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1. Introduction

The understanding of the asymptotic behavior of dynamical systems is one of
the most important problems of modern mathematical physics. One way to treat
this problem for a system having some dissipativity properties is to analyse
the existence and structure of its global attractor. The existence of the global
attractor has been derived for a large class of partial differential equations (see
e.g. [4, 9, 16] and references therein). However, to the best of our knowledge,
little seems to be known about the asymptotic behavior of solutions of degenerate
equations.

In this paper we consider the following problem
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ug — div(o(2)|VulP~2Vu) + f(u) = g(z), =€ 2,t>0,
u(z,t) =0, ze€02,t>0, (1)
u(an)ZUO(‘r)a T e Qa
where p > 2, 2 is a bounded domain in RY (N > 2) with its boundary 912,

ug € L?(£2) given, the coefficient o, the nonlinearity f and the external force g
satisfy some conditions specified later.

Denote
Ly ou = —div(e|Vu[P "2 Vu);
p’ is the conjugate exponent of p, i.e.,

o= pN
7 N-p+y

Ilp,ql:=={tp+ (1 —t)g: 0 <t <1}

, for v € RT;

We assume the following conditions:
(H1) The function o : £2 — R satisfies the following assumptions:

(Ha) 0 € LL.(£2) and for some a € (0,p), liminf|z — 2| %c(z) > 0 for

loc

every z € ﬁ;
(H2) f: R — R is a C* function satisfying:

Cilul? = Co < f(w)u < Colul?+ Co, g > 2, (2)
f'(u) > —C5 forall u€eR, (3)

where Cy, C1, Cy, C3 are positive constants;
(H3) g € L*(£2) with s € R satisfies

. N(g+p—2) ,
Sme{2’p(N—|—q—1)—N—oz(q—1)}’ (4)

(H4) [1,p5) NZ[p', ¢'] # 0, where « is given in assumption (Ha).

The degeneracy of problem (1) is considered in the sense that the measurable,
nonnegative diffusion coefficient o(x) is allowed to have at most a finite number
of (essential) zeroes at some points. The physical motivation of the assumption
(Ha) is related to the modelling of reaction diffusion processes in composite
materials, occupying a bounded domain {2, in which at some points they behave
as perfect insulator. Following [10, p. 79], when at some points the medium is
perfectly insulating, it is natural to assume that o(z) vanishes at these points.
Note that in various diffusion processes, the equation involves diffusion o(x) ~
2%, a € (0,p).
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In the case o(z) satisfying condition (H,), problem (1) contains some impor-
tant classes of parabolic equations, such as the semilinear heat equations (when
o = 1,p = 2), semilinear degenerate parabolic equations (when p = 2), the p-
Laplacian equations (when o = 1, p # 2), etc. It is noticed that the existence and
long-time behavior of solutions to problem (1) when p = 2, the semilinear case,
have been studied in [11, 12] and improved recently in [1, 3]. The existence of a
(generalized) global attractor in L2({2) for the multi-valued semiflow generated
by problem (1) in the case without uniqueness of solutions was proved recently
in [2].

The existence of global attractors for the p-Laplacian equations has been
studied extensively by many authors in the last years (see [4, 5, 7, 9, 16] and
references therein). In [4], Babin and Vishik established the existence of an
(L2(2), (WyP(2) N LI(2)).,)-global attractor; in Temam [16] only the special
case f = ku was discussed; in [5], Carvalho, Cholewa and Dlotko considered the
existence of global attractors for problems with monotone operators, and as such
an application, they got the existence of an (L?(2), L?(£2))-global attractor for
the p-Laplacian equation, see also Cholewa and Dlotko [9].

Recently, Carvalho and Gentile in [7], combining with their comparison
results developed in [6], obtained that the corresponding semigroup has an
(L?(2), W, P(£2))-global attractor. However they need some additional assump-
tions, i.e. either assume that p > % and f = fi1+ fa, where f; satisfies (f1,u) > 0
and fo is a global (L?(§2), L?(§2))-Lipschitz mapping, or assume that f satisfies
some growth condition such that it can be dominated by the p-Laplacian oper-
ator.

In order to study problem (1) we introduce the energy space Dy?(§2, ) de-
fined as the closure of C§°(f2) in the norm
1/p

luloy o= | [o@IVapdz )
2

and prove some compact embedding results (see Sec. 2.1 for details). In this
paper, under assumptions (H1)-(H4), we prove the global existence of a weak
solution and the existence of an (L?(£2), Dy?(£2,0) N LI(£2))—global attractor
for the semigroup generated by problem (1). Thus, in some sense, we improve
the above results about the p-Laplacian equations in bounded domains.

Let us explain the methods used in the paper. First, using the compactness
and monotonicity methods [14, Chapters 1-2] we prove the existence and unique-
ness of a global weak solution to problem (1). Then we study the existence of
global attractors in some function spaces for the semigroup associated to prob-
lem (1). Thanks to a priori estimates of the solutions in Dy (£2,0) N L9(£2)
and the compactness of the embedding Dy?(2,0) — L*(£2), we immedi-
ately obtain the existence of an (L?(2), L?(2))-global attractor. However,
some significant difficulties arise when we want to prove the existence of an
(L?(2), Dy (2, 0) N LA($2))-global attractor. Indeed, to this end we need to ver-
ify that the semigroup generated by problem (1) is asymptotically compact in
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Dé’p (£2,0) N L(§2). Under conditions (H1)-(H4), the solutions are at most in
Dy?($2,0) N L1(2), so there is no compact embedding results for these cases.
Thus, it seems to be difficult that we can directly verify the asymptotic com-
pactness in Dy?(£2, 0) N L4(2). In order to overcome the difficulty since lacking
of a compact embedding, we exploit the asymptotic a prior: estimate method
initiated in [13] to testify the asymptotic compactness of the corressponding
semigroup. Such an approach has been used recently for some kinds of partial
differential equations (see e.g. [15, 17, 18]).

The rest of the paper is organized as follows. In Sec. 2, we recall some com-
pactness results and prove some results on bi-spaces global attractors, which are
frequently used later. Sec. 3 is devoted to a proof of the global existence of a
weak solution to problem (1) by using compactness and monotonicity methods.
In Sec. 4, we prove the existence of an (L?(£2), L1(£2))-global attractor and an
(L2(2), DyP(2, ) N L4(2))-global attractor for the semigroup corresponding to
problem (1).

Notations. Throughout the paper, we write 2(u > M) = {z € 2 : u(x) > M}
and 2(u < M) = {x € 2:u(x) < M}, and we use C to denote various constants
whose values may change with each appearance.

2. Preliminary Results

2.1. Function Spaces and Operator

In order to study problem (1), we introduce the weighted Sobolev space D(l)’p (2,0),
defined as the closure of C§°(f2) in the norm

1
HUHD})W(Q,U) = (/ﬂa(x)|Vu|pd:c> ,

and denote by D~ (12, ) the dual space of Dy?(£2, o).
We recall some compactness results in [2], which are generalizations of the

results in the case p = 2 of Caldiroli and Musina [8].

Proposition 2.1. Assume that £2 is a bounded domain in RN, N > 2, and o
satisfies (Hq). Then the following embeddings hold:

N
(i) DyP(02,0) — Wol’ﬁ(!?) continuously if 1 < < Np—|— =
N
if) Dy (02 (o thy if 1 <1 < ply, where pf, = ——~—.
(ii) Dy*(£2,0) — L™(2) compactly if 1 < r < p,, where p}, N )i

Putting
Ly ou = —div(o|VulP~2Vu), uec DyP(2,0).

The following proposition, whose proof is straightforward, gives some important
properties of the operator L, .
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Proposition 2.2. The operator L, , maps D(l)’p(!?, o) into its dual Dil’p/(!?, o).
Moreover,

(1) Ly, is hemicontinuous, i.e., for all u,v,w € D(l)’p(!?, o), the map A —
(Lp,o(u+ Av),w) is continuous from R to R;

(i) Lp,» is strongly monotone when p > 2, i.e.,

(Lp,ou — Lpsv,u—v) > dljlu— | for all u,v € DyP(2,0).

p
DyP(£2,0)

2.2. Global Attractors for Semigroups

We recall some basic concepts about bi-spaces global attractors (see [4] for more
details).

Definition 2.3. Let {S(¢)}+>0 be a semigroup on a Banach space X and Z be
a metric space.

(i) A set A C X N Z, which is invariant, closed in X, compact in Z and
attracts bounded subsets of X in the topology of Z, is called an (X, Z)-
global attractor of the semigroup S(t);

(ii) A bounded subset By of Z, which satisfies that for any bounded subset
B C X, there is a time T' = T'(B) such that S(¢t)B C By for any t > T, is
called an (X, Z)-bounded absorbing set;

(iii) {S(¢)}¢>0 is called (X, Z)-asymptotically compact, if for any bounded (in
X) sequence {z,}52, C X and ¢, > 0,t, — o0, {S(tn)zn}S>; has a
convergent subsequence with respect to the topology of Z.

Definition 2.4. Let X be a Banach space and B C X be any bounded subset.
The semigroup {S(t)}+>0 on X is called norm-to-weak continuous on B if for
any {zn 52, C B, ¢, — z and t, > 0,t, — ¢, we have S(t,)z, — S(t)z in X.

Definition 2.5. Let X be a Banach space and {S(t)}:>0 be a semigroup on X.
For any bounded subset B of X, we define the stationary set S(B) of B by

S(B)={x € B| S(t)r € B for any t>0}.

The following result [18, Corollary 3.6] is very useful for verifying that a
semigroup is norm-to-weak continuous.

Proposition 2.6. Let X, Y be two Banach spaces and X*,Y™* be their dual
spaces, respectively, such that

X—=Y and Y" — X~*,

where the injection i : X — Y is continuous and its adjoint i* : Y* — X* is
densely injective. Let {S(t)}i>0 be a semigroup on X and Y, respectively, and
assume furthermore that {S(t)}1>0 is continuous or weakly continuous on Y.
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Then for any bounded subset B of X, {S(t)}t>0 is norm-to-weak continuous on

S(B).
We now prove the following important result.

Theorem 2.7. Let X be a Banach space and Z be a metric space. Let {S(t)}+>0
be a semigroup on X such that:

(i) {S(t)}+>0 has an (X, Z)-bounded absorbing set By;
(i) {S(t) }+>0 is (X, Z)-asymptotically compact;

(iii) {S(¢) }e>0 is norm-to-weak continuous on S(By).

Then {S(t)}1>0 has an (X, Z)-global attractor.

Proof. Set
S —
A= w(Bo) = ﬂszoutZSS(t)Bo .

It is clear that A is nonempty, compact in Z. We now prove that A attracts every
bounded subset of X in the topology of Z. Indeed, if not, there exist a bounded
set B of X, a d > 0, a sequence {t,} with ¢,, — oo, a sequence x,, € B such that
dist(S(t,)zn, A) > 6. By ii), there is a subsequence S(t,;)x,;, — B € Z. As By is
an (X, Z)-bounded absorbing set, S(t)B C By when t > to(B). Therefore, 5 =
lim S(ty;)rn, = jlirgo S(tn, —to(B))S(to(B))xn,. Setting 5; = S(to(B))xn,, we

J—00
have §; € By, thus 8 € A. This is a contradiction.

In what follows, we will verify the invariance of A, i.e., S(t)A = A, for all
t > 0. By the equivalent characterziration of w-limit set, for any z¢ € A we know
that there exist {z,} C By and t,, with ¢,, — oo such that S(¢,)z, — z¢ in Z.
Using the norm-to-weak continuity of {S(t)}+>0 on S(Bp), we have

J

St + tn)xn = St)S(tn)xn — S(t)ze inZ.

On the other hand, {S(t+t,)x,} is (X, Z)-asymptotically compact, then it has a
subsequence which is convergent in Z. Without loss of generality, we assume that
S(t + ty)xn, — x in Z. Hence, by the uniqueness of limits, we have S(t)z¢ = z,
and from the definition of x we know that = € A. Therefore, combining with the
arbitrariness of x¢ and ¢, we get

S(HAC A, forall ¢>0. (5)

Now, we prove the converse conclusion. Since ¢, — oo as well as ¢, — t,
we can assume that ¢, —t > 0 for each n € N. Therefore, {S(t,, — t)xn}32,
has a convergent subsequence in Z, without loss of generality, we assume that
S(tn —t)x, — yo € A in Z, and then by use of the norm-to-weak continuity
again, we have

xo — S(tn)xn = S)S(ty, — )z, = S(t)yo inZ.
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Hence, notice the uniqueness of limits again, we have o = S(t)yo, and from the
definition of yo we know that yo € A, which implies

AcCS(@t)A forall t>0. (6)

From (5) and (6), we get the invariance of A. ]

3. Existence of Global Solutions

Denote
Op =10 x (0, T),
V = LP(0,T; Dy*(2,0)) N LY(2r),
V* =LV (0,T; D~V (02,0)) + L (27).
In what follows, we assume that ug € L%(£2) is given.

Definition 3.1. A function u is called a weak solution of (1) on (0,7) if and
only if

du

u eV, 5 e V™,
Ult=0 = ug a.e. in (2,
and o
/ (8—1;77 + o (2)|Vu|P~2VuVn + f(u)n — gn) dzdt =0, (7)
Q71

for all test functions n € V.
d
It is known (see [2]) that if u € V and d—lt‘ € V*, then u € C([0,T]; LA(2)).
This makes the initial condition in problem (1) meaningful.

Lemma 3.2. Let {u,} be a bounded sequence in LP(0,T; Dy?(£2,0)) such that
{un,} 1is bounded in V*. If (H1) and (H4) hold, then {u,} converges almost
everywhere in 27 up to a subsequence.

Proof. By hypothesis (H4) and Proposition 2.1, one can take a number r €
[1,p%) NZ[p', ¢'] such that

DyP(2,0) CC L7 (02). (8)
Since r’ € Z[p, q], we have

LP(2) N LI(R) C L™ (1),
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and therefore ) )
L") C LP (2)+ L7 (). (9)

Using Proposition 2.1 again, we see that
DyP(2,0) C LP(£2).
This and (9) imply that
L'(2) cW* :=D ' (2,0) + LY ().
Now with (8), we have an evolution triple
DyP(02,0) CC L™ (2) C W*. (10)

The boundedness of {u},} in V* ensures that {u/,} is also bounded in L* (0, T; W*),
where s = min{p’, ¢'}. Thanks to the Aubin-Lions Lemma in [14, p. 58], {u }is
precompact in LP(0,7; L"(£2)) and therefore in L*(0,T; L*(£2)), ¢t = min(p,r),

so it has an a.e. convergent subsequence. ]

The following lemma is a direct consequence of Young’s inequality and the
embedding Dy (2, 0) < LP«(£2), where p*, = given by Proposition 2.1.

pN
N—p+a’

Lemma 3.3. If assumption (H3) holds, then for every u € Dy (2, 0), we have
p s
[ guda| < clully g+ CONglys ¥e>o.
2

Theorem 3.4. Under assumptions (H1) - (H4), for each ug € L*(£2) and T > 0
given, problem (1) has a unique weak solution on (0,T). Moreover, the mapping
ugp — u(t) is (L*(£2), L*(£2))-continuous.

Proof. (i) Ezistence. Consider the approximating solution w,(t) of the form

) => unr(t)er,
k=1

where {e;}72, is a basis of DyP(2,0) N LI(£2), which is orthogonal in L?(£2).
We get u,, from solving the problem

(k) + {Lpotin,ea) + (Flun) ex) = (g ),

(un(o);ek) = (Uo,ek), k=1,...,n

Since f € CY(R), using the Peano theorem, we get the local existence of u,,. We
now establish some a priori estimates for u,,. Since
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1d
§E|\un(t)|\%2(m—|—/U($)|Vun|20d:c—|—/f(un)und:c:/gund:c, (11)
2 2

2

using (2) and Lemma 3.3 we obtain

d
El\un(t)l\%%m+C(/U($)|Vun|pd:c+/Iunlqdw) <Ol g llzs(2), 192]).
2 2
Then

et (D)2 —|—C/U(3:)|Vun|pd:c—|—0/|un|‘1d:c
24 £24
< Nun(0)l172(02) + tCl9l e (), 1£21)- (12)

It follows from here that

e {u,} is bounded in L>(0,T; L?(2));
e {u,} is bounded in L?(0, T; Dy? (2, 0));
e {uy} is bounded in LI(£27).

We rewrite equation (1) in V* as
Uy = g(x) = Ly otn — f(tn) (13)
and perform the following estimate deduced from Hélder’s inequality

T

T
|/<prgun,v>dt| = |//U($)|Vun|p72Vuandajdt|
2

0

IN

,
/ / (0(2) 5 |Vun|? 1) (o(x) 7| Vo] ) dadt
0 n

2

7
< HunHZP(O,T;D[I)’p(Q,U)) H’UHLP(O,T;D[I)’p(Q,U))’

for any v € LP(0,T; DyP(£2,0)). Using the boundedness of {u,} in LP(0,T;
DyP(12,0)), we infer that {L, ,u,} is bounded in LY (0, ;D=7 (£2,0)). From
(2), we have

[f(w)] < C(jul"~" +1).

This and the boundedness of {u,} in LY(£27) imply that {f(un,)} is bounded
in LY (7). Therefore {u,} is bounded in V*. From above estimates, we can
assume that

o u) —u in V¥

o L, u, —1in Lp/((), T; Dil’p/(!?, 0));
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o f(un)— x in LY (027).

Using Lemma 3.2, we see that u, — u a.e. in 27, so f(u,) — f(u) a.e. in O2p.
Thus, x = f(u) thanks to Lemma 1.3 in [14]. Now taking (13) into account, we
obtain the following equation in V*,

W' = gla) = — f(u). (14)

We now show that ¢ = L, ;u. We have
T
= /(prgun — Ly o0, u, —v) >0,
0

for every v € LP(0, T; Dy P(£2,0)). Notice that

T T

/<Lp,oun;un //0’ |Vun|pd:c
2

0

/ (U ), — ul up)dzdt
o)

T t— 5 TT— °
SO

(gl@)tn — T Jun)id + 3 ()22 0

1
- §Hun(T)H%2(n)-

Therefore

T
1 1
:// ~ Flun)un)da + 5 lun(O) () — 3 ln(T) 3
0

T T
—/(prgun, / p,o U, Uy — V)AL,
0 0

It follows from the formulation of u,(0) that u,(0) — wug in L?({2). Moreover,
by the lower semi-continuity of ||.||z2() We obtain

(Tl 2y < i inf [lun ()] z2(c. (16)

Meanwhile, by the Lebesgue dominated theorem, one can check that
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[ [t rwpasat = sy / o~ sy
0 2

This fact and (15), (16) imply that

T
. 1 1
Jim sup X, < [ [(gle)u = fwudedt + 3 1u0) 20 — 5 [0 o
0

T
/ gvu—v dt.
0

O\ﬂ

(17)
In view of (14), we have
T T
[ [ty = sz + S1u) 0, - ShDZe = [0
02 0
This and (17) deduce
T
/(1/) — L, ov,u—v)dt > 0. (18)
0

Put v = u — Aw, w € LP(0, T; Dy?(£2,0)), A > 0. Since (18) we have

T
A /(1/) — Ly o (u— Aw),w)dt > 0.
0

Then "
/ (¢ — Lp o (u — Aw), w)dt > 0.
0

Taking the limit A — 0 and noticing that L, , is hemicontinuous, we obtain
T
/ Y — Ly ou,w)dt > 0,
0

for all w € LP(0, T; Dy?(12,0)). Thus ¢ = L, ,u.

We now prove u(0) = ug. Choosing some test function ¢ € C*([0, T]; Dy* (12, 0)
NLY(£2)) with ¢(T) = 0 and integrating by parts in ¢ in the approximate equa-
tions, we have
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T T
/ (U, dt—|—/ T dt—!—/(f(un)(p—g(x)(p)d:cdt: (un(0), ¢(0)).
0 0

Q7

Taking limits as n — oo, we obtain

T
/ Git+ [(Lyau e+ [ (7o - gle)o)dadt = (uo, 2(0). (19)
0 0

Q7

since u, (0) — ug. On the other hand, for the “limiting equation”, we have

T
/ e+ [(Lyauode+ [ (7o - gla))dodt = (u(0), 2(0). (20)
0 0

Q7

Comparing (19) with (20) we get u(0) = uo.
(i) Uniqueness and continuous dependence. Let u, v be two weak solutions of
problem (1) with initial datum ug,vp in L?(£2). Then w := u — v satisfies

Wy =+ (vagu - prgv) + (f(u) - f(’U)) = 05 HAS Qat > Oa
wlon =0, w(0) = up — vo.

Hence

d
3351010 + Lo = Lypav,u— v+ [(0) = F0))w — v)do = 0.
2

Using condition (3) and the monotonicity of Ly, ,, we have

EHWH%%Q) < 203wl 2 (0)-
Applying the Gronwall inequality, we obtain
QCgt'

lwt)|z2(2) < |w(0)||L2(2)e

This implies the uniqueness (if ug = vg) and the continuous dependence of the
solution. ]

4. Existence of Global Attractors

From Theorem 3.4, we can define a semigroup

S(t) : L*(2) — L*(02), ug — S(t)ug := u(t), (21)
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where u(t) is the unique solution of problem (1) with initial datum wue.

Proposition 4.1. {S(t)};>0 has an (L*(2), Dy? (2, 0) N LI(£2))-bounded ab-
sorbing set By, that is, there is a positive constant p, such that for any bounded
subset B in L%(£2), there exists a positive constant T which depends only on the
L?-norm of B such that

[o@vuras+ [upas<p.
2

2

for allt > T and ug € B, where u(t) is the unique weak solution of problem (1)
with initial datum ug.

Proof. Multiplying (1) by w and integrating by parts, we have

1d
3 0l + Nl gy + [ Fwuds = [ guda,
2 2
combining with (2), we find that
1d 9 » q
S lul3agy + Nl + O [ lultde < [ gudz +Col2l. (22
2 2

Using Lemma 3.3, we get
L a2y + Clull? + [ fuldz) < C(llg]l 142])
dit L2(£2) Dfl)’p(ﬂ,cr) = gllLs(02)s .
Q

Noticing that p > 2, we have

d
Ml + € [ uPde < Cllglircon. 12D (23)
2

Applying the Gronwall lemma, we get
lu®)Z22) < w1220y " + Clllgllzee), 12DA - ™). (24)

From (24), we see that {S(t)}+>0 has an (L?(£2), L?(£2))-bounded absorbing set,
i.e., for any bounded subset B in L?({2), there exists 71 = T1(B) which depends
only on the L?-norm of B such that

1S(t)uoll72(q) < po, (25)

forallt > T7, ug € B, where the constant pg is independent of ug. Taking t > T,
integrating (22) on [t, ¢ + 1] and combining with (25), we have
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t+1
[ (ks + Ny = [ gtadude)ds < Cllglocan. 210 (26)
t 2
for all t > Ty. Meanwhile, let F'(s) = [ f()dr; then by (2) again, we can deduce
0
that R R R R
Cilu|? — Co < F(u) < Colu|? + Cy, (27)
and then,
élHquLq(Q) - Col92| < /F(U) < OQHU’H(ILQ(Q) + Col2]. (28)
2

Hence, from (26), we get

t+1

(Wl oy + [ Flw)dz = [ g(@)udz)ds < C(llgllzeo, 1921, po, Cz, Co).
D[) (‘Qvg)
t 2 2
(29)
On the other hand, multiplying (1) by u;, we obtain

d /1
Gl + [ Pl = [ gapude) = ~ultae <0 @0
2 2

Therefore, from (29) and (30), by virtue of the uniform Gronwall lemma [16, p.
91], we get

[0l gy + [ Fl0— [ gloyuds < Cllglloior. 121 . CaCo). - (31)
2 2

Thanks to (28) and Lemma 3.2, (31) implies that for all ¢ > T7 + 1,

/ o(2)|VulPdz + / [l < C(llgll o), 192], pos Ca, Co)- (32)
(94 (94

Now, take p = C(||gllzs(2), 12|, po, C2, Co) and T = Ty + 1, we complete the
proof. [ |

Proposition 4.2. {S(t)}:>0 is norm-to-weak continuous on S(By), where By is
the (L2(£2), Dé’p(.(?, o) N L1(2)) -bounded absorbing set obtained in Proposition
41

Proof. Choosing Y = L*(2), X = Dy?(£2,0) N LI(2), the conclusion follows
immediately from Proposition 2.6. ]



FEquations Involving Weighted p-Laplacian Operators 275

The set By obtained in Proposition 4.1 is also of course an (L?(£2), L?(£2))-
and (L2(£2), L9(£2)) -bounded absorbing set for the semigroup S(t). By Theorem
2.7, to prove the existence of a global attractor, we only need to verify that S(t)
is asymptotically compact.

4.1. (L*(02), L?*(N))-global attractor

From Proposition 4.1 and the compactness of the embedding D(l)’p (2,0) —
L?(£2), we obtain the following result.

Theorem 4.3. Assume that assumptions (H1)-(H4) are satisfied. Then the
semigroup {S(t)}i>0 associated to (1) has an (L*(£2), L*(£2))-global attractor
As.

4.2. (L*(02),L(02))-global attractor

To prove the existence of an (L?({2), LI(2))-global attractor, we need the fol-
lowing lemma ([18, Corollary 5.7]).

Lemma 4.4. Let {S(t)}>0 be a semigroup on L*(£2) and have an (L*(£2), L*(2))-
global attractor. Then {S(t)}i>0 has an (L?(£2), L1(£2))-global attractor provided
that the following conditions hold:

(i) {S(t)}i>0 has an (L*(£2), LY(£2))-bounded absorbing set;

(i) for any € > 0 and any bounded subset B of L*(£2), there exist positive
constants M = M(e) and T = T(e, B) such that

|S(t)uo|? < ¢, (33)

£2(1S(t)uo| = M)
for allup e B andt>T.

Theorem 4.5. Assume that asumptions (H1)-(H4) are satisfied. Then the semi-
group {S(t)}+>0 associated to (1) has an (L?(2), L1(82))-global attractor A,.

Proof. By Lemma 4.4, it is sufficient to prove that for any € > 0 and any bounded
subset B C L?({2), there exist two positive constants T' = T'(B, ¢) and M = M (¢)
such that

[ul? < Ce,
2(|u|>M)
for all ¢t > T and ug € B, where the constant C' is independent of ¢ and B.

First, noting that for any fixed € > 0, there exists § > 0 such that for any
e C 2 with m(e) < 4, we have

/MF<6 (34)
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We now multiply (1) by (u — M)%" to get that
(u— M)y — div(o(z)|VulP72Va) (u — M) + f(u)(w — M)
= g(a)(u— M),

where (v — M)y, M > My, denotes the positive part of (u — M), that is,

(35)

u— M, u> M,
0, u < M,

and M is a large enough positive constant. Note that, from (2) we have f(u) >
Clu|?t,u > M. Thus

O}

o) =M = Clult = AL

> %wﬂu MY Sl - A
> %W - )T %uw*(u YR
z%MﬂPﬁuu—Mﬁ**%+§M¢%u—Mﬁ.
From (H3), we have
gty < Sart2r I g (37)

where €' is a positive constant depending on C' and M. From (36), (37) and
integrating (35) we get that

s [ wetraen [ e@ivarte-ang?

q dt
Q(u>M) 2(u>M)
é q—2 q A s
+5M (U_M)+§C |g|
Q(u>M) 2(u>M)
And then
d c R .\
G [ e Sare [ ot [
Q(u>M) Q(u>M) Q(u>M)

By the Gronwall lemma, we have

(u— M), <C

Q(u>M)

GYECE M > My, (38)
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where C' is independent of € and M.

Repeating the same steps above, just taking (u + M)_ instead of (u — M)y,
where
u+ M, u < —M,

M7:
(u+ M) {0, u > M,

we deduce that
€

q
ulf < C5

M > Mo, (39)
Qu>—M)

where M, is a large enough positive constant. Choose M > M3 = max{My, M-},
we get that

(jul ~ M)? < O35 (40)
(Ju[>M)
From (40), we have
Wt= [ s
(|u>20) (Ju[>20)
< 21 / (Ju| — M7 + 29 / M
(Ju>20) (Ju>20)

<ot [ (lu| - M)7 < Ce,
£2(|lu|>2M)
where the constant C' is independent of € and M. This completes the proof. m

Remark 4.6. In fact, if we are only concerned with the existence of the
(L2(92), L?(£2))-global attractor and the (L?(£2), L1(£2))-global attractor for the
semigroup S(t), then the assumption (H2) can be replaced by a weaker assump-
tion: f € C(R) satisfying

Cl|u|q—00 Sf(u)u§02|u|q+005 q225
(f(u) — f(v))(u —v) > —Clu —v|? for any u,v € R,

and we only need to assume that p > 1, which ensures that the operator L, , is
monotone (but not strongly monotone when 1 < p < 2). However, we need to use
the stronger assumptions, namely f € C'(R) satisfying (H2) and p > 2, in the
next section for proving the existence of an (L?(£2), Dy (12, o) N L9(£2))-global
attractor.
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4.3. (L*(N),Dy* (22,0) N L1(£2))—global attractor

At first, we will give some a priori estimates for u; endowed with L?({2)-norm.

Lemma 4.7. Assume that assumptions (H1)-(H4) hold. Then for any bounded
subset B in L?(2), there exists a positive constant T = T(B) such that

Hut(S)H%?(Q) <p1 forall upeB and s>T,

d

= E(S(t)uoﬂt:s and p1 is a positive constant independent of B.

where ug(s)

Proof. We give some formal calculations, whose rigorous proof is done by using
Galerkin approximations. By differentiating (1) in time and denoting v = wu;, we
get,

vy — div(o(z)|VulP~2Vv) — (p — 2)div(e(x)|Vu|P~(Vu.Vo)Vu) + £/ (u)v = 0.

(41)
Multiplying the above equality by v, intergrating over 2 and using (3), we obtain

1d _ -
§EHUH%2(Q)+/ ()| Vul? 2|Vv|2—|—(p—2)/n|Vu|p 4(V’UJ.V’U)2§03H’UH%2(Q)a

o
Q
(42)
hence,
1d 9 9
5@”“”9(9) < Cslvl|72(0)- (43)
On the other hand, integrating (30) from ¢ to ¢ + 1 and using (31), we get
t4+1
[ Tl < oDl 12D, (44)
t

as t large enough. Combining (43) with (44), and using the uniform Gronwall
lemma, we have

luellZ2 () < Clo: llgllLe(a), 192D,

as t large enough. The proof is complete. ]

We are now in a position to state the main result of the paper.

Theorem 4.8. Assume that assumptions (H1)-(H4) are satisfied. Then the
semigroup {S(t)}+>0 associated to (1) has an (L?($2), Dy (2, 0) N LI($2))-global
attractor A.

Proof. By Theorem 2.7 and Propositions 4.1 - 4.2, we only need to prove that the
semigroup {S(t)}+>0 is (L2(2), Dy? (2, o) N L(£2))-asymptotically compact.

Let B be a bounded subset of L?({2), we will show that for any {ug,} C B
and t,, — 00, {un(t,)}2, is precompact in Dy (§2, ) N LI(§2), where u,,(t,) =
S(tn)uon- By Theorem 4.5, it is sufficient to verify that
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for any {ug,} C B and t,, — 00, {un(t,)}22, is precompact in Dy?(£2, o).

We will prove that {u,(t,)} is a Cauchy sequence in Dy (£, ). Thanks to
Theorems 4.3 and 4.5, one can assume that {u,(t,)} is a Cauchy sequence in
L?(£2) and in L9($2). Since Ly, , is strongly monotone when p > 2, we have

Sluntn) — i)y
< A(Lp,otun(tn) — Lp o Um(tm), un(tn) — tm(tm))
d d

= un(tn) fun(tn)) + Eum(tm) + f(um (tm))s wn(tn) — um(tm))

/ ’ d um(tm>“un(tn) - Um(tm)|d$

dt

/ [t (tn)) — F(ttm (b)) [t (En) — tim ()|
d

dt "(t")_ﬂ
1 Ctn () = £t o)L 0 [t (E) — 2 ) 2002

<2 U (tm) || L2(2) [tn (n) = tm (tm) || L2(2)

Because {f(un(tn))} is bounded in L7 (£2) and from Lemma 4.7, it implies the
desired result. [ |
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