E fJ.fL E sgn o E B\ H Cjkhkcla—l(k)hk
|J|=r |L|=r o€ES,. hi,...,hp= hi,..shr k=1
! ! — T
=3 S T pdet ((9”) .
|J|=r |L|=r

Therefore, we obtain the following.

n
Proposition 3.1. Let © =1 Y, @j zdz; N\ dzy be a positive definite hermitian

jok=1
(1,1)-form. Then for any (0,7)-forms f = S 'f;dz; the following norm for-
|J|=r
mula holds ) . _
B =" 3 fiFsdet (67T,
|J|=r |L|=r
where

@) ),
jEJIEL
Next, we establish a general Cauchy-Schwarz inequality in the following form.

Proposition 3.2. Let © =i ; @J +dz; N\ dzy be a positive definite hermitian
J =
(1,1)-form and o, 8 be two (0,r)-forms. Then

la.B* < Z Z aJaLdet( ) 1815,

|J|=r |L|=r
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where

(@J,Z) = (@j’z)jeJ,leL’ o= Z aydzy, g = Z Brdzr.

[J|=r |L|=r

Proof. Let C be the matrix of unitary change of coordinates such that c' ((9 j E) C

is the diagonal matrix. Calculating as in proof of Proposition 3.1, we have

2

I UIID o e o | Oy

|H|=r hi,...,hr€H |J|=r k=1
and
! ! _
E E aJaLdet (@Jf)
|J|=r |L|=r
2
r
§ ! § hi,..., R § : !
= AH EHI Qg <H Cjkhk>
|H|=r hi,...,hr€H |J|=r k=1
Hence
! ! _ 2
E E aJaLdet @J,f |6|(_)
|J|=r |L|=r
2
! ! ! — h/ h/ r
1900y - . =
2D IED RS DRI N SIS DI e | LA
|H|=r |J|=r |L|=r hi,..., hTEHh/1 VVVVV h:_GH k=1
’ — 2 —2
:’ g aJﬂJ’ :’aﬂ’
|T]=r
and the desired conclusion follows. [ |

Now we study solutions of the d-problem on g-pseudoconvex domains with
weighted L?-estimates of Hormander type. Techniques which we use here come
from [6, 7, 11].

Let £2 be a g-pseudoconvex domain in C™ and let ¢ be a C? g-subharmonic
function in {2 such that there is a nonnegative function h € L!(§2,loc) satisfying

’ > ‘gsa,| <h > / > o rei kO (5)

|J|=r |K|=r—1 j,k=1

’ 2

for all (0,7)-forms o« = ¥ aydzy.
|J|=r

The following result is a form of Theorem A5.1 in [6] for g-pseudoconvex
domains and (0, r)-forms.



Weighted Estimates for Solutions of the 9-Equation . . . 219

Proposition 3.3. Let 2 be a g-pseudoconvex domain in C" and ¢ a c? ¢-
subharmonic function in {2 satisfying condition (5). Assume that g is a 0-closed
(0,7)-form on 2. Then there is a (0,7 —1)-form u to (1) satisfying the estimate

/|u|267“"dV§ /heﬂ"dV. (6)
2

2

Proof. If the right-hand side of (6) is infinite then the theorem is clear. Hence
we assume that it is finite and even equal to 1.

Since {2 is a g-pseudoconvex domain in C™ so there exists a smooth strictly
g-subharmornic function s in {2 such that K, = {z € 2: s(z) < a} € 2. It is
clear that s is strictly r-subharmornic with ¢ < r < n. We fix a > 0 and choose
ny € D(2), v=1,2,...such that 0 <7, < 1 and Ko41 C {n, =1} T 2 as
v T oo. Let 1 € C°°(£2) vanish in K, and satisfy |9n,|? < ¥ forevery v = 1,2, ...
Let x € C*(£2) be a convex increasing function such that y = 0 on (—o0,a),
xos =2y and

for all (0,r)-formsa = > «ydz;. From here by repeating the proof of Theorem
|J|=r
A5.1 in [6] we finish the proof of Proposition 3.3. [ |

We also will discuss a generalization of Theorem 3.2 in [7] for g-pseudoconvex
domains and (0, r)-forms.

Proposition 3.4. Let (2 and ¢ be as in Proposition 3.3. Let 6 € (0,1) and
assume that —e~%/% is a g-subharmonic function in £2. Assume that g is a O-

closed (0,1)-form on 2 and v € PSH(S2). Then there is a (0,7 — 1)-form u to

(1) satisfying
1

- - e? VAV,
(1_\/3)2(Zh av.

Proof. First we assume that ¢ and v are C2-smooth up to the boundary. Note
that since —e~#/? is a g-subharmonic function so —e~%/9 is also r-subharmonic,
q < r < n. Hence, we have

>

|K|=r—1 j=

/|u|2e“"ﬂ/’dV <
2

n

n
2 / —
pioj|” <6 E E P RO KORK -
1 |K|=r—1 jk=1

Now by using techniques in the proof of Theorem 3.2 in [7] we obtain the
proof of Proposition 3.4 for the case ¢ and v are C?-smooth up to the boundary.

For the general case, we carry out the standard exhaustion procedure as in
[11] (see [11, Theorem 4.4.2]). Since {2 is a g-pseudoconvex domain then there
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exists a strictly g-subharmonic and smooth exhaustion function s. The sublevel
sets K, = {s < a} of 2 are smoothly, bounded, ¢-pseudoconvex for almost every
a. We fix such a. Then 1. = ¢ * g. € C*(K,), for all £ small enough. By the
beginning of this proof we can find u. such that du. = g in K, and

1 1
|ue|2e? ¥ dV < 7/he@*¢sdv < 7/@@*%1/.
K/ ) (1-v0)? (1-Voy)

a

Since 1. decreases with e this shows that the IL? norm of u. over K, is
bounded for every fixed a. We can choose a sequence £; — 0 such that u.,

converges weakly in K, for every a to a limit u in L?Oyrfl)(.(?,loc) and the

desired conclusion follows. [ |

4. Weighted L2-Estimates for the d-equation on g-pseudoconvex
domains

In this section we give the proof of Theorems 1.2 and 1.3 and some corollaries
from them.

Proof of Theorem 1.2. Set ¢ = §¢. Applying Proposition 3.2, we get

gal* =lagl < 33 lagandet (v,7) Jolyp,
|J|=r |L|=r

n
2 !
SHlglgz, Do D emuKTRE
|K|=r—1 jk=1

1 S~
<sHlolm, D D0 PreiK@K.
|K|=r—1 jk=1

It is easy to see that H| g|?85@ is in L'(£2,1loc) then Proposition 3.4 implies the

existence of a solution, u, to (1) satisfying

- 1 1 -
2097%qV < 7/—11 2 _ ePYqv
/|u| € (1_\/3)2 5 |g|133<p€
2 2
1 -
=——— [ Hlg|2: e ¥dV.
5(1—o)? Z liam

Therefore the proof is complete. [ |

Corollary 4.1. Let §2 be a g-pseudoconver domain in C" and let ¢ be a strictly
C2-plurisubharmonic function in 2 satisfying condition (2). Then for any O-
closed (0,r)-form g in (2, there is a solution u to equation (1) such that
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2 —p 2 -
/|u| e dVg/H|g|i88@e dv.
Q Q
Proof. For any (0, r)-form «, using Proposition 3.2, we get
2 ’ ’ _ 2
gal < 3 ‘asandet (v,7) Jol3,
|J|=r |L|=r
Combining this with (2), we arrive at
n
2 2 ' —
ga* <Hlglhz, > D oKWK
|K|=r—1 jk=1

The desired conclusion follows from Proposition 3.3 and the corollary is com-
pletely proved. [

The next result is due to Ahn and Dieu (see [1, Theorem 1.5]).

Corollary 4.2. Let {2 be a g-pseudoconvex domain in C" and let ¥ be a q-
subharmonic function in §2. Let o € C%(£2) be a strictly plurisubharmonic func-
tion and —e~% be q- subharmonic. Assume that § € (0,1). Then for every O-
closed (0,r)-form g there is a solution u of equation (1) such that

B 1 1 P T
/|u|2€ ¢+5<PdV< WT—Q Z Z /vakngnge ¢+5<Pd‘/.
2

|K|=r—1 jk=1}

Proof. We set ¢ = d¢p. Since
’ Z gs-ag
|J|=r
’ n 2
> Zgﬂ(-aﬂ(’

|K|=r—1 j=1

n — , n
< :_2% Z / Z " 9K TeK Z Z PO KOkK

|K|=r—1 j,k=1 |K|=r—1 j,k=1

’ 2

1
)

Applying Proposition 3.4 the desired conclusion follows. [ |

The following is a slight extension of Theorem 4 in [4].

Proof of Theorem 1.3. First we assume that ¢ is smooth. Put ¢ = —Inw. Then
w=-e"" and

100w = e~ ¥ (10 A\ O — i00Y).

Hence (3) is equivalent to
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10 A O + O < idd(p + ).
It follows that ¢ + 1 is a strictly plurisubharmonic function in {2 and
O <i0d(p + ).

Thus, we get

’ n 2
> Zng-ajK’

|K|=r—1 j=1

n _ , n
SIS SEL 3 N I SIS ST

1
)

g i
|K|=r—1 j,k=1 |K|=r—1 j,k=1
1 , n JE , n
< 3 E E O’ gk grK E E (¢ +¥) 50 KOk K
|K|=r—1 jk=1 |K|=r—1 jk=1

Applying Proposition 3.3 we obtain the proof of the theorem in the case ¢ is
smooth.

Now we prove the general case. Since {2 is a g-pseudoconvex domain, there
exists a strictly g-subharmonic and smooth exhaustion function s. The sublevel
sets K, = {s < a} of 2 are smoothly, bounded, ¢-pseudoconvex for almost every
a. We fix such a. Put ©, = @ x g.. We prove O is a positive definite hermitian
(1,1)-form on K, when ¢ is small enough. Indeed, using the arguments as in [11]
there exists x € C™(£2), x > 0 such that

6 > xido|wl|?
on §2. Then © > x0idd|w|? on K,, where x is a constant. We have
(6 — 6:) < Cx1i00|w?,

where 1, C are some constants. Hence @, > 6 — Cx1i09|w|?. If we choose x1
small enough then it follows that

6. > (xo — Cx1)i00|w|* > 0
on K,. The desired conclusion follows. As above, we have
O <idd(p + )

in the sense of currents. Thus @, < i99(¢ + ). on K, when ¢ is small enough.
By the result of the beginning of the proof it follows that there exists a solution
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Uq,e Of equation (1) satisfying

. I o
/|ua’5|26 (wroav < 2 Z Z /Qg’kgj,ng,Ke (pt+¥)e gy
., \K|=r ik=1%.

1 ’ n - T _ —
S 2 Z Z /@g’kgj,ng,Ke el gy,

|K|=r j.k=1%

By applying arguments as in the proof of Theorem 4.4.2 in [11] we finish the
proof of Theorem 1.3. [ |

The following result is an extension of Lemma 4.4.1 in [11] for g-pseudoconvex
domains and (0, r)-forms.

Corollary 4.3. Assume that ¢ is a g-subharmonic function in {2, where {2 is a
g-pseudoconvex domain in C™, such that

) ~— 92 _
/h|a|2dV§/<p Z Z m(ajl(akl()dv (7)
J

0 n  IK|=r—1 jk=1

for every (0,7)-forma =3 'aydz; € D(o,r)(£2), where h is a positive contin-
|J|=r

uous function. Then for every 0-closed (0,7)-form g, there exists a solution, u,

to equation (1) such that

2
/|u|267@dvg/%eﬂ"dv. (8)
2 2

Proof. We may assume that the right-hand side of (8) is finite and equal to 1.
We first consider the case when ¢ is a smooth function. Repeating the proof of
Theorem A5.1 in [6] the proof of the corollary follows.

For the general case we assume that ¢ is arbitrary g-subharmonic. Because {2
is g-pseudoconvex then there exists a strictly g-subharmonic and smooth exhaus-
tion function s. The sublevel sets K, = {s < a} € {2 are smoothly, bounded,
g-pseudoconvex for almost every a. Since h is continuous on K, for every fixed
a then h is uniformly continuous on K,. Hence we have

e—0 * Og

2 2
lim Jie*“’dv = / %eﬂadv <L (9)
K, Ka

Thus, for each i = 1,2, ... take ¢; > 0 small sufficiently such that K;+ B(0,¢;) €
02, pc, = p* 0, €C®(f21;) and

2
1
[ a1t

h * 0, 1
K;
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We can choose ¢; such that the sequence {51} 1 0asi 1 oo. Forevery w € B(0,¢;)
and a € D, (K;) we have a(. + w) € D(o,)(£2). By the hypothesis (7) we get

/ h(=)la(z + w)2dV (2)

2

§/<p(z) Z ' Z %[aﬂ((z—kw)akl((z—kw) AV (z).

0 |K|=r—1 jk=1
After a change of variables we can write

/h(z —w)|a(2)]?dV (z)

K;

f e~ 0?2 _
< /w(z—w) Z Z m[ajx(z)akl((z) dV(z)

K, |K|=r—1 jk=1

for all w € B(0,¢;) and o € Dg ) (K5).
By multiplying by o.,(w) and integrating with respect to dV (w) we have

. 0?
/h*Qsi|a|2dV§/<ﬂ*Qsi >y m(amakﬂ dav.
J

K, i, |K|=r—1 jk=1

Since K is also a g-pseudoconvex domain then using the results of the above
part we can find u., € L? (K;,loc) such that du., = g in K; and

0,r—1)
2 2
1
/|u5i 2e7¢dV < /Leﬂ"eidv < /Leﬂ"dv <1+ -
h * o, h * o, i

Now using arguments as at the end of the proof of Proposition 3.4 the desired
conclusion follows. ]
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