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Abstract. Semirings are studied either in their own right, in an attempt to broaden

techniques coming from semigroup theory or generalization of group theory and ring

theory or in connection with their applications. For the generalization of ring theoretic

results, in the absence of additive inverses, one has to impose some weaker versions

of additive inverses on semirings. In [4] Montgomery and Passman introduced Connes

subgroup of a group G and related it to the ideal structures of a G-graded ring and its

smash product. This paper generalizes the above ring theoretic relation for additively

cancellative yoked semirings and computes the Connes subgroup ΓR of a G-graded

semiring R in terms of support (R), when R1 is prime.
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1. Introduction

In the absence of additive inverses in semirings, the conditions to find the validity
of the results of ring theory become complicated, thus one needs a weaker version
of additive inverses, i.e. cancellation of the elements (a + b = a + c implies that
b = c in a semiring R). Another weak version of the condition of having additive
inverses, i.e. R being yoked (for a, b ∈ R, there exists an element r of R such
that a + r = b or b + r = a) is also required for some results. The ring theoretic
results of [6] are studied for such semirings in [8]. If R is an additively cancellative
semiring, then R is isomorphic to a subsemiring of the ring of differences R∆

such that every element of R∆ is the difference between two elements in the
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image of R [3]. It is evident from ([3, Proposition 9.42]) that there are plenty
of such semirings. In R4 = {a − b | a, b ∈ R}, we have a − b = c − d if and
only if there exist r, r

′

∈ R such that a + r = c + r
′

and b + r = d + r
′

. The
set R∆ becomes a ring under componentwise addition and multiplication given
by (a − b) (c − d) = (ac + bd) − (ad + bc) . The zero element of R∆ is a − a,
denoted by 0 and multiplicative identity is 1. Clearly R4 contains R by way of
embedding a 7→ a − 0 (simply written as a). Thus the ring of differences R4 is
an important tool to analyze the validity of ring theoretic results for a semiring.
For basic definitions of semirings one can refer [3].

Throughout this paper, K be an additively cancellative commutative semiring
and R an additively cancellative K-semialgebra graded by a finite group G. If R
is a semiring graded by G, then for any graded ideal A of R, A∆ = {a−b|a, b ∈ A}
is a graded ideal of R∆ (c.f. [5]). Also for any graded ideal I of R∆, I ∩ R
is a graded ideal of R. Furthermore when R is a G-graded semiring, then there
exists an extension semiring (known as smash product), with same 1, which
comes from the study of semi-Hopf algebras. This smash product is denoted
by R # K [G]

?
, where R is a K−semialgebra. This semiring is a free left R-

semimodule with basis {px | x ∈ G} such that
∑

x∈G

px = 1 is decomposition of

1 ∈ R into orthogonal idempotents(c.f. [5]). We started this article with the
aim to find out the validity of results proved by Montgomery and Passman [4]
regarding the connection between the Connes subgroup of a group G (which
is a purely analogue of the Connes spectrum introduced by Connes [2] in the
context of action of locally compact groups on Von Neumann algebras) and the
ideal structure of a G-graded ring R, its smash product R# K [G]

?
.

Since R and K are additively cancellative, so their rings of differences R4

and K4 exist. Moreover, if a semiring R is graded by G, then R4 becomes a
ring graded by G. That is, R4 =

∑

g∈G

⊕
(

R4
)

g
, where

(R4)g = {pg(a − a′) | a, a′ ∈ R} = {ag − a′
g | ag , a′

g ∈ Rg}.

Therefore for x ∈ R4, x = a − b (a =
∑

g∈G

ag , b =
∑

g∈G

bg ∈ R), we have the

unique representation a − b =
∑

g∈G

(a − b)g, where (a − b)g = ag − bg. Thus we

also have the smash product R4 # K4[G]? which is isomorphic to (R#K[G]∗)4

(c.f. [5]) and hence R#K[G]∗ embeds in R4#K4[G]∗, whereas R embeds in R4.
These embeddings become useful as the results of Montgomery and Passman are
valid for the ring R4 and the smash product R4#K4[G]∗, thereby providing
us with an incisive technique for analyzing these results for R and R#K[G]∗.
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2. Basic Results of Semiring R, Its Ring of Differences R
∆ and

Their Smash Products

The results proved in this section play an important role for semirings in the
absence of additive inverses. First we state a lemma from [5] which is felt to be
inseparable part of this paper.

Lemma 2.1. Let R be a semiring graded by a finite group G and A any subset

of R. Then for g ∈ G,

(i) Each Rg is subtractive;

(ii)

(a) Each Ag is subtractive, if A is a subtractive subset of R;

(b) AG is subtractive, if A is a subtractive submonoid of (R, +);

(iii) (Rg)
∆ = (R∆)g ;

(iv) Rg = (R∆)g ∩R;

(v) (Ag)∆ ⊆ (A∆)g . Equality holds if R is yoked and A is a subtractive sub-

monoid of R.

(vi) (AG )∆ ⊆ (A∆)G. Equality holds if R is yoked and A is a subtractive

submonoid of R.

(vii) Let I be an ideal of R∆. Then

(a) (I ∩ R)g = Ig ∩ R, g ∈ G;

(b) (I ∩ R)G = IG ∩ R.

(viii) If R is a yoked semiring, then R1 is a yoked subsemiring of R.

Using some basic results from [7], we relate the primeness (semiprimeness) of
R and R∆.

Lemma 2.2. Let R be a semiring and R∆ its ring of differences.

(i) If R∆ is prime (semiprime), then R is prime (semiprime).

(ii) If R is yoked and prime (semiprime), then R∆ is prime (semiprime).

(iii) (i) and (ii) replacing prime by graded prime.

Proof. We prove the result for primeness and the result for semiprimeness follows
in the same way.

(i) Let A, B be two ideals of R such that AB = 0. By Lemma 3.2 (ii) of [7],

we have A4B4 ⊆ (AB)
4

= 0. Since R4 is prime, so either A4 = 0 or B4 = 0
which implies that A4 ∩ R = 0 or B4 ∩ R = 0. Hence 0 = A4 ∩ R ⊇ A or
0 = B4 ∩ R ⊇ B (c.f. [7, Lemma 3.2 (vi)].

(ii) Let I and J be two ideals of R∆, such that IJ = 0. This implies that
IJ∩R = 0. By using ([7, Lemma 3.2 (iv)]), we have (I∩R)(J∩R) ⊆ IJ∩R = 0.
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Also R is prime, which implies that either I∩R = 0 or J∩R = 0. Since R is yoked,
so using ([7, Lemma 3.2 (vii)]), we get I = (I ∩ R)4 = 0 or J = (J ∩ R)4 = 0.
Hence R∆ is prime.

Using the above lemma, we prove

Lemma 2.3. Let R be a yoked semiring, graded by a group G. Then

(i) R#K [G]
?

is semiprime if and only if R is graded semiprime.

(ii) R#K [G]
?

is G-prime if and only if R is graded prime.

Proof. (i) Let R be graded semiprime. Since R is yoked, by Lemma 2.2 (ii),

R4 is graded semiprime. This implies that R4#K4 [G]
? ∼=

(

R#K [G]
?)4

is semiprime (c.f. [1, Theorem 2.9]). Since R is yoked, so by Lemma 2.2 (i),
R#K [G]? is semiprime. The converse follows from the fact that if I is a nilpo-
tent graded ideal of R, then it generates a nilpotent ideal of R#K [G]

?
.

(ii) Let I, J be two G-invariant ideals of R # K[G]∗ such that I J = 0. This
implies (I ∩ R) (J ∩ R) ⊆ (IJ) ∩ R = 0 (c.f. [7, Lemma 3.2 (iv)]). By Lemma
4.3 (ii) of [5], we get I ∩ R and J ∩ R are graded ideals of R. Now the graded
primeness of R gives that either I ∩R = 0 or J ∩R = 0. This implies that either
0 = I = (I ∩R) # K[G]∗ or 0 = J = (J ∩R) # K[G]∗ (c.f. [5, Lemma 4.3 (iii)]).
Hence R # K[G]∗ is G-prime. The converse follows from the fact that for any
graded ideal P of R, P#K [G]? is G-invariant.

The following result regarding the nonnilpotent ideals of R and R∆ will be
used to relate various subgroups of G.

Lemma 2.4. Let R be a semiring and R∆ its ring of differences.

(i) If I is a nonnilpotent ideal of R, then I4 is a nonnilpotent ideal of R∆.

(ii) If R is yoked and J a nonnilpotent ideal of R4, then J∩R is nonnilpotent.

Proof. (i) This is obvious as I ⊆ I4.

(ii) Let R be yoked and J a nonnilpotent ideal of R4. Suppose J ∩ R is
nilpotent, i.e., there exists a positive integer n such that a1a2 . . . . . . . . . an = 0,
for a1, a2, . . . . . . . . . , an ∈ J ∩R. Let x1, x2, . . . . . . . . . , xn ∈ J, where xi = ai − bi

for ai, bi ∈ R. As R is a yoked semiring this implies that either ai − bi ∈ R
or bi − ai ∈ R. Thus for each xi either xi ∈ R or −xi ∈ R. Therefore, either
x1.x2 . . . . . . . . . xn or −x1.x2 . . . . . . . . . xn is a product of n elements of J ∩ R.
In both cases x1.x2 . . . . . . . . . xn = 0 in R4. Hence J is nilpotent which is a
contradiction, so we conclude that J ∩ R is nonnilpotent.

Definition 2.5. The graded semiring R is said to be strongly graded if Rg Rh =
Rgh for all g, h ∈ G.

The strongly G-graded semirings play an important role in simplification of
the Connes subgroup. Thus, we include
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Lemma 2.6. Let R be a yoked semiring graded by a group G.

(i) The subsemiring R1 contains the identity 1 for any G-graded semiring R.

(ii) A G-graded semiring R is strongly G-graded if and only if it satisfies

1 ∈ RgRg−1 , for all g ∈ G. Equivalently, Rg−1 Rg = R1 for all x ∈ G.

(iii) If R is strongly graded, then R4 is strongly graded.

Proof. (i) Since R4 is G-graded, we have 1 ∈
(

R4
)

1
= (R1)

4
(c.f. Lemma 2.1

(iii)). As 1 ∈ R, we get 1 ∈ R∩ (R1)
4

. By Lemma 2.1 (i), R1 is subtractive and

so by Lemma 2.1 (iv), R ∩ (R1)
4 = R1. Therefore we conclude that 1 ∈ R1.

(ii) If R is strongly G-graded, then R1 = RgRg−1 . So using (i), we have
1 ∈ RgRg−1 for all g ∈ G. Conversely, suppose that 1 ∈ RgRg−1 for all g ∈ G
holds. Then using (i), Rgh = 1Rgh ⊆ RgRg−1Rgh ⊆ RgRg−1 gh = RgRh ⊆ Rgh,
for any g, h ∈ G. So RgRh = Rgh for all g, h ∈ G.

(iii) Let R be a strongly graded semiring. Then by (ii), R1 = RgRg−1 for

all g ∈ G. But by Lemma 3.2 (ii) of [7], (RgRg−1)4 = R4
g R4

g−1 , so (R4)1 =
(

R4
)

g

(

R4
)

g−1 for all g ∈ G. Hence the ring R4 is strongly graded.

Definition 2.7. We define the support of R by

spR = {g ∈ G | Rg 6= 0} .

The elements of Rg are called homogeneous of degree g.

Finally, in this section, we prove a result which will be used to relate the
nilpotency of a subsemiring of a graded semiring to its identity component.

Lemma 2.8. Let |spR| = n.

(i) Suppose for suitable n and d, λ1, . . . λnd ∈ G, and for all i, i = 1, . . . , nd

αi =
i
∏

j=1

λj ∈ supp R. Furthermore, assume that {αi} takes on at most

n distinct values, then there exists 0 ≤ j0 < j1 < . . . < jd with 1 =
λj

0
+1λj

0
+2 . . . λj

1
= λj

1
+1 . . . λj

2
= . . . = . . . λj

d
.

(ii) If A is a subsemiring of a graded semiring R with A1 = 0, then An = 0.

Proof. (i) Consider the products α0 = 1, αi =
i
∏

j=1
λj , where i = 1, . . . , nd. We

are done unless they are all distinct from 1. Now, since there are only n possible
distinct αi, there must be some d + 1 α′

is which are equal (say). αj0 = αj1 =
. . . = αjd

with j0 < j1 < . . . < jd. But then for each 0 ≤ k ≤ d − 1, we have
λ1 . . . λjk

= (λ1 . . . λjk
) . . . λjk+1 implying 1 = λjk+1 . . . λjk+1 , as desired.

(ii) Since A =
∑

Aλ, we need to show that Aλ1 . . .Aλn
= 0 for any given

sequence λ1 . . . λn ∈ G. This is certainly true if λ1, . . . , λi /∈ supp R for some
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i ≤ n. So assume that
i

∏

j=1

λj ∈ supp R for each i ≤ n, then by (i) , Aλi
. . . Aλk

⊂

A1 = 0, since 1 ∈ A1 (c.f. Lemma 2.6).

3. The Connes Subgroup

We denote the set of all graded left ideals of R by GrL and the set of all graded
right ideals by GrR.

Definition 3.1. A subsemiring B of R is said to be graded hereditary if B = AL
for some A ∈ GrR, L ∈ GrL and B is a nonnilpotent graded subsemiring of R.
The set of all such B is denoted by GrH.

Using Lemma 2.8, we get

Lemma 3.2. Let B be a graded subsemiring of R. Then B is nilpotent if and

only if B1 is nilpotent.

Proof. B is nilpotent obviously implies that B1 is nilpotent. Conversely, suppose
that B1 is nilpotent, then there exists a positive integer m such that Bm

1 = 0.
This implies that (Bm)1 = (B1)

m
= 0. Now by using Lemma 2.8 (ii), we get

(Bm)
n

= 0 implying Bmn = 0, where n = |spR|. Hence B is nilpotent.

Now, we prove some results which are necessary for the simplification of the
Connes subgroup.

Lemma 3.3. Let R be strongly G-graded. Then L ∈ GrL if and only if L = RL1,
where L1 is a left ideal of R1 and similarly A ∈ GrR if and only if A = A1R,

where A1 is a right ideal of R1. Thus Lx = RxL1, Ax = A1Rx and if B = AL,
then B = A1RL1.

Proof. Since R is strongly G-graded and 1 ∈ R1, we have 1 = agbg−1 , ag ∈ Rg

and bg−1 ∈ Rg−1 . Now, for rg ∈ L, we have rg = 1.rg = agbg−1 .rg = agbg−1 .rg ∈
RL1 (since rg ∈ R, bg−1 .rg ∈ L and L is a left ideal). Thus L ⊆ RL1 and
RL1 ⊆ L is trivial, hence L = RL1.

Definition 3.4. If I is an ideal of R1 and x ∈ G, we define Ix = Rx−1IRx ⊆ R1.

Since Rx is an (R1, R1)-bisemimodule we see that Ix is an ideal of R1. Fur-
thermore I1 = I, (Ix)

y
⊆ Ixy and (IxJ)

x
⊆ (IJ)

x
. If R is strongly graded, then

this yields a permutation action on the ideals of R1.

Lemma 3.5. Let R be strongly graded semiring, and I, J two ideals of R1. Then

(Ix)y = Ixy, I1 = I and (IJ)x = IxJx for x, y ∈ G.
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Proof. We have

(Ix)y = (Rx−1IRx)y = Ry−1Rx−1IRxRy = R(xy)−1IR(xy) = Ixy

and I1 = R1IR1 = I, as I is an ideal of R1. Now

(IJ)
x

= Rx−1IJRx = Rx−1IR1JRx = Rx−1IRxRx−1JRx = IxJx.

Remark 3.6. Let a, b ∈ R and x, y ∈ G. Then it follows by multiplication in R
# K [G]

?
that apx.bpy = abxy−1py. This implies that

pxbxy−1 =
∑

z∈G

pxbxy−1pz =
∑

z∈G

(

bxy−1

)

xz−1 pz = bxy−1py = px.bpy.

So, pxRx = pxRp1 = Rxp1.

Using the above facts, we prove

Lemma 3.7. Let R be strongly G-graded. If I, I′ are two ideals of R # K [G]
?
,

then IpgI′ = II′ for all g ∈ G.

Proof. If R is strongly graded, then it follows that IRg = I for g ∈ G. For, if
ah ∈ I then ah = ah.1 = ah

(

bg−1ag

)

=
(

ahbg−1

)

ag ∈ IRg implying I ⊆ IRg

and obviously IRg ⊆ I. Similarly, RgI = I. Now, using RgI
′ = I′, pxRx = Rxp1

and IRg ⊆ I, we get IpgI
′ = IpgRgI

′ = IRgp1I
′ = Ip1I

′. In other words all
IpgI

′ are equal and hence II′ = I.1.I′ =
∑

g∈G

IpgI′ = IpxI′ as required.

Now we define the Connes subgroup ΓR of G.

Definition 3.8. Let R be a G-graded semiring with G finite. We define

ΓR = {x ∈ G | Rx−1Bx is nonnilpotent for all B ∈ GrH}

and
Γ0R = {x ∈ G | Bx−1Bx is nonnilpotent for all B ∈ GrH} .

Definition 3.9. The group G acts on the smash product R#K [G]? by (rph)g =
rphg and hence it permutes the ideals of the semiring. Thus we can define

Λ =
{

x ∈ G | for all nonnilpotent ideals I of R#K [G]
?

we have IxInonnilpotent
}

and for each g ∈ G,

Λg =
{

x ∈ G |for all ideals I of R#K [G]
?
,

if IpgI is nonnilpotent then IxI nonnilpotent
}

.
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Lemma 3.10. Γ0R ⊆ ΓR and ΓR is a subgroup of G.

Proof. The inclusion Γ0R ⊆ ΓR is obvious. Let x, y ∈ ΓR and B ∈ GrH , so
by definition Rx−1Bx is nonnilpotent. Since Rx−1Bx ⊆ Rx−1B, so Rx−1B is
nonnilpotent. This implies that C = Rx−1Bx ∈ GrH. Now, for y ∈ ΓR, we
have Cy = (Rx−1Bx)y = Rx−1Bxy and since y ∈ ΓR, we know that Ry−1Cy

is nonnilpotent. But Ry−1Cy = Ry−1Rx−1Bxy ⊆ R(yx)−1Bxy, so R(yx)−1Bxy is
nonnilpotent and xy ∈ ΓR. Similarly Γ0R is a subgroup of G.

Lemma 3.11. Λ is normal subgroup of G and Λ = ∩gΛg.

Proof. Let x, y ∈ Λ and I be a nonnilpotent ideal of R#K [G]
?
. For x ∈ Λ, we

have J = IxI is nonnilpotent and then y ∈ Λ implies that JyJ is nonnilpotent.
But JyJ = (IxI)

y
IxI ⊆ IxyI, so IxyI is nonnilpotent and hence xy ∈ Λ. Now,

let x ∈ Λ, g ∈ G. Then J = Ig−1

is nonnilpotent, so JxJ is nonnilpotent which

implies that (JxJ)
g

is nonnilpotent. But (JxJ)
g

=
(

Ig−1xI g−1
)g

= Ig−1xgI,

so g−1xg ∈ Λ and hence Λ is a normal subgroup of G. Finally if IpgI is
nonnilpotent, then the larger ideal I is nonnilpotent, so it follows that Λ ⊆ ∩gΛg.
Conversely, let x ∈ ∩gΛg and I be nonnilpotent. Then I2 =

∑

g∈G

IpgI and I2

nonnilpotent implies that IphI is nonnilpotent for some h ∈ G. But x ∈ Λh, so
IxI is nonnilpotent and x ∈ Λ.

Lemma 3.12. Let R be a graded semiring.

(i) If I is a left ideal of R # K [G]
?

and x ∈ G, then there exists L ∈ GrL
with Ipx = Lpx. Similarly, if I is a right ideal of R#K [G]

?
, then there exists

A ∈ GrR with pxI = pxA.

(ii) If L is a graded left ideal of R. Then Lpx is a left ideal of R # K [G]
?

for

any x ∈ G. Similarly, if A is a right ideal of R, then pxA a right ideal of R #
K [G]

?
. In particular I = LpxA is an ideal of R # K [G]

?
and I is nilpotent

if and only if B = AL or equivalently B1 is nilpotent.

Proof. (i) Let I be an ideal of R#K [G]
?

and set L = {a ∈ R | apx ∈ Ipx} .
Clearly L is a left ideal of R. Now, let x ∈ Ipx, then x = rpx = rx−1px ∈ Lpx,
where r ∈ L and hence Lpx ⊇ Ipx, obviously Lpx ⊆ Ipx. To prove L ∈ GrL, let
a =

∑

ay ∈ L. Then apx ∈ Ipx, so pyxapx ∈ Ipx as I is an ideal of R # K [G]
?
.

Hence aypx = pyxapx ∈ Ipx implying that ay ∈ L for all g ∈ G. The proof for a
right ideal of R # K [G]

?
follows in the same way.

(ii) Let rpg ∈ R # K [G]
?
, apx ∈ Lpx . Then rpgapx = ragx−1px ∈ Lpx,

since L ∈ GrL. Similarly pxA is a right ideal of R#K [G]
?

and thus I =
LpxA = Lpx.pxA is an ideal of R # K [G]

?
. We now show In+1 = LBn

1 pxA,
using induction on n ≥ 0. Obviously the result holds for n = 0. Suppose that
In+1 = LBn

1 pxA. Then In+2 = In+1.I = LBn
1 pxA LpxA = LBn

1 (pxA.Lpx)A =
LBn+1

1 pxA as required. So B1 nilpotent implies that I is nilpotent. Conversely,
suppose In+1 = 0. Then 0 = A In+1Lpx = ALBn

1 pxALpx = BBn
1 (pxBpx) =
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BBn+1
1 px, so 0 = BBn+1

1 ⊇ Bn+2
1 and hence B1 is nilpotent. Now the result

follows from Lemma 3.2.

Using the above results, we have the following relations between the different
subgroups of G.

Theorem 3.13. Let R be a semiring graded by a finite group G. Then for all

g ∈ G we have Λg = Γ g
0R = Γ g

R. In particular Γ0R = ΓR and Λ = ∩gΓ
g

.

Proof. Since by Lemma 3.10, Γ g
0R ⊆ Γ g

R, so it suffices to prove that Γ g
R ⊆ Λg

⊆ Γ g
0R. First we show that Λg ⊆ Γ g

0R. For, let x ∈ Λg and B = AL ∈ GrH with
A ∈ GrR, L ∈ GrL. Set I = LpgA so that by Lemma 3.12 (ii), I is an ideal of
R # K [G]

?
. Since I is an ideal, we get

IpgI ⊇ (IL)pg(AI) = LpgALpgALpgA = LpgBpgBpgA = LB2
1pgA,

where LB2
1 ∈ GrL. Now, set C = A.LB2

1 = BB2
1 and so C1 = B3

1 . We have B ∈
GrH, which implies that B1 is nonnilpotent and hence C is nonnilpotent. Now by
using Lemma 3.12 (ii), LB2

1pgA is nonnilpotent and hence IpgI is nonnilpotent.
Now, for x ∈ Λg , we have J = IxI is nonnilpotent. But Ix = LpgxA, so J =
LpgxALpgA = LpgxBpgA = LBgxg−1pgA. Since J is nonnilpotent, so by Lemma
3.12 (ii), D1 is nonnilpotent, where D = ALBgxg−1 = BBgxg−1 . Thus D1 =
B

(gxg−1)−1
Bgxg−1 is nonnilpotent for all B ∈ GrH , implying gxg−1 ∈ Γ0R and

x ∈ g−1Γ0Rg = Γ g
0R. Hence Λg ⊆ Γ g

0R. Now, we have to prove that Γ g
R ⊆ Λg.

Let x ∈ Γ g
R such that gxg−1 ∈ ΓR. Let I be an ideal of R # K [G]

?
with IpgI is

nonnilpotent. By Lemma 3.12 (i), Ipg = Lpg and pgI = pgA for some A ∈ GrR
and L ∈ GrL.This implies that LpxA = IpgI is nonnilpotent and by Lemma
3.12 (ii), B = AL is nonnilpotent and hence B ∈ GrH. Since I ⊇ pgI = pgA
and I ⊇ Ipg = Lpg, so we get IxI ⊇ (pgA)x(Lpg) = pgx(AL)pg = Bgxg−1pg.
As IxI is an ideal of R# K [G]

?
, so we have IxI ⊇ R(gxg−1)−1Bgxg−1pg. But

gxg−1 ∈ ΓR, which implies that R
(gxg−1)−1 Bgxg−1 ⊆ R1 is nonnilpotent and

this subset commutes with pg so R
(gxg−1)−1Bgxg−1pg is nonnilpotent. Thus IxI

⊇ R
(gxg−1)−1 Bgxg−1pg is nonnilpotent, so we get x ∈ Λg. Hence Λg = Γ g

0R = Γ g
R

and the particular case follows by Lemma 3.11.

If R is graded semiprime, then the groups ΓR and Λ becomes simple as ob-
served below.

Lemma 3.14. If R is yoked and graded semiprime then

ΓR = {x ∈ G | Bx 6= 0 for all B ∈ GrH}

and

Λ =
{

x ∈ G | for all ideals I of R#K [G]
?
, I 6= 0 implies IxI 6= 0

}

.
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Proof. If Rx−1Bx is nonnilpotent, then certainly Bx 6= 0. Conversely, if Bx 6= 0,
then 0 6= RBx ∈ GrL so by graded semiprimeness of R, L = RBx is nonnilpo-
tent. Thus by Lemma 3.2, L1 = Rx−1Bx is nonnilpotent. This proves the result
about ΓR. The result for Λ follows from the fact that R is graded semiprime if
and only if R#K [G]? is semiprime (c.f. Lemma 2.3).

We note that if R is strongly graded, then both ΓR and Λ coincide.

Lemma 3.15. If R is strongly G-graded, then

Λ = ΓR = {x ∈ G | if J is nonnilpotent ideal of R1 then JxJ is nonnilpotent } .

Proof. If J is any nonnilpotent ideal of R1. Then JRJ is nonnilpotent and
so B = JRJ = (JR) (RJ) ∈ GrH. Conversely, if R is strongly graded and
B = AL ∈ GrH with A ∈ GrR, L ∈ GrL; then by Lemma 3.3, B can be
written as B = A1RL1, where A1 is a right ideal of R1 and L1 a left ideal of
R1. This implies that B1 = A1R1L1 = A1L1. Note that UV is nilpotent if and
only if V U is. We have B ∈ GrH if and only if B1 = A1L1 is nonnilpotent or
equivalently J = L1A1 is nonnilpotent.

We here use the fact ΓR = Γ0R. So, for a strongly graded semiring R, x ∈
ΓR if and only if Bx−1Bx = A1Rx−1L1.A1RxL1 = A1C.A1E is nonnilpotent,
where C = Rx−1L1 and E = RxL1. But Bx−1Bx is nonnilpotent if and only if
CA1.EA1 = Rx−1L1.A1RxL1.A1 = Rx−1JxRxJ = JxJ . Since J = L1.A1 is any
nonnilpotent ideal of R1, so the above characterization follows for ΓR. Finally
let x ∈ ΓR, g ∈ G and J be a nonnilpotent ideal of R1. Then D = Jg−1

is
nonnilpotent, so x ∈ ΓR implies that DxD is nonnilpotent and hence(DxD)g

is nonnilpotent. Using Lemma 3.5, (DxD)
g

=
(

Jg−1xJg−1
)g

= Jg−1xgJ, so

g−1xg ∈ ΓR, implying that x ∈ Γ g−1

R and hence ΓR = Γ g
R for all g ∈ G. Thus by

Lemma 3.11, ΓR = ∩g∈GΓ g
R = ∩g∈GΛg for all g ∈ G. By Lemma 3.7, we have

I2 = IpgI for any ideal I of R#K [G]
?
. Thus it follows that all Λg are equal

and hence Λ = ΓR.

If R is G-graded, then R∆ is a G-graded ring. Hence we have two Connes
subgroups ΓR and ΓR4 corresponding to R and R∆ respectively. For a yoked
strongly graded semiring, we have

Lemma 3.16. If R is a yoked and strongly graded semiring and R4 its ring of

differences. Then ΓR ⊆ ΓR4 .

Proof. Let x ∈ ΓR and J be a nonnilpotent ideal of R4

1 , then by Lemma 2.1
(viii), Lemma 2.4 (ii), J ∩R1 be a nonnilpotent ideal of R1. By definition of ΓR,
we get (J ∩ R1)

x
(J ∩ R1) ⊆ (Jx ∩ R1) (J ∩ R1) ⊆ JxJ is nonnilpotent. Hence

the result is proved.

The Connes subgroup ΓR is useful to relate the primeness of R#K [G]
?

to
the graded primeness of R as follows
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Theorem 3.17. Let R be a yoked and G-graded semiring with G finite. If

R#K [G]
?

is prime, then R is graded prime and ΓR = G. The converse fol-

lows if R is strongly graded.

Proof. Obviously, the primeness of R#K [G]
?

implies its G-primeness and hence
the graded primeness of R (c.f. Lemma 2.3). Let J be any nonnilpotent ideal
of R#K [G]? and g ∈ G. Then Jg is nonnilpotent. Further, since R#K [G]?

is prime, JgJ is nonzero and thus nonnilpotent. This implies Λ = G. But by
Theorem 3.13, Λ ⊆ ΓR, so ΓR = G. Conversely, let R be strongly graded and
graded prime. Then its ring of differences R4 is strongly graded and graded
prime (c.f. Lemma 2.6 (iii) and Lemma 2.2). Further G = ΓR ⊆ Γ4

R , because R
is strongly graded. So we have G = ΓR4 . Now, by using ([4, Corollary 2.8]), we

get R4# K4 [G]
? ∼=

(

R # K [G]
?)4

is prime. Hence R # K [G]
?

is prime (c.f.
Lemma 2.2 (i)).

Remark 3.18. Define the support of R4 by sp
(

R4
)

=
{

x ∈ G | R4
x 6= 0

}

.

Since R ⊆ R4, so sp (R) ⊆ sp
(

R4
)

is obvious. Now, let x ∈ sp
(

R4
)

this

implies R4
x = (Rx)

4
6= 0 implies Rx 6= 0. Hence sp

(

R4
)

⊆ sp (R) and, we get

sp
(

R4
)

= sp (R) .

Lemma 3.19. Let R be a graded semiring.

(i) If R is graded semiprime, then the grading on R is non-degenerate.

(ii) If R1 is prime, then for any two homogeneous nonzero elements a, b of R,
aRhb 6= 0, for h ∈ sp (R) .

Proof. (i) Assume that R is graded semiprime and ax ∈ Rx a nonzero homo-
geneous element. Then axR and Rax are nonzero graded right and left ide-
als of R and these are nonnilpotent by assumption. Also from Lemma 3.2,
0 6= (axR)1 =

(

ax

∑

h∈G Rh

)

1
= axRx−1 , where ax ∈ Rx and 0 6= (Rax)1 =

(
∑

h∈G Rh ax

)

1
= Rx−1ax. In other words R is nondegenerate.

(ii) We know if R1 is prime, then R1is semiprime. Let a, b be two nonzero
homogeneous elements of R and say a ∈ Rx−1 , b ∈ Ry−1 . Then by (i),
RxaR1 6= 0 and R1bRy 6= 0 and both are ideals of R1. Since R1 is prime we
have (RxaR1) (R1bRy) 6= 0 and in particular

aR1b 6= 0. (1)

Again, let a, b be nonzero homogeneous elements of R and h ∈ sp (R) ( i.e. Rh

6= 0). Now, by (1), aRh = aR1Rh 6= 0. Furthermore since aRh is homogeneous
we conclude that aRhb = aRhR1b 6= 0.

Finally, we compute ΓR in terms of sp (R) when R1 is prime.

Theorem 3.20. Let R be yoked and graded prime. If R1 is prime, then ΓR =
sp (R) and the converse follows if R is strongly graded.
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Proof. First we assume that R1 is prime. It is obvious that ΓR ⊆ sp (R) , for the
other inclusion, let B = AL with 0 6= A ∈ GrA, 0 6= L ∈ GrL. Since A and L are
nonnilpotent, and by Lemma 3.3, we can choose nonzero elements a ∈ A1 and
b ∈ L1. Let h ∈ sp (R). Then Rh 6= 0 so aRhb 6= 0 (c.f. Lemma 3.19 (ii)).
But aRhb ⊆ AL∩ Rh = Bh, so Bh 6= 0 and Lemma 3.14, implies that h ∈ ΓR

as required. Conversely, let ΓR = sp (R) and R be a graded prime. Then by

Lemma 2.2, R4 is graded prime. Also by Remark 3.18, sp
(

R4
)

= sp (R) ⊆ Γ4

R

and by Lemma 3.16, for a strongly graded semiring, we have ΓR ⊆ Γ4

R and

obviously Γ4

R ⊆ sp
(

R4
)

. Hence Γ4

R = sp
(

R4
)

. So, by [4, Proposition 2.11]),
(

R4
)

1
∼= (R1)

4
is prime. Therefore by Lemma 2.2 (i), R1 is prime.
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