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1. Introduction

Many physical systems are characterized by the fact that at certain moments
of time they experience a sudden change of their state. For example, when a
mass on a spring is given a blow by a hammer, it experiences a sharp change of
velocity, and a pendulum is a mechanical clock undergoes a drastic increase of
momentum everytime when it crosses its equilibrium position. These systems are
subject to short-term perturbations which are often assumed to be in the form
of impulses in the modeling process. These processes are subject to short-term
perturbations whose duration is negligible in comparison with the duration of
the process. Consequently, it is natural to assume that these perturbations act
instantaneously, that is, in the form of impulses. It is known that many biolog-
ical phenomena involving thresholds, bursting rhythm models in medicine and
biology, optimal control model in economics, pharmacokinetics and frequency
modulated systems, do exhibit impulsive effects. Thus differential equations in-
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volving impulsive effects appear as a natural description of observed evolution
phenomena of several real world problems. Recently, the study of impulsive dif-
ferential and integrodifferential equations has attracted a great deal of attention.
The theory of impulsive differential equations is an important branch of differ-
ential equations [7, 9, 11, 12, 14, 15].

Another direction is to consider the nonlocal condition

u(0) + g(u) = uo, (1)

where g is a mapping from some space of functions so that it constitutes a non-
local conditions have better effects in applications than traditional initial value
problems [1, 2, 3, 4, 6, 9, 15]. Kato [8] studied the nonhomogeneous evolution
equations in Banach spaces. Several authors have studied the existence of solu-
tions of abstract quasilinear evolution equations in Banach spaces [2, 8, 13].

In this paper, we study the following nonlocal impulsive problems for quasi-
linear integrodifferential equation of the form

t

u'(t) + A(t,w)u(t) = f t,u(t),/h(t,s,u(s))ds , (2)
0

ug, t€]0,a (3)

J(u(ty), i=1,....m, 0<t; <,...t;y < a. (4)

u(0) + g(u)

Let A(t,u) be the generator of a strongly continuous semigroup U,(+) in a
Banach space (X;]|-]|). Let PC([0, a]; X) consist of functions u from [0, a] into
X, such that wu(t) is continuous at ¢ # ¢; and left continuous at t = ¢;, and the
right limit u(¢}) exists for i = 1,2, 3,...,m. Evidently PC([0, a], X) is a Banach
space with the norm

lullpe = sup [lu®)].
te[0,a]

Letupe X, f:[0,a] x XxX - X, h:2xX — X,g:PC([0,a] : X) — X and

Au(t;) = u(t]) — u(t;) constitutes an impulsive condition. Here 2 = {(t,s) :
0<s<t<a}.

2. Preliminaries

We shall make the following assumptions: Let B(X) be the Banach space of all
bounded linear operators on X. Denote

My = sup ||Uu(tas)||B(X)’
t€[0,a)

which is a finite number.
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(A1)  f:[0,a] x X x X — X is continuous and there exist constants Fq > 0
and Fp > 0 such that

1ty 01) = (b uzyv2) | < Fa s = ual) + o = vl ), w,v€ X,
FO = Inax Hf(taOaO)H
te0,a)

(A2) h:[0,a] x[0,a] x X — X is continuous and there exist constants H4 > 0
and Hy > 0 such that

/Hhtsu h(t,s,v)|| ds < Hallu —v||,
Hy = max /Hh(t,s,())”ds 2 (t,s) €10,q]

(A3) g :PC(]0,a] : X) is Lipschitz continuous in X and there exists a constant
G 4 > 0 such that

lg(u) = g(v)|| < Gallu = vllpe, u,vePC([0,a] : X).

(A4) I; : X — X is continuous and there exists a constant I; > 0, i =
1,2,...,m such that

i) = L) < Lllu = w,ve X,
(45)  Let p = {Koa|luoll + Gar + g(0)]| +a(Fa [r(1 + Ha) + Ho| + o)

+er+|\1 }+M0[GA+Q(FA(1+HA)+ZZ]}
be such that 0 < p < 1.

From [13], we know that for any fixed u € PC([0,a] : X) there exists a unique
continuous function Uy, : [0, a] x [0, a] — B(X) defined on [0, a] x [0, a] such that

Uu(t,s) = I—|—/Au(w)Uu(w,s)dw,

where B(X) denote the Banach space of bounded linear operators from X to
X with the norm ||F|| = sup{||Ful| : ||u|| = 1}, and I stands for the identity
operator on X, A, (t) = A(t,u(t)). Using the semigroup properties [13], we have

Uu(t,t) =1, Uy(t,s)Uu(s,r) = Uu(t,7), (t,8,7)€0,a] x[0,a] x[0,al,
OU,(t, s)

TR Ay (£)Uy(t,s) for almost all ¢,s € [0,a]. (5)
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Further there exists a constant Ky such that for every u,v € PC([0,a] : X) and
every y € X we have, |Ua(t, 5)y — Un(t, s}yl < Koallyllx llu — vllpe.

For details of the above mentioned results, we refer the reader to Theorem
6.4.3 and Lemma 6.4.4 in [13].

3. Existence Results

Definition 3.1. A function v € PC([0,a] : X) is a mild solution of equations
(2) - (4) if it satisfies

u(t) = Uu(t, 0)uo — U (t, 0)g(u) + / Ualt, 5)f (5. u(s), / h(s, 7, u(r))dr )ds
0
0<t<

+ > Uult )L (ults),
0<t; <t

Under the above assumptions, we can prove the following result.

Theorem 3.2. Let ug € X and let B, = {u € PC([0,a] : X); ||ul| < r}, r > 0.
If the assumptions (A1) — (As) are satisfied, then (2) - (4) has a unique mild
solution.

Proof. Let ug € X be fixed. Define an operator F on PC([0,a] : X) by

(Fu)(t) = U (t, 0)ug — g(u)] + / Ualt, 5)f (5. u(s), / B(s, 7, u(r))dr )ds
0 0
+ ) Ut t)Ti(u(t)).

o<t <t

Then it is clear that F : PC([0,a] : X) — PC([0,a] : X). Also we have

[(Fu)(t) = (Fo)@)]|
< HUu(t’ O)UO - Uv(ta O)“’OH + HUu(ta O)Q(U) - Uv(ta O)g(’U)H

t s

+/ Ua(t, S)f(s,u(s),/h(s,T,u(T))dT)’ ds+3 Ut )T (u(t)]

0 0 o<t <t

t s

_/ U, (t, s)f(S,U(S)a/h(S’T’“(TDdT)’

0 0

ds=y  ||Us(t, t) Li(u(ti)])-

o<t <t

Using the assumptions (A;) — (A4), one can get
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[(Fu) (@) = (Fo)@)

< Koauol|lu = vllpe + KoalGallull + [g(0)[[][|u — vllpe + MoGallu = v]pe

t s
+Koallu — v||pe /Hf(s,u(s),/h(s,T,u(T))dT) — f(s,0,0) 4+ f(s,0, O)’ ds
0 0
t s s
—|—M0/ [Hf(s,u(s),/h(s,T,u(T))dT) —f(s,v(s),/h(s,T,v(T))dT)mds
0 0 0
A Tt t) = U (b ) | 1T ()[4 D 1T ) 1T () =T (o(t:) |
o<t <t o<t;<t
< {Koa[lluoll + Gar + 9(0)| + a(Fa[r(1+ Ha) + Ho| + Fy)
G+ O] + Mo [Gata( Fa(+Ha)) + 3 1] Hlu—vlipe
i=1 i=1
— plu— e, wwePC(o.a): X).
From this inequality it follows that for any ¢ € [0, a],
[(Fu)(t) = (Fo)D) < pllu = vllpc.
| |
Remark 3.3. In the case where I]s are constants, one hasl; =0, i = 1,2, ..., m.

So we only need

Koallluoll + Gar + ()| + a( Falr (1 + Ha) + Ho] + Fo)]

+ My [GA—!-LL(FA(l +HA>)} <1

in assumption (As).
Remark 3.4. We will derive mild solutions under the following assumptions.

(E1) The function f is continuous on [0, a] and there exists a constant Fo > 0
such that

S

Hf(s, u(s),/h(s, T, u(T))dT) HS Fe.

0

(E2) g:PC(0,a] : X) - X and I; : X — X,i = 1,2,...,m are compact
operators and U,(-) is also compact (Uy(t, s) is a compact operator for any
t>0).

(E3) For each ug € X, there exists a positive constant » > 0 such that

Mo{ ol + sup ll99)] +aF+ sup LI} <

T =1
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where B, := {¢ € PC([0,a] : X) : ||[¢p(®)]| <r for t € [0,a]}.

Theorem 3.5. Let (E1) — (E3) be satisfied. Then for every ug € X, the problem
(2) - (4) has at least a mild solution.

Proof. Let ug € X be fixed. Define an operator H on PC([0,a] : X) by

(Hu)(t) = U (t, 0)[uo — g(u)] + / Ualt, 5)f (5. u(s), / h(s, 7, u(r))dr )ds
0 0
+ Y Ualt t)Li(ulty),

o<t <t

(Hu)(t) = (Hau)(t) + (Hau)(t),
where

(Hau)(t) = Uy (t, 0)[uo — g(u)] + / Unl(t, 5) f(s,u(s), / h(s,T,u(T))dT)ds
0

0
(Hou)(t) = > Uult,ti)Li(u(t:)), 0<t<a.

o<t <t

From our assumptions, H is a continuous mapping from B, to B,. Thus, for
applying Schauder’s fixed point theorem, we have to prove that H is a compact
operator, or H; and Hs are both compact operators.

Let

(Hou)(t) = Y Uu(t,t:)i(u(t;))

o<t <t
0 if te[0,t],
Uu(t, tl)Il (u(t1)> if te (tl, tQ],

ST Uat t) L (u(ts) i t € (t, ]

and that the interval [0, a] is divided into finite subintervals by ¢;, ¢ = 1,2,3,...,m,
so that we only need to prove that

Z = {Uu(,tl)fl(u(tl)) e [tl,tQ],u (S Br}

be precompact in PC([t1,t2] : X), as the cases for other subintervals are the
same.

From the above assumption, we see that for each ¢ € [t1, t2], the set

{Uu(t, tl)Il(u(tl)) RS Br}
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is precompact in X. Using semigroup property, t; < s <t < t5 and the equation
(5) and we get

10w, t1) I (u(t1)) = U (s, t1) a (u(ta))]|
= [Uu(s, t1)[Uu(t, 5) — U (t, )] 1 (u(t)) ]
< Mol[[Un(t, s) — Un(t, )M (u(te)) | (7)

for any ¢,s € [0,a]. Thus, the functions in Z are equicontinuous due to the
compactness of I; and the strong continuity of U,(:). An application of the
Arzela-Ascoli’s theorem justifies the precompactness of Z. Therefore, Hs is a
compact operator.

The same argument can be used to prove the compactness of H;. That is, for
each t € [0, a], the set

{Uu(t,0)[up — g(w)] : u € B}

is precompact in X, since g is compact. In [13], using the semigroup properties
(5), we have

/ U.(t, s)f(s, u(s), / h(s, T, u(T))dT)ds cu € B,
0 0
= / Uu(t,t —e)U,(t — ¢, s)f(s, u(s),/h(s, T, u(T))dT)ds cu € B,
0 0
— Ut —2) / Ut — ¢, S)f(s,u(s),/h(s,T,u(T))dT)dS cuc B,
0 0

is precompact in X, since U, is compact. Then

Uu(t,t —¢) / Uu(t —e, s)f(s,u(s),/h(s,T,u(T))dT)ds
0 0
—>/Uu(t, s)f(s,u(s),/h(s,T,u(T))dT)ds, as € — 0.
0 0

t s
We conclude that {f Uy (t, s)f(s, u(s), [ h(s, T, u(T))dT) ds:u€ BT} is precom-
0 0

pact in X, using the total boundeness. Therefore, for each ¢t € [0, a], {(Hiu)(¢) :
u € B, } is precompact in X.

Next we show the equicontinuity of W = {(Hiu)(-):- €[0,a], v € B,}. The
equicontinuity of
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{Uu(a S)[’LLO - g(u)] HERS [Oa CL], (RS BT}

can be shown using the condition (7). For the second term in W. For any 0 <
$1 < s2 < a, we have

||(H1u)(52) (Hiu)(s1)l

< H/ (s2,8)f (s, (),/h(s,T,u(T))dT)ds

0
s

—/U (sl,s)f(s u(s),/h(s,T,u(T))dT)dsH

0

< H/ w(s2,8) — Uy(s1, 9) /h (s, 7, u(T )ds

S

-|-/Uu(52, /h (s, 7, u(r dT)dSH

(=)

+M0/||f(s,u /h 5,7, u(T dT)HdS (8)

S1 0

If s = 0, then the right-hand side of (8) can be made small when s, is small
independently of u € B,.. If s; > 0, then we can find a small number 1 > 0 so
that if s; <, then the right-hand side of (8) can be estimated as

[(Hiu)(s2) = (Hau)(s1)

S

< / [U(s2.5) = Unlor. )1 (s.u(s). [ bis. . utr))ar ) [ds

0
s

—|—M0/2||f(s,u(s),/h(s,T,u(T))dT)Hds

0

< 2nMy max ||f(s,u(s),/h(s,T,u(T))dT)H
s€]0,a]
0

S

—|—M0/2||f(s,u(s),/h(s,7’,u(7’))d7’)||ds,

0
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which can be made small when sy — s; is small independently of v € B,.. If
s1 > n, then the right-hand side of (8) can be estimated as

S

/1m@m$ Ualsr, 1F (5. u(s), [ his.ru(r))ar ) s
0

0
s

+M0/2|f S,u(s),/h(S,T,u(T))dT)HdS.
0

S1—1n S

/IW’@, Uulsr, 1 (s, 0(s), [ hs,mu(r))ar) s

0
s

/IW’@, Ualsr, 1F (5. u(s), [ s, 7. u(r)r ) s

s1—1 0
—|—M0/Hf s, u(s) ,/h(s,T,u(T))dT)Hds
S1 0
s$1—n
< / Fo||Uu(s2,8) = Uu(s1, s)llds + 2nMoFo 4+ MoFo(s1 — s2).
0

Now, as ) is compact, U,(t,0) is operator norm continuous for ¢ > 0.

Uu (-
Thus U,(t,0) is operator norm continuous uniformly for ¢ € [, a]. Therefore,
[Uy(s2,8) — Uy(s1,s)|| and hence

S1—1n S

[ 10ats25) = Ul 917 (s, [ s, u(r)pae) s

0 0

can be made small when sy — 51 is small independently of u € B,.. Accordingly,
we see that the functions in W are equicontinuous. Therefore, H; is a compact
operator by the Arzela-Ascoli theorem, and hence H is also a compact operator.
Now, Schauder’s fixed point theorem implies that H has a fixed point, which
gives rise to a mild solution. This completes the proof. [ ]

4. Existence results without compactness on g

In many studies of nonlocal Cauchy problems, the mapping g is given by

gltr, .. tp ulte, ... u(ty)), (9)

where 0 < t; <t2 <,...,t, < a. For example, see [5, 6, 12], where in [6],
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gty ulty, . ulty) = ciults) (10)

=1

(for some given constants ¢;) is used to describe the diffusion phenomenon of a
small amount of gas in a transparent tube. In these cases, u(0) + g(t1,. .., tp,
u(t1,...,u(ty)) allows the measurements at ¢ = 0,%1,...,t,, rather than just
at ¢ = 0. So more information is available. Note that such a g is completely
determined on [u, a] for some small p > 0; i.e., such a g ignores t = 0. We will
generalize this idea and formulate a related condition for a general mapping g.

Here, we will establish mild solutions under the following assumptions.

(Hy) L :X — X, i:1,2,...,m are compact operators and U,(-) is also
compact (U,(t,s) is a compact operator for any ¢ > 0).

(Hz) g¢:PC([0,a] : X) — X is continuous, maps B, into a bounded set, and
there is a p = p(r) € (0,¢1) such that g(¢) = g(x) for any ¢, x € B, with
¢(s) = x(s), s € [, al.

(H3) For each ug € X, there exists a positive constant r > 0 such that

Mo {lluoll + supses, l9(6) + asup.cio.) ac, |[£(5us). [ s, um)an)|

supges, S L6} < 1.

(Hy) There exists a constant k& > 0 such that

Moo + sup llg(6)] + FaHoa + Foa+ 3ol + 1£O)]] Lo < &
eB i=1

where Ly = eMoFa(l+Ha)a,

Under these assumptions, we can prove the following result.

Theorem 4.1. Let (A1) and (Hy) — (Ha) be satisfied. Then for every ug € X,
the problem (2) - (4) has at least a mild solution.

Proof. For p = u(r) € (0,t1), set

B.(p) := PC([p, a], X) = restrictions of functions in PC([0,a]: X) on [u,al,
Boln) = {6 € Ba(p) : 6(1)]| < 7 for t € [, a]}.

For v € B,.(u) fixed, we define a mapping Q,, on B, by

t s

(Qud)(t) = Uy (t,0)[uo — g(3)] + / Up(t, ) f(s,¢(s), / h(s, T, (b(T))dT)ds

0 0

+ Y Ut t)Li(v(ts), te0,al,

o<t <t
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where

if 1€ lp,al,

S 107
“@—{v(m it telo. .

By assumptions (Hs), the mapping Q, maps B, into itself. Moreover, by (H;)
we deduce inductively that for m € N,

[MOFACL(l + HA)]m
m!

Qv o(t) — Q' x ()] <

Jnax, l¢(s) = x(s)ll,

te[0,a], o, x € By, m=1,2,...

Hence, we infer that for m large enough, the mapping Q7' is a contractive
mapping.

Thus, by a well-known extension of the Banach contraction principle, Q, has
a unique fixed point ¢, € B,, i.e.,

t

Gu(t) = Us(t,0)[uo — 9()] + / Uslt, 5)f (5, 60 () / h(s, 7, 6u(r))dr ) ds
0

0

+ > Ut t)Li(v(t:), te(0,al. (11)

o<t <t

This implies by (Ag) — (A4) and (Hs) that for each ¢ € [0, a], we have |[v(t)|| <
o (D)1

60 = 106 0) w0 — 9@ + [ Uult5)5 (5,000, [ s 6utr))dr )as
0 0
DR AN ACCHIE

o<t <t

< Mo lluoll + sup llg(&)] + Faoa + Foa+ 31l + |1 1O)]]
€br i=1

t
+MoFall+ Hj / |do(s)]|ds.
0
Making use of the Gronwall-Bellman’s inequality, such that

sup léw(®)]l < [Mo(lluoll + sup lg(@)l| + FaHoa+ Foa+ 3 tlllell + 11:0)]])]
te0,a) PEB,. )
x eMoFA(1+HA)a

and the above inequality holds, consequently
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Joll < [Mo(lluoll+ sup lg(@)ll+5a Hoot Foat 3 Ll BO)]])Jottora+#0)
€br i=1

and therefore

[[o]
<1,
2y [l + sup e, 19() |+ FaHoa+ Foa+ Sim, Gllol + 5O Zo
where Ly = eMoFa(l+Ha)a,
From (H,), there exists k such that ||v| # k. Set
B = {vePC(lu,a] : X); sup [lv(t)]| <k}
p<t<a
Based on this fact, we define a mapping P from B,.(u) into itself by
(Pu)(t) = ¢o(t) = v(ts), t € [u,al
t s
601 (0) = U(t. 0o = g(00)] + [ Ut:5) (5,00, (), [ bl 7.0, (7)) ) s
0 0
+ Y Us(t ti) (v (t:))
o<t <t
and
t s
602(0) = V(. 0o = 9(02)] + [ Ut:5)(5,000(0). [ bl 720, (r))d ) s
0 0
+ ) Ut t)Li(va(t:), te0,a].
o<t <t

From (11), we deduce that for ¢t € [u,a], vi,ve € B.(u). We show that P is
continuous.

| 60 (®) = 6ua B
< 10, 0)(g(60) = g2l + | [ Ut s) £ (5601 5), [ his 0, (r)ar)
0 0

S

—F (5 0usls), / h(s, 7, ()7 ) |ds

0

i Z HUv(t’ t;) [Ii(vl(ti)) — L‘(W(h))] H

o<t <t
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t

< Mol(9(63) = 9ol + Mo [ Fa [l () = 61 )]

0

=1

][ 15,7 60, (7) = B ()l | s+ Mo 3 [ 0n (8) = (wntti)]
0
< Mol(9(63) = g2l + MoFa [ 60,(5) = s (5
0

+M0FAHA/ [Gos () = Gus(8)llds + Mo » Lil|(va(t:)) = (va(t:))]]-
0

i=1
This gives, by Gronwall-Bellman’s inequality, that for ¢,v; and vs as above

(g(v1) — g(v2))]|-

90, (8) = Gua(B)] < MoeMolPae+Ha) #2221

Therefore

[(Pua)(t) = (Pu2) (t)]| < MoeMelFactHHaT2Za bl (g(01) — ()],
t € lp,al, vi,ve € By(p). (12)

This means that P is continuous. Next we show that P maps B,.(u) into a
precompact subset of B,.(u). By the compactness and the norm continuity of
{Uy(t,0)}o<t<a, we deduce that for each ¢t € [u, a] and € € (0, ), the set

{UL(¢,0)(uo — 9(v)) : v € Br(u)}

is precompact in X and that the family of functions on [u, a

{Uu(,0)(uo — g(0)) : v € Br(n)} (13)

is equicontinuous because the set {g(?) : v € B, ()} is bounded by assumption
(H3). Moreover, by (As),

t

f(t, ¢(t),/h(t,s,¢(s))ds tel0,a, ¢eBr

0

is bounded. Thus the set

t

/Uv(t, s)f(s, (bv(t),/h(s,T, dp(7))drds : t € [0,a] ¢ € B.(n)
0

0

is precompact in X and so is the set {(Pv)(t) : v € Br(1)} due to (11) and the
definition of P. On the other hand, for each § > 0, there exists o > 0 such that
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[Us(t,0) = Us(s,0))(uo — g(d)]| < 5

is valid for all v € B, (u), t,s € [u,a] with |t — s| < o, by assertion (13). Also,
there exists an € € (0, 1) such that

2e M, sup Hft¢ )/S h(s, T, du(T dTH< =J

[0,a], ¢pEB, 5

and

> | (v(ti))[Uv(t,ti) - Uv(s,ti))] H < é&

Thus, from the norm continuity of {U, (t,0)}o<t<q it follows that there exists an
n € (0, min{e, o}) such that

[(Po)(t) — (Pv)(s)]|
< [I(U (t 0) = Uu(s,0))(uo — g(v))l|

+H/ (t,7)f ms /h7-~y¢()) )dT

0

—/U( (7, 60(7), /Th(f % ¢u()dy ) dr |
0 0

S

< H( (t 0) = Uw(s,0))(uo — g(2))|

T

+| / Uutts7) = Ul )| (7007, [ (7,600 )|

0

+H/ (t7)f (7, 60l /T”y(b())d”y)dTH

+2MOZZ [lo]l + [12:(0)[]

T

< s+ /H 67) = Ul )| £ (7 0u(r), [ (7,000 ar

0
-

20, / |7(7 60, / BT 7. 60 (1)) || dr

0
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T

_|_M0/5Hf(7-, ¢v(7),/h(7,% (bv(v))dv)HdT

0

+2Mo Y Lif[[o]] + [12:(0)]]
=1
<é

for every v € B,(u), t,s € [g,a] with 0 < s —¢ < 7 that is, the family of
functions {(Pv)(-) : v € B,(u)} on [u, a] is equicontinuous. Now an application of
Arzela-Ascoli’s theorem justifies the precompactness of P(B,.(u)). It is clear that
B, (1) is a bounded closed convex subset of B.(u). Therefore, we can make use of
Schauder’s fixed point theorm to conclude that P has a fixed point v, € B, ().

Put v = ¢,,,. Then

u(t) = Uy(t,0)[ug — g(0a)] + / U.(t, s)f(s, u(s),/h(s, T, u(T))dT) ds
0 0
+ Y Uult,t)Li(va), t€]0,a]. (14)
o<t <t
But
9(0a) = g(u) and v, (t;) = u(t;).
Since

va(ti) = (Pua)(t) = o, (1) = ult), t€[u,al,

by the definition of P. This concludes, together with (12), that w(t) is a mild
solution of the problem (2)-(4). This completes the proof. ]

5. Examples

Finally, we give two examples to illustrate our abstract results above.

Example 5.1. Consider the partial integrodifferential equation
t
gz(t )+ 8—3z(t )+ 2(t )ﬂz(t ) = ai(y)sin z(t,y) + a /e*z@vwds
ot 'Y ayg 'Y 'Y ay yY) = a1y 'Y 2 )
0
(15)
2(0,y) + /m(S) log(1 + |z(s,y)|)ds = 20(y), z€PC([0,a]: X).  (16)
0

Azli=, = Li(2(y)) = /di(y, s)cos?u(s)ds ue X, 1<i<n, (17)
2
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where (2 is a bounded domain in R™ with smooth boundary, 0 < s1 < s9 <
<8 <a, 0<ti<ta<...,.<tp<a, ¢geR(E=0,1,2,...,p), m(-) €
LY([0,a];R) and d; € C(2 x 2,R) for each i = 1,2,...,n

Let H* be the Hilbert space introduced in [13]. Take X = L?(R) = H°(R) and
Y = H*(R), s > 3. Define an operator Ag by D(Ag) = H3(R) and Agz = D32
for z € D(Ag) where D = d/dy. Then Ag is the infinitesimal generator of a
Co-group of isometries on X. Next we define for every v € Y an operator A; (v)
by D(A1(v)) = HY(R) and z € D(A;1(v)), A1(v)z = vDz. Then we have for
every v € Y the operator A(v) = Ag + A1 (v) is the infinitesimal generator of Cy
semigroup U, (t,0) on X satisfying ||U,(t,0)|| < €5 for every 3 > co||v||s where
co is a constant independent of v € Y. Let B, be the ball of radius » > 0 in Y
and it is proved that the family of operators A(v),v € B, satisfies the conditions
[13].

Assume that the function a;(-) is continuous on [0,a] and as > 0. Here we
define the functions f : [0,a] x X x X — X, h:[0,a] x [0,a] — X, g : PC([0,qa] :
X)—Xand I, : X - X by

f(t, z(t), / h(t, s, z(s))ds) (y) = a1(y) sin z(¢, y) + a2 / e~ (5 s,
0 0
g(z(t,y)) = /m(s) log(1+ |z(s,y)|)ds, z € PC([0,a]: X)
0

and

/dl Yeos? u(s)ds, ue X, 1<i<n.

o)

),

With this choice of A(u), I;, f, g,h we see that the equation (15) - (17) is an
abstract formulation of (2)—(4).

Further other conditions (E;) — (Ej3) are obviously satisfied and it is possible
to choose a; and ag in such a way that the constant p < 1. Hence by Theorem
3.2 the equation (15) - (17) has a unique mild solution on [0, a].

Example 5.2. Let f be as in Example 5.1 and m(-) € L'([0,a] : R) and d; €
C(2x 2:R) foreach i =1,2,...,n. Let

20,9) + > 2% (s5,9) = 20(y), 2 € PC([0,a] : X). (18)

di(y, s) cos? u(s)ds.

g
—
~
S~—
Il
IS
—
~
}/
s
—
IS
—
o~
<
S~—
S—
Il
S
I
Wl
—
)
<
<
S~—
Q0
=
Q.
>~
—
IS
—
<
S~—
S—
Il
Q \
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With these choice of A(u), I;, f, g,h, the assumptions (Hy) — (H4) of Theorem
4.1 are satisfied. We can represent the system (15), (17) and (18) by the abstract
impulsive Cauchy problem (2) - (4). This implies that the corresponding (6) has
at least one solution in PC([0, a] : X).
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