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Abstract. Semirings are studied either in their own right, in an attempt to broaden
techniques coming from semigroup theory or generalization of group theory and ring
theory or in connection with their applications. For the generalization of ring theoretic
results, in the absence of additive inverses, one has to impose some weaker versions
of additive inverses on semirings. In [4] Montgomery and Passman introduced Connes
subgroup of a group G and related it to the ideal structures of a G-graded ring and its
smash product. This paper generalizes the above ring theoretic relation for additively
cancellative yoked semirings and computes the Connes subgroup I'r of a G-graded
semiring R in terms of support (R), when R; is prime.
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1. Introduction

In the absence of additive inverses in semirings, the conditions to find the validity
of the results of ring theory become complicated, thus one needs a weaker version
of additive inverses, i.e. cancellation of the elements (a + b = a + ¢ implies that
b = ¢ in a semiring R). Another weak version of the condition of having additive
inverses, i.e. R being yoked (for a, b € R, there exists an element r of R such
that a +7 =b or b+ r = a) is also required for some results. The ring theoretic
results of [6] are studied for such semirings in [8]. If R is an additively cancellative
semiring, then R is isomorphic to a subsemiring of the ring of differences R4
such that every element of R is the difference between two elements in the



288 Ram Parkash Sharma and Madhu

image of R [3]. It is evident from ([3, Proposition 9.42]) that there are plenty
of such semirings. In R® = {a —b|a,b € R}, we have a — b = ¢ — d if and
only if there exist r, r € Rsuch that a+7 =c+7r and b+r = d+ 1. The
set R4 becomes a ring under componentwise addition and multiplication given
by (a —b)(c—d) = (ac+ bd) — (ad + bc). The zero element of R4 is a — a,
denoted by 0 and multiplicative identity is 1. Clearly R® contains R by way of
embedding a +— a — 0 (simply written as a). Thus the ring of differences R® is
an important tool to analyze the validity of ring theoretic results for a semiring.
For basic definitions of semirings one can refer [3].

Throughout this paper, K be an additively cancellative commutative semiring
and R an additively cancellative K-semialgebra graded by a finite group G. If R
is a semiring graded by G, then for any graded ideal A of R, A* = {a—bla,b e A}
is a graded ideal of R? (c.f. [5]). Also for any graded ideal I of R4, I N R
is a graded ideal of R. Furthermore when R is a G-graded semiring, then there
exists an extension semiring (known as smash product), with same 1, which
comes from the study of semi-Hopf algebras. This smash product is denoted
by R # K [G]", where R is a K —semialgebra. This semiring is a free left R-

semimodule with basis {p, | + € G} such that >  p, = 1 is decomposition of
zeG
1 € R into orthogonal idempotents(c.f. [5]). We started this article with the

aim to find out the validity of results proved by Montgomery and Passman [4]
regarding the connection between the Connes subgroup of a group G (which
is a purely analogue of the Connes spectrum introduced by Connes [2] in the
context of action of locally compact groups on Von Neumann algebras) and the
ideal structure of a G-graded ring R, its smash product R# K [G]".

Since R and K are additively cancellative, so their rings of differences R
and K% exist. Moreover, if a semiring R is graded by G, then R® becomes a

ring graded by G. That is, R® = > @ (RA)g , where
geG

(RA)g ={pgla—d’)|a, a € R} ={ay — a/g | ag, a/g € R,}.

Therefore for z € R, 2 =a—b (a= Y. a,, b= Y. by € R), we have the
geG geG
unique representation a —b = ) (a — b)g, where (a — b)y = ay — by. Thus we
geG

also have the smash product R® # K“[G]* which is isomorphic to (R#K[G]*)*
(c.f. [5]) and hence R# K[G]* embeds in R®#K* [G]*, whereas R embeds in R*.
These embeddings become useful as the results of Montgomery and Passman are
valid for the ring R® and the smash product R®# K% [G]*, thereby providing
us with an incisive technique for analyzing these results for R and R#K[G]*.
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2. Basic Results of Semiring R, Its Ring of Differences R4 and
Their Smash Products

The results proved in this section play an important role for semirings in the
absence of additive inverses. First we state a lemma from [5] which is felt to be
inseparable part of this paper.

Lemma 2.1. Let R be a semiring graded by a finite group G and A any subset
of R. Then for g € G,

(i) Each R, is subtractive;

(ii)

a) Each Ay is subtractive, if A is a subtractive subset of R;

b) Ag is subtractive, if A is a subtractive submonoid of (R, +);

(i (Rg)A = (RA)g§

(iv) Ry = (R?), N R;

(v) (Ay)? C (A?),. Equality holds if R is yoked and A is a subtractive sub-
monoid of R.

(vi) (Ag )@ C (A%)g. Equality holds if R is yoked and A is a subtractive
submonoid of R.

(vii) Let I be an ideal of R®. Then

(
(
)
)

(a) INR)y =I;NR,geG;s
(b) INR)¢ =IcNR.

(viii) If R is a yoked semiring, then Ry is a yoked subsemiring of R.

Using some basic results from [7], we relate the primeness (semiprimeness) of
R and R4.

Lemma 2.2. Let R be a semiring and R? its ring of differences.

(i) If R? is prime (semiprime), then R is prime (semiprime).
(ii) If R is yoked and prime (semiprime), then R is prime (semiprime).
(iii) (i) and (ii) replacing prime by graded prime.

Proof. We prove the result for primeness and the result for semiprimeness follows
in the same way.

(i) Let A, B be two ideals of R such that AB = 0. By Lemma 3.2 (ii) of [7],
we have A®B* C (AB)A = 0. Since R* is prime, so either A® =0 or B~ =0
which implies that A2 N R =0 or B NR = 0. Hence 0 = A2 NR D Aor
0=B2NR2D B (cf. [7, Lemma 3.2 (vi)].

(ii) Let I and J be two ideals of R4, such that IJ = 0. This implies that
IJNR = 0. By using ([7, Lemma 3.2 (iv)]), we have (INR)(JNR) C IJNR = 0.
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Also R is prime, which implies that either INR = 0 or JAR = 0. Since R is yoked,
so using ([7, Lemma 3.2 (vii)]), we get I = (INR)® =0or J = (JNR)® =0.
Hence R4 is prime. [ |

Using the above lemma, we prove

Lemma 2.3. Let R be a yoked semiring, graded by a group G. Then

(i) R#K [G]" is semiprime if and only if R is graded semiprime.
(ii) R#K [G]" is G-prime if and only if R is graded prime.

Proof. (i) Let R be graded semiprime. Since R is yoked, by Lemma 2.2 (ii),
R® is graded semiprime. This implies that RA#K® [G]" = (R#K [G]*)A
is semiprime (c.f. [1, Theorem 2.9]). Since R is yoked, so by Lemma 2.2 (i),
R#K [G]”" is semiprime. The converse follows from the fact that if I is a nilpo-
tent graded ideal of R, then it generates a nilpotent ideal of R#K [G]”.

(ii) Let I, J be two G-invariant ideals of R # K[G]* such that I J = 0. This
implies (I NR) (JNR) C (IJ)NR =0 (c.f. [7, Lemma 3.2 (iv)]). By Lemma
4.3 (ii) of [5], we get I N R and J N R are graded ideals of R. Now the graded
primeness of R gives that either /N R =0 or JN R = 0. This implies that either
0=1I=(INR)# K[G)* or 0=J = (JAR) # K[G]* (c.f. [5, Lemma 4.3 (iii))).
Hence R # K|G]* is G-prime. The converse follows from the fact that for any
graded ideal P of R, P#K [G]" is G-invariant. ]

The following result regarding the nonnilpotent ideals of R and R4 will be
used to relate various subgroups of G.

Lemma 2.4. Let R be a semiring and R? its ring of differences.

(i) If I is a nonnilpotent ideal of R, then I® is a nonnilpotent ideal of R*.
(ii) If R is yoked and J a nonnilpotent ideal of R®, then JNR is nonnilpotent.

Proof. (i) This is obvious as I C I*.

(ii) Let R be yoked and J a nonnilpotent ideal of R“. Suppose J N R is
nilpotent, i.e., there exists a positive integer n such that ajag......... an =0,
for aj,ag,......... san € JNR. Let ¢, 20, ......... , Tn € J, where z; = a; — b;
for a;,b; € R. As R is a yoked semiring this implies that either a; — b; € R
or b; — a; € R. Thus for each z; either x; € R or —z; € R. Therefore, either

T1L2 e Ty OF —L1.L9.ennn... T, is a product of n elements of J N R.
In both cases x1.29......... Zn = 0 in R®. Hence J is nilpotent which is a
contradiction, so we conclude that J N R is nonnilpotent. [ |

Definition 2.5. The graded semiring R is said to be strongly graded if Ry Ry, =
Ry forall g, h € G.

The strongly G-graded semirings play an important role in simplification of
the Connes subgroup. Thus, we include
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Lemma 2.6. Let R be a yoked semiring graded by a group G.

i) The subsemiring Ry contains the identity 1 for any G-graded semiring R.

€ RyRy—1, for all g € G. Equivalently, R, Ry = Ry for allx € G.

(
(i) A G-graded semiring R is strongly G-graded if and only if it satisfies
iii) If R is strongly graded, then R® is strongly graded.

9ty g 9ty g

Proof. (i) Since R* is G-graded, we have 1 € (RA)1 = (R1)”® (c.f. Lemma 2.1
(iii)). As 1 € R, we get 1 € RN (Ry)“ . By Lemma 2.1 (i), Ry is subtractive and
so by Lemma 2.1 (iv), RN (Ry)® = Ry. Therefore we conclude that 1 € R;.

(ii) If R is strongly G-graded, then R; = RyR,-1 . So using (i), we have
1 € RyRy—for all g € G. Conversely, suppose that 1 € RgR,-:for all g € G
holds. Then using (i), Ry = 1Ry, C RgRg—l Ry C RgRg—l gh = RgRy C Ryp,
for any g, h € G. So RgRy = Ry, for all g, h € G.

(iii) Let R be a strongly graded semiring. Then by (ii), Ry = RyR,-: for
all g € G. But by Lemma 3.2 (ii) of [7], (RgR,—1)" = ROR>,, so (R®); =
(RA)g (RA)g,lfor all g € G. Hence the ring R® is strongly graded. [ ]

Definition 2.7. We define the support of R by
spR={g € G| Ry #0}.
The elements of R, are called homogeneous of degree g.

Finally, in this section, we prove a result which will be used to relate the
nilpotency of a subsemiring of a graded semiring to its identity component.

Lemma 2.8. Let |[spR| = n.

(i) Suppose for suitable n and d, A1, ... \pg € G, and for alli, i =1,...,nd

K3
a; = [ A; € supp R. Furthermore, assume that {a;} takes on at most
j=1
n distinct values, then there exists 0 < jo < j1 < ... < jg with 1 =
)\j0+1)‘j0+2"')‘j1 :)\j1+1...)\j2 =...= ...)\jd.

(ii) If A is a subsemiring of a graded semiring R with A; =0, then A™ = 0.

Proof. (i) Consider the products a9 = 1, ; = ]l[ Aj, where ¢ = 1,...,nd. We
j=1

are done unless they are all distinct from 1. Nov;, since there are only n possible
distinct «;, there must be some d + 1 ajs which are equal (say). o, = o, =
... = aj, with jo < j1 < ... < jq. But then for each 0 < k < d — 1, we have
)\1 NN )\jk = ()\1 NN )\Jk) NN )‘ijrl 1mp1y1ng 1= )‘ijrl NN )\jk+l’ as desired.

(ii) Since A = Y Ay, we need to show that Ay, ...Ax, = 0 for any given
sequence Ai ...\, € G. This is certainly true if A1,...,\; ¢ supp R for some
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i < n. So assume that [[ A\; € supp R for each i < n, then by (i) , Ay, ... Ay, C
=1
A; =0, since 1 € Ay (c.f. Lemma 2.6). [ |

3. The Connes Subgroup

We denote the set of all graded left ideals of R by Gr L and the set of all graded
right ideals by Gr R.

Definition 3.1. A subsemiring B of R is said to be graded hereditaryif B = AL
for some A € Gr R, L € Gr L and B is a nonnilpotent graded subsemiring of R.
The set of all such B is denoted by Gr H.

Using Lemma 2.8, we get

Lemma 3.2. Let B be a graded subsemiring of R. Then B is nilpotent if and
only if By is nilpotent.

Proof. B is nilpotent obviously implies that Bj is nilpotent. Conversely, suppose
that B; is nilpotent, then there exists a positive integer m such that B]* = 0.
This implies that (B™), = (B1)™ = 0. Now by using Lemma 2.8 (ii), we get
(B™)" = 0 implying B™" = 0, where n = |spR|. Hence B is nilpotent. [ |

Now, we prove some results which are necessary for the simplification of the
Connes subgroup.

Lemma 3.3. Let R be strongly G-graded. Then L € Gr L if and only if L = RLq,
where Ly is a left ideal of Ry and similarly A € Gr R if and only if A = A1 R,
where Ay is a right ideal of Ry. Thus L, = R,L1, Ay = A1R, and if B = AL,
then B = AlRLl.

Proof. Since R is strongly G-graded and 1 € Ry, we have 1 = azb,—1,a4 € Ry
and bg-1 € Ry-1. Now, for vy € L, we have ry = 1.rg = agbg-1.17g = agby-1.14 €
RLy (since 1y € R,bg-1.1y € L and L is a left ideal). Thus L C RL; and
RL, C L is trivial, hence L = RL;. ]

Definition 3.4. If I is an ideal of R; and xz € G, we define I = R, -1 IR, C R;.
Since R, is an (R, R1)-bisemimodule we see that I* is an ideal of R;. Fur-
thermore I' = I, (I*)Y C I*¥ and (I*J)" C (IJ)". If R is strongly graded, then

this yields a permutation action on the ideals of R;.

Lemma 3.5. Let R be strongly graded semiring, and I, J two ideals of R1. Then
(I =TI, 1 =T and (IJ)* = I*J* for z,y € G.
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Proof. We have
(I°)Y = (Ry-1IRy)" = Ry1 Ry 1 IRy Ry = R(pyy-1IR(ny) = I
and I' = RiIR; = I, as I is an ideal of R;. Now
(IJ)* = Rg1IJR, = Ry 1 IR JR, = Ry 1 IR, R, 1 JR, = I*J".
|

Remark 3.6. Let a,b € R and =,y € G. Then it follows by multiplication in R
# K [G]" that ap,.bp, = abg, -1py. This implies that

pxbxy*I = prbxyflpz = Z (bxyfl)xz—l Pz = bxyflpy = pxbpy
zeG zeG
So, py Ry = pxRp1 = R:p1.
Using the above facts, we prove

Lemma 3.7. Let R be strongly G-graded. If I, I' are two ideals of R # K [G]”,
then IpgI' = II' for all g € G.

Proof. If R is strongly graded, then it follows that IR, = I for g € G. For, if
ap € I then ap = ap.1 = ap, (bg—lag) = (ahbg—l) ag € IR, implying I C IR,
and obviously TR, C I. Similarly, R,I = I. Now, using RyI' =I',p,R; = Rup1
and IR, C I, we get Ipyl’ = IpgRyI’ = IRyp1I’ = IpiI'. In other words all
IpyI’ are equal and hence II' =1.1.I' = Y Ipyl’ = Ip,I' as required. [ ]
geG
Now we define the Connes subgroup I'r of G.
Definition 3.8. Let R be a G-graded semiring with G finite. We define
I'r = {z € G | R,-1 B, is nonnilpotent for all B € Gr H}

and
I'vr = {zr € G | B,-1 B, is nonnilpotent for all B € GrH}.

Definition 3.9. The group G acts on the smash product R#K [G]* by (rpn)? =
TPhg and hence it permutes the ideals of the semiring. Thus we can define

A ={x € G| for all nonnilpotent ideals I of R#K [G]"

we have I*T nonnilpotent}
and for each g € G,

Ay = {z € G |for all ideals I of R#K [G]",
if IpyI is nonnilpotent then 1“1 nonnﬂpotent}.
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Lemma 3.10. Iygr C I'g and I'r is a subgroup of G.

Proof. The inclusion Iyr C I'g is obvious. Let x,y € I'r and B € GrH, so
by definition R,-1B, is nonnilpotent. Since R,-1B, C R,-1B, so R,-1B is
nonnilpotent. This implies that C = R,-1B, € Gr H. Now, for y € I'p, we
have Cy = (erBE)y = R,-1B;, and since y € I'r, we know that R,-.C,
is nonnilpotent. But Ry,-Cy = Ry-1R;-1 By, C R(yr)*lBW’ o) R(ym)*ley is
nonnilpotent and xy € I'g. Similarly I'yr is a subgroup of G. ]

Lemma 3.11. A is normal subgroup of G and A = NgA,.

Proof. Let x,3 € A and I be a nonnilpotent ideal of R#K [G]*. For x € A, we
have J = I*] is nonnilpotent and then y € A implies that JY.J is nonnilpotent.
But JYJ = (I*1)Y I*I C I®¥I, so I®YI is nonnilpotent and hence xy € A. Now,
let z € A, g € G. Then J = 97 is nonnilpotent, so J*J is nonnilpotent which

_ N _
implies that (J%J)? is nonnilpotent. But (J%J)? = (Ig ey g 1) = [9 w9,
so g-'zg € A and hence A is a normal subgroup of G. Finally if Ip,I is
nonnilpotent, then the larger ideal I is nonnilpotent, so it follows that A C Ny A,.

Conversely, let € NgA, and I be nonnilpotent. Then I? = > Ip,I and I?
geqG
nonnilpotent implies that Ip,I is nonnilpotent for some h € G. But « € Ay, so

I1*1 is nonnilpotent and = € A. [ ]

Lemma 3.12. Let R be a graded semiring.

(i) If I is a left ideal of R # K [G]" and x € G, then there exists L € Gr L
with Ip, = Lp,. Similarly, if I is a right ideal of R#K [G]", then there exists
A € Gr R with p.I = p,A.

(ii) If L is a graded left ideal of R. Then Lp, is a left ideal of R # K [G]" for
any x € G. Similarly, if A is a right ideal of R, then p, A a right ideal of R #
K [G]". In particular T = Lp, A is an ideal of R # K [G]" and I is nilpotent
if and only if B = AL or equivalently By is nilpotent.

Proof. (i) Let I be an ideal of R#K [G]" and set L = {a € R|ap, € Ip,}.
Clearly L is a left ideal of R. Now, let € Ip;, then © = rp, = r,-1p, € Lp,,
where r € L and hence Lp, O Ip,, obviously Lp, C Ip,. To prove L € GrL, let
a=Ya, € L. Then ap, € Ip;, S0 pyzap; € Ip, as I is an ideal of R # K [G]".
Hence ayp, = pyzap, € Ip, implying that a, € L for all g € G. The proof for a
right ideal of R # K [G]* follows in the same way.

(ii) Let rpy € R # K[G]",apy € Lpy . Then rpjap, = rag,—1py € Lpa,
since L € GrL. Similarly p,A is a right ideal of R#K [G]" and thus I =
Lp,A = Lp,.p;A is an ideal of R # K [G]". We now show I"*! = LBI'p, A,
using induction on n > 0. Obviously the result holds for n = 0. Suppose that
1"t = LB'p, A. Then ["*2 = ["*1.] = LB?"p, A Lp, A = LB} (p,A.Lp,) A =
LBf“pr as required. So Bj nilpotent implies that I is nilpotent. Conversely,
suppose ["t1 =0. Then 0 = A I""'Lp, = ALB?p,ALp, = BB} (p,Bp,) =
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BB}"p,, so 0 = BB} D B} and hence B; is nilpotent. Now the result
follows from Lemma 3.2. [ |

Using the above results, we have the following relations between the different
subgroups of G.

Theorem 3.13. Let R be a semiring graded by a finite group G. Then for all
g € G we have Ag = I'§, = I'},. In particular Togp = I'r and A= NI’ .

Proof. Since by Lemma 3.10, I'Y, C I'f}, so it suffices to prove that I'} C A,
C I'Yp. First we show that Ay C I'Jy. For,let z € A, and B = AL € Gr H with
AeGrR, L eGrL. Set I = LpyA so that by Lemma 3.12 (ii), I is an ideal of
R # K [G]*. Since I is an ideal, we get

IpyI O (IL)pgy(AI) = LpgALpgALpgA = LpyBpgBpgA = LprgA,

where LB? € Gr L. Now, set C = A.LB? = BB} and so C; = B}. We have B €
GrH, which implies that B; is nonnilpotent and hence C'is nonnilpotent. Now by
using Lemma 3.12 (ii), LB}p, A is nonnilpotent and hence Ip,I is nonnilpotent.
Now, for x € Ay, we have J = I”I is nonnilpotent. But I* = Lpgy, A, so J =
Lpge ALpyA = Lpge BpyA = LBy, 4-1pyA. Since J is nonnilpotent, so by Lemma
3.12 (ii), D is nonnilpotent, where D = ALBg ;-1 = BBg,4-1. Thus D; =

(gzgfl)legIgfl is nonnilpotent for all B € GrH, implying grg~! € I'yr and
z € g 'Torg = I'yp. Hence Ay C I'Js. Now, we have to prove that I'j, C A,.
Let z € I'§ such that gzg~' € I'g. Let I be an ideal of R # K [G]" with Ip,I is
nonnilpotent. By Lemma 3.12 (i), Ipy = Lpg and p,I = pyA for some A € GrR
and L € GrL.This implies that Lp, A = Ipgl is nonnilpotent and by Lemma
3.12 (ii), B = AL is nonnilpotent and hence B € Gr H. Since I D p,I = psA
and I 2 Ip, = Lpg, so we get I"1 D (pgA)*(Lpg) = pye(AL)py = Byyg—1pg.
As I*I is an ideal of R# K [G]", so we have I*I D Ryug-1)-1 Bgag-1pg. But

grg~' € I'r, which implies that R(gz B,,,-1 € R; is nonnilpotent and

g—1)—1°7g9xg
this subset commutes with p, so R(gngl)legmgflpg is nonnilpotent. Thus I*1
DR, Bgg-1pg is nonnilpotent, so we get x € Ag. Hence 4y = Ip=1%

and the particular case follows by Lemma 3.11. [ ]

If R is graded semiprime, then the groups I'g and A becomes simple as ob-
served below.

Lemma 3.14. If R is yoked and graded semiprime then
I'n={xe€G|B; #0 forall Be GrH}
and

A={x € G| for all ideals I of R#K [G]",I # 0 implies I"I # 0} .
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Proof. If R,-1 B, is nonnilpotent, then certainly B, # 0. Conversely, if B, # 0,
then 0 # RB, € Gr L so by graded semiprimeness of R, [, = RB, is nonnilpo-
tent. Thus by Lemma 3.2, L; = R,-1 B, is nonnilpotent. This proves the result
about I'g. The result for A follows from the fact that R is graded semiprime if
and only if R#K [G]” is semiprime (c.f. Lemma 2.3). [ ]

We note that if R is strongly graded, then both I'r and A coincide.
Lemma 3.15. If R s strongly G-graded, then
A=Tg={x €G] ifJ is nonnilpotent ideal of Ry then J*J is nonnilpotent } .

Proof. If J is any nonnilpotent ideal of R;. Then JRJ is nonnilpotent and
so B = JRJ = (JR)(RJ) € GrH. Conversely, if R is strongly graded and
B = AL € GrH with A € GrR, L € GrL; then by Lemma 3.3, B can be
written as B = AjRLq, where A; is a right ideal of R; and L; a left ideal of
Rq. This implies that By = A1R1Ly = A1Lq. Note that UV is nilpotent if and
only if VU is. We have B € Gr H if and only if By = A;L; is nonnilpotent or
equivalently J = L; A; is nonnilpotent.

We here use the fact I'r = I'yr. So, for a strongly graded semiring R, z €
I'g if and only if B,-1B, = AjR,-1L1.A1R, 1, = A;C.A1F is nonnilpotent,
where C = R,-1L4 and £ = R;L,. But B,-1 B, is nonnilpotent if and only if
CAl.EAl = Rx—lLl.AlRILl.Al = Rx—h]xRxJ = J*J. Since J = Ll.Al is any
nonnilpotent ideal of Ry, so the above characterization follows for I'z. Finally
let x € I'r, g € G and J be a nonnilpotent ideal of Ry. Then D = J9 s
nonnilpotent, so x € I'g implies that D*D is nonnilpotent and hence(D*D)?

_ _ g _
is nonnilpotent. Using Lemma 3.5, (D*D)? = (Jg 'z j9 ) = J9 9] so

g 'zg € I'r, implying that = € Flg{I and hence I'r = I'§ for all g € G. Thus by

Lemma 3.11, I'r = Ngeg ' = Ngec Ay for all g € G. By Lemma 3.7, we have
I? = Ip,I for any ideal I of R#K [G]". Thus it follows that all A, are equal
and hence A = I'g. [

If R is G-graded, then R? is a G-graded ring. Hence we have two Connes
subgroups I'g and I'za corresponding to R and R4 respectively. For a yoked
strongly graded semiring, we have

Lemma 3.16. If R is a yoked and strongly graded semiring and R its ring of
differences. Then I'r C I'ga.

Proof. Let x € I'r and J be a nonnilpotent ideal of RlA, then by Lemma 2.1
(viii), Lemma 2.4 (ii), J N Ry be a nonnilpotent ideal of Ry. By definition of I'g,
we get (JNR1)" (JNRy) C (J*NRy)(JNRy) C J®J is nonnilpotent. Hence
the result is proved. [ |

The Connes subgroup Iy is useful to relate the primeness of R#K [G]* to
the graded primeness of R as follows
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Theorem 3.17. Let R be a yoked and G-graded semiring with G finite. If
R#K [G]" is prime, then R is graded prime and I'r = G. The converse fol-
lows if R is strongly graded.

Proof. Obviously, the primeness of R# K [G]" implies its G-primeness and hence
the graded primeness of R (c.f. Lemma 2.3). Let J be any nonnilpotent ideal
of R#K[G]* and g € G. Then J9 is nonnilpotent. Further, since R#K [G]*
is prime, J9J is nonzero and thus nonnilpotent. This implies A = G. But by
Theorem 3.13, A C I'g, so I'r = G. Conversely, let R be strongly graded and
graded prime. Then its ring of differences R® is strongly graded and graded
prime (c.f. Lemma 2.6 (iii) and Lemma 2.2). Further G = I'p C Fﬁ, because R
is strongly graded. So we have G = I'ra. Now, by using ([4, Corollary 2.8]), we
get RA# K2 [G)' = (R # K[G]*)” is prime. Hence R # K [G]" is prime (c.f.
Lemma 2.2 (i)). ]

Remark 3.18. Define the support of R® by sp (RA) = {x eq | RgcA #+ 0} .
Since R C R%, so sp(R) C sp (RA) is obvious. Now, let x € sp (RA) this
implies RS = (Rm)A # 0 implies R, # 0. Hence sp (R*) C sp (R) and, we get
sp (R®) =sp(R).

Lemma 3.19. Let R be a graded semiring.

(i) If R is graded semiprime, then the grading on R is non-degenerate.

(ii) If Ry is prime, then for any two homogeneous nonzero elements a,b of R,

aRpb # 0, for h € sp(R).

Proof. (i) Assume that R is graded semiprime and a, € R, a nonzero homo-
geneous element. Then a, R and Ra, are nonzero graded right and left ide-
als of R and these are nonnilpotent by assumption. Also from Lemma 3.2,
0 # (azR), = (am > ohea Rh)1 = azR,—1, where a, € R, and 0 # (Ray), =
(ZheG Ry, ax)l = R,-1a;. In other words R is nondegenerate.

(ii) We know if R; is prime, then R;is semiprime. Let a, b be two nonzero
homogeneous elements of R and say a € R,-1,b € R,-1. Then by (i),
RyaRy # 0 and R1bR, # 0 and both are ideals of R;. Since R; is prime we
have (RyaR1) (R1bR,) # 0 and in particular

aRyb #0. (1)

Again, let a, b be nonzero homogeneous elements of R and h € sp (R) ( i.e. Ry,
#0). Now, by (1), aRp = aR1Rj, # 0. Furthermore since aR), is homogeneous
we conclude that aRpb = aRpR1b # 0. [ |

Finally, we compute I'g in terms of sp (R) when R is prime.

Theorem 3.20. Let R be yoked and graded prime. If Ry is prime, then I'r =
sp (R) and the converse follows if R is strongly graded.
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Proof. First we assume that Ry is prime. It is obvious that I'r C sp (R), for the
other inclusion, let B = AL with0 # A € GrA,0# L € GrL. Since A and L are
nonnilpotent, and by Lemma 3.3, we can choose nonzero elements a € A; and
b€ L. Let h € sp(R). Then R, # 0 so aRpb # 0 (c.f. Lemma 3.19 (ii)).
But aRpb C ALN Ry, = By, so By # 0 and Lemma 3.14, implies that h € I'g
as required. Conversely, let I'r = sp (R) and R be a graded prime. Then by
Lemma 2.2, R® is graded prime. Also by Remark 3.18, sp (R®) = sp (R) C Fﬁ
and by Lemma 3.16, for a strongly graded semiring, we have I'r C I' ﬁ and
obviously Fﬁ C sp (RA). Hence Fﬁ =sp (RA) . So, by [4, Proposition 2.11]),
(R®), = (R:)” is prime. Therefore by Lemma 2.2 (i), Ry is prime. n
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