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Abstract. In this paper we formulate some formulas for computing the controllability

radii for higher order descriptor systems under the assumption that the system matrices

are subjected to structured perturbations. The proofs are based on the multi-valued

generalization of the classical Eckart-Young theorem which identifies the distance to

singularity of a non-singular square matrix.
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1. Introduction

Let W ∈ C
n×m with n ≤ m be a full row rank matrix (or equivalently WC

m =
Cn), then it is well-known (see, e.g. [19]) that the distance from W to the set Σ

of all rank-deficient matrices is

dist(W, Σ) = inf{‖∆‖ : W + ∆ ∈ Σ} =
1

maxv∈B1

Cn

min{‖x‖ : Wx = v}
,

and dist(W, Σ) is called the distance to non-surjectivity. In the case of square
matrix W (i.e. when m = n), the above result is reduced to the classical Eckart-
Young theorem ([7]) which reads
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dist(W, Σ) =
1

‖W−1‖
.

It is clear that W 6∈ Σ if and only if the linear system Wx = b, x ∈ Cm is feasible
for all b ∈ Cn or W is well-posed. So dist(W, Σ) is sometimes called the distance
of W to infeasibility or the distance of W to ill-posedness. The problem of calcula-
tion of the above mentioned “distance” is of great importance in mathematical
control and optimization theory and atracts thereby a good deal of attention
from researchers over several last decades, see [5, 6, 13, 14, 17, 18, 19, 20]. It
worth noticing that in most of papers only the case of “unstructured distance”
(or “component-wise distance”) was studied, where the perturbation matrices
∆ are assumed to be arbitrary. In many cases, however, the perturbations are
restricted to some specific structure and ignoring such structure may lead to
substantial underestimation of the sensible distance to ill-posedness.

In this paper we formulate a generalization of the above classical result of
Eckart and Young to the case where the matrix W ∈ Cn×m is subjected to the
structured perturbations of the form

W  W̃ = W + M∆N,

where M, N are given matrices defining the structure of perturbations. The above
perturbed model allows us, by choosing the appropriate structuring matrices M

and N , to describe the case where only one row or column of W or even only
one entry of W is perturbed. Furthermore, the mentioned result will be applied
to calculate the controllability radius of a linear controllable system, a problem
of great interest in control theory. We note that this problem has been studied
so far only for ordinary linear systems of the form x(1) := ẋ = Ax+Bu (see, e.g.
[8, 9, 10, 11, 12, 16, 21]) and for descriptor systems of first order Ex(1) = Ax+Bu

(see, e.g. [1, 2, 23]). The case of higher order descriptor systems is considered for
the first time in this paper. Namely, we shall give some formulas for calculating
the controllability radii of higher order descriptor systems of the form

Ex(k)(t) = Ak−1x
(k−1)(t)+Ak−2x

(k−2)(t)+. . .+A1x
(1)(t)+A0x(t)+Bu(t), (1)

where E, Ai ∈ Kn×n, B ∈ Kn×m with K = R or C and x(i) denotes the ith

derivative. The key technique is to make use of some well-known facts from the
theory of multi-valued linear operators in representing equations and evaluating
the norms of matrices involved in the calculation, see [3] or Section Preliminaries
in [21].

2. Main Results

Assume that the matrix W ∈ Kn×m is surjective, i.e. WKm = Kn, and is
subjected to affine perturbations of the form:

W  W̃ = W + M∆N. (2)
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Here M ∈ Kn×l, N ∈ Kq×m are given matrices defining the structure of pertur-
bations and ∆ ∈ Kl×q is the disturbance matrix.

Definition 2.1. Let W ∈ Kn×m be surjective. Given a norm ‖ · ‖ on Kl×q , the
structured distance of W to non-surjectivity with respect to affine perturbations
of the form (2) is defined by

dist(W ; M, N) = inf
{
‖∆‖ : ∆ ∈ K

l×q s.t. W̃ = W + M∆N non-surjective
}
.

If W + M∆N is surjective for all ∆ ∈ Kl×q then we set dist(W ; M, N) = +∞.

Define the multi-valued operator NW−1M : Kl
⇒ Kq by setting

(NW−1M)(u) = N(W−1(Mu)), ∀u ∈ K
l,

where W−1 : Kn
⇒ Km is the (multi-valued) inverse operator of W which is

defined by W−1(y) = {x ∈ Km : Wx = y}, ∀y ∈ Kn.

Theorem 2.2. Assume that the surjective matrix W is subjected to structured

perturbations of the form (2). Then the structured distance of W to non-

surjectivity is given by the formula

dist(W ; M, N) =
1

‖NW−1M‖
.

The proof of Theorem 2.2 is given in [22]. We mention additionally that for a
multi-valued linear operator F : Kn

⇒ Km, the norm of F is defined by:

‖F‖ = sup{ inf
y∈F(x)

‖y‖ : x ∈ domF , ‖x‖ = 1}.

Now, let us consider higher order descriptor system (1). We define the follow-
ing notion of controllability which extends the concepts of R-controllability and
C-controllability in [1, 4], R2-controllability and strong C2-controllability in [15].

Definition 2.3. A set R ⊂
∏k

i=1 Kn is called Rk-reachable from (x0, x
(1)
0 , . . . ,

x
(k−1)
0 ) if for every (x1, x

(1)
1 , . . . , x

(k−1)
1 ) ∈ R there exist t1 ≥ t0 > 0 and a

sufficiently smooth control function that the classical solution of (1) satisfies

x(i)(t0) = x
(i)
0 , x(i)(t1) = x

(i)
1 , i = 0, . . .k−1. Then we say that the extended state

(x1, x
(1)
1 , . . . , x

(k−1)
1 ) is reached from the extended state (x0, x

(1)
0 , . . . , x

(k−1)
0 ) in

time t1 − t0 ≥ 0.

System (1) is called Rk-controllable if any extended state (x1, x
(1)
1 , . . . , x

(k−1)
1 )

∈ R can be reached from any admissible extended state (x0, x
(1)
0 , . . . , x

(k−1)
0 ) in

finite time.

System (1) is called SCk-controllable if any extended state (x1, x
(1)
1 , . . . , x

(k−1)
1 )

∈
∏k

i=1 Kn can be reached from any admissible extended state (x0, x
(1)
0 , . . . , x

(k−1)
0 )

in finite time.
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For establishing the characterizations of Rk-controllability and SCk-controllability,
we define the matrix polynomials

P (s) = A0 + sA1 + . . . + sk−1Ak−1 − skE,

and
Q(s) = skA0 + sk−1A1 + . . . + sAk−1 − E.

Theorem 2.4. System (1) is Rk-controllable if and only if

rank[P (s), B] = n, ∀s ∈ C ⇐⇒

{
rank[P (s), B] = n, ∀s ∈ C : |s| ≤ 1,

rank[Q(s), B] = n, ∀s ∈ C : |s| ≤ 1, s 6= 0.

Theorem 2.5. System (1) is SCk-controllable if and only if

Rk-controllable and rank[E, B] = n⇐⇒

{
rank[P (s), B] = n, ∀s ∈ C : |s| ≤ 1,

rank[Q(s), B] = n, ∀s ∈ C : |s| ≤ 1.

(3)

The proofs of the above results are similar to those given in [15] and therefore
omitted.

Assume that system (1) is subjected to structured perturbations of the form

Ẽx(k)(t) = Ãk−1x
(k−1)(t) + Ãk−2x

(k−2)(t) + . . . + Ã1x
′(t) + Ã0x(t) + B̃u(t),

with

[E, Ak−1, . . . , A0, B] [Ẽ, Ãk−1, . . . , Ã0, B̃] = [E, Ak−1, . . . , A0, B] + M∆N.

(4)

Here M ∈ Kn×l, N ∈ Kq×(n+kn+m) are given structuring matrices and ∆ ∈
Kl×q is unknown disturbance. We denote A = [Ak−1, . . . , A0].

Definition 2.6. Let system (1) be Rk-controllable. Given a norm ‖ · ‖ on K
l×q ,

the Rk-controllability radius of system (1) with respect to affine perturbations
of the form (4) is defined by

rR
K

(E, A, B; M, N) = inf
{
‖∆‖ :∆∈ K

l×q

s.t. [E, A, B]+M∆N not Rk-controllable
}
. (5)

If [E, A, B] + M∆N is Rk-controllable for all ∆ ∈ Kl×q then we set

rR
K

(E, A, B; M, N) = +∞.

Definition 2.7. Let system (1) be SCk-controllable. Given a norm ‖ ·‖ on Kl×q ,

the SCk-controllability radius of system (1) with respect to affine perturbations
of the form (4) is defined by
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rSC
K (E, A, B; M, N) = inf

{
‖∆‖ :∆ ∈ K

l×q

s.t. [E, A, B]+M∆N not SCk-controllable
}
.

If [E, A, B] + M∆N is SCk-controllable for all ∆ ∈ Kl×q then we set

rSC
K (E, A, B; M, N) = +∞.

Now, we will use Theorem 2.2 to establish computable formulas for the radii rR
K

and rSC
K

. To this end, we define the matrix functions

W1(s) = [P (s), B], W2(s) = [Q(s), B],

H1(s) =




−skIn 0
sk−1In 0

...
...

In 0
0 Im




, H2(s) =




−In 0
sIn 0
...

...
skIn 0

0 Im




,

N1(s) = NH1(s), N2(s) = NH2(s).

Let W1(s)
−1 , W2(s)

−1 : Kn
⇒ Kn+m be the (multi-valued) inverse operators of

W1(s), W2(s), respectively, then we define the multi-valued linear operators

N1(s)W1(s)
−1M, N2(s)W2(s)

−1M : K
l
⇒ K

q

by setting
(N1(s)W1(s)

−1M)(u) = N1(s)(W1(s)
−1(Mu)),

(N2(s)W2(s)
−1M)(u) = N2(s)(W2(s)

−1(Mu)),

for all u ∈ Kl.

Theorem 2.8. Assume that system (1) is Rk-controllable and subjected to

structured perturbations of the form (4). If K = C then the Rk-controllability

radius of system (1) is given by the formula

rRC (E, A, B; M, N) =
1

sups∈C ‖N1(s)W1(s)−1M‖

= min

{
1

sup|s|≤1 ‖N1(s)W1(s)−1M‖
;

1

sup0<|s|≤1 ‖N2(s)W2(s)−1M‖

}
.

Theorem 2.9. Assume that system (1) is SCk-controllable and subjected to

structured perturbations of the form (4). If K = C then the SCk-controllability

radius of system (1) is given by the formula
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rSC
C

(E, A, B; M, N) = min

{
1

sups∈C ‖N1(s)W1(s)−1M‖
;

1

‖N2(0)W2(0)−1M‖

}

= min

{
1

sup|s|≤1 ‖N1(s)W1(s)−1M‖
;

1

sup|s|≤1 ‖N2(s)W2(s)−1M‖

}
.

The proofs of above Theorems 2.8 and 2.9 are based on Theorem 2.2 and will
be published elsewhere, in a separate paper.

We illustrate the above results by an example.

Example 2.10. Consider the linear control system (E, A, B) described by

Eẋ(t) = Ax(t) + Bu(t),

where E =

[
0 0
0 1

]
, A =

[
0 2
1 −1

]
, B =

[
1
0

]
. We see that

W1(s) = [A−sE, B] =

[
0 2 1
1 −1 − s 0

]
, W2(s) = [sA−E, B] =

[
0 2s 1
s −s − 1 0

]
.

It follows that rank W1(s) = rankW2(s) = 2 for all s ∈ C : |s| ≤ 1. Therefore, by
(3), this system is SC1-controllable. Assume that, the control matrix [E, A, B]
is subjected to structured perturbation of the form

[
0 0 0 2 1
0 1 1 −1 0

]
 

[
δ1 δ1 δ2 2 + δ2 1 + δ2

δ1 1 + δ1 1 + δ2 −1 + δ2 δ2

]
,

where δi ∈ C, i = 1, 2 are disturbance parameters. The above perturbed model
can be represented in the form

[E, A, B] [Ẽ, Ã, B̃] = [E, A, B] + M∆N

with M =

[
1
1

]
, N =

[
1 1 0 0 0
0 0 1 1 1

]
. By definition, we get N1(s) =

[
−s −s 0
1 1 1

]
and

N2(s) =

[
−1 −1 0
s s 1

]
. Therefore, we have

N1(s)W1(s)
−1M(v) = N1(s)W1(s)

−1

(
v

v

)

=

{
N1(s)




p

q

r


 : 2q + r = p − (1 + s)q = v

}

=

{(
−sv − (2s + s2)q

2v + sq

)
: q ∈ C

}
.

Thus, for each v ∈ C, the problem of computing d(0, E[A − λI, B]−1D(v)) is
reduced to the calculation of the distance from the origin to the straight line in
C2 whose equation can be rewritten in the form
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x1 + (2 + s)x2 = (4 + s)v

with x1 = −sv−(2s+s2)q, x2 = 2v+sq. Note that if s = 0 then this line reduced

to the point

(
0

2v

)
. Assume s 6= 0 and let C2 be endowed with the vector norms

‖ · ‖∞, then we can deduce

|4 + s||v| ≤ |x1|+ |2 + s||x2| ≤ (1 + |2 + s|)‖

(
x1

x2

)
‖∞.

This implies

‖

(
x1

x2

)
‖∞ ≥

|4 + s||v|

1 + |2 + s|
.

which yields the equality if x1 =
(4 + s)v

1 + |2 + s|
and x2 = eiϕx1, where ϕ is chosen

such that (2 + s)eiϕ = |2 + s|. Therefore, we get

‖N1(s)W1(s)
−1M‖ =





|4 + s|

1 + |2 + s|
if s 6= 0,

2 if s = 0.

By applying Theorem 2.8, we obtain rR
C

(E, A, B; M, N) =
1

2
. Moreover, by a

simple calculation we have ‖N2(0)W2(0)−1M‖ = 2. Thus, by Theorem 2.9, we
obtain

rRC (E, A, B; M, N) = rSC
C (E, A, B; M, N) =

1

2
.
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