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Abstract. This paper proposes a switching design for exponential stability of a class

of hybrid neural networks with time-varying delay and various activation functions.

By using time-varying delay Lyapunov-Krasovskii functional, a switching rule for the

exponential stability is designed in terms of the solution of Riccati-type equations.

The approach allows for computation of the bounds that characterize the exponential

stability rate of the solution. An example is given to illustrate the result.
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1. Introduction

In recent years, neural networks have received increasing interest due to their
wide range of applications in, for example, pattern recognition, associative mem-
ory, and combinational optimization, see, e.g. [2, 4, 6] and the references therein.
A switched system can be characterized by the following differential equation:

ẋ(t) = fσ(x(t)), t ≥ 0,
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where {fσ : σ ∈ N} is a family of sufficiently regular functions from R
n to R

n,
which is parameterized by some index set N , and σ : [0, +∞) → N is a piecewise
constant function of time, named a switching signal. In specific situations, the
value of σ(.) at a given time t might depend on x(t), or may be generated by
using some more sophisticated techniques such as hybrid feedback with memory
in the loop. The hybrid systems are composed of a family of continuous-time or
discrete-time subsystems and a rule that orchestrates the switching between the
subsystems [9, 13, 15, 16].

For switched neural networks, based on the Lyapunov Krasovskii method and
linear matrix inequality approach, some conditions for asymptotic stability of
switched neural networks with time-invariant delays are proposed in [2, 5, 12, 18],
with time-varying delays in [3, 7, 10, 11, 14]. However, the proposed stability
criteria in the mentioned papers are derived for switched systems under arbitrary
switching laws, which are restrictive and less applicable for almost switched
systems [9, 16]. To the best of our knowledge, there has not been available in the
literature a paper that addresses the problem of switching design for the stability
of neural networks with time-varying delays, as dealt with in this paper.

In this paper, we propose a switching design for exponential stability of a
class of hybrid neural networks with time-varying delay and various activation
functions. By using appropriate Lyapunov-Krasovskii functional combined with
Riccati equation approach, a new sufficient condition for the exponential stabil-
ity of the system is established. The delay-dependent condition is formulated in
terms of the solution of algebraic Riccati-type equations, which allow to compute
simultaneously the two bounds that characterize the exponential stability rate of
the solution. Compared to other stability criteria, our result has its own advan-
tages. First, it deals with the switching design for exponential stability of a class
of hybrid neural networks. Second, our result studies the case of neural networks
systems with both time-varying-delays and various activations functions.

The remaining part of the paper is organized as follows. In Sec. 2, the model
formulation and some preliminaries are given. The main result and an example
illustrated the effectiveness of the proposed result are presented in Sec. 3. Finally,
concluding remarks are made in Sec. 4.

2. Preliminaries

The following notations will be used throughout this paper.

• R
+ denotes the set of all real non-negative numbers;

• R
n denotes the n-dimensional space with the scalar product 〈., .〉 and the vector

norm ‖.‖;

• R
n×r denotes the space of all matrices of (n × r)-dimension;

• AT denotes the transpose of A; I denotes the identity matrix;

• λ(A) denotes the set of all eigenvalues of A; λmax(A) = max{Reλ : λ ∈ λ(A)};
λmin(A) = min{Reλ : λ ∈ λ(A)};
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• A matrix A is semi-positive definite (A ≥ 0) if 〈Ax, x〉 ≥ 0, for all x ∈ R
n; A is

positive definite (A > 0) if 〈Ax, x〉 > 0 for all x 6= 0; A ≥ B means A − B ≥ 0;

• C([a, b], Rn) denotes the space of all R
n-valued continuous functions on [a, b];

Let us denote xt := {x(t + s), s ∈ [−h, 0]} the segment of the trajectory x(t)
with the norm ‖xt‖ = supt∈[−h,0] ‖x(t + s)‖.

Consider the following switched neural networks with time-varying delay

u̇(t) = −Aσu(t) + Bσ f̄σ(u(t)) + Cσḡσ(u(t − τ (t))) + Iσ,

u(t) = φ(t), t ∈ [−τ, 0],
(1)

where σ(.) : R
n → N := {1, 2, . . . , N} is the switching function, which is piece-

wise constant function depending on the state at each time and will be designed;
u(t) = [u1(t), u2(t), ..., un(t)]T ∈ R

n is the state vector of the neural networks;
n is the number of neurals, and

f̄i(u(t)) = [f̄i1(u1(t)), f̄i2(u2(t)), . . . , f̄in(un(t))]T ,

ḡi(u(t)) = [ḡi1(u1(t)), ḡi2(u2(t)), . . . , ḡin(un(t))]T , i = 1, 2, . . . , N,

are the neural activation functions; the diagonal matrix Ai = diag(ai1, ai2, . . . , ain),
i = 1, 2, . . . , N represents the self-feedback term, and the matrices [Bi, Ci], i =
1, 2, . . . , N denote, respectively, the connection weights and the discretely de-
layed connection weights; Ii = [Ii1, Ii2, . . . , Iin]T , i = 1, 2, . . . , N, is the constant
external input vector; the time-varying delay function τ (t) satisfies

0 ≤ τ (t) ≤ τ, τ̇ (t) ≤ δ < 1.

The initial function φ(t) ∈ C([−τ, 0], Rn), with the uniform norm

||φ|| = max
t∈[−τ,0]

‖φ(t)‖.

In the field of neural networks, a typical assumption is that the only activation
function to be considered is continuous, differentiable, monotonically increasing,
and bounded. However, in this paper we consider various activation functions
and do not require the monotonicity and boundedness. Instead, throughout this
paper, we assume the following assumption.

(H1) The activation functions f̄ij(u), ḡij(u), i = 1, 2, . . . , N, j = 1, 2, . . . , n

are globally Lipschitzian with the Lipschitz constants aij > 0, bij > 0, i =
1, 2, . . . , N, j = 1, 2, . . . , n :

|f̄ij(ξ1) − f̄ij(ξ2)| ≤aij |ξ1 − ξ2|, ∀ξ1, ξ2 ∈ R

|ḡij(ξ1) − ḡij(ξ2)| ≤bij|ξ1 − ξ2|, ∀ξ1, ξ2 ∈ R.
(2)

As usual, vector u∗ = [u∗

1, u
∗

2, . . . , u
∗

n]T denotes an equilibrium point of system
(1). As it is well known that under the above assumption, there is an equilib-
rium point u∗ for (1), then by setting x(t) = u(t) − u∗, the system (1) can be
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transformed to the system

ẋ(t) = −Aσx(t) + Bσfσ(x(t)) + Cσgσ(x(t − τ (t)),

x(t) = φ(t), t ∈ [−h, 0],
(3)

where σ(.) : R
n → {1, 2, . . . , N}, and

fi(x(t)) = [fi1(x1(t)), fi2(x2(t)), . . . , fin(xn(t))]T ,

gi(x(t)) = [gi1(x1(t)), gi2(x2(t)), . . . , gin(xn(t))]T

and

fij(xj) = f̄ij(xj + u∗

j ) − f̄ij(u
∗

j ),

gij(xj) = ḡij(xj + u∗

j ) − ḡij(u
∗

j ), i = 1, 2, . . . , N, j = 1, 2, . . . , n.

Then, from the condition (2), we have fij(0) = 0, gij(0) = 0, i = 1, 2, . . . , N, j =
1, 2, . . . , n, and

|fij(ξ1) − fij(ξ2)| ≤aij |ξ1 − ξ2|, ∀ξ1, ξ2 ∈ R

|gij(ξ1) − gij(ξ2)| ≤bij|ξ1 − ξ2|, ∀ξ1, ξ2 ∈ R.
(4)

Definition 2.1. Given β > 0. The system (3) is β-exponentially stable if there
exists a switching function σ(.) such that any solution x(t, φ) of the system
satisfies

∃N > 0 : ‖x(t, φ)‖ ≤ γe−βt‖φ‖, ∀t ∈ R
+.

Definition 2.2. [17] The system of matrices {Li}, i = 1, 2, . . . , N, is said to be
strictly complete if for every x ∈ R

n\{0} there is i ∈ {1, 2, . . . , N} such that
xTLix < 0.

Let us define

Ωi = {x ∈ R
n : xT Lix < 0}, i = 1, 2, . . . , N.

It is easy to show that the system {Li}, i = 1, 2, . . . , N, is strictly complete if
and only if

N
⋃

i=1

Ωi = R
n\{0}.

Remark 2.3. As shown in [17], a sufficient condition for the strict completeness

of the system {Li} is that there exist ξi ≥ 0, i = 1, 2, . . . , N such that
∑N

i=1 ξi > 0

and
∑N

i=1 ξiLi < 0. If N = 2 then the above condition is also necessary for the
strict completeness.

Next, we introduce the following technical propositions, which will be used in
the proof of the main result.
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Proposition 2.4. Let P, Q be matrices of appropriate dimensions and Q is sym-

metric positive definite. Then

2〈Py, x〉 − 〈Qy, y〉 ≤ 〈PQ−1P T x, x〉,

for all (x, y).

The proof of the above proposition is easily derived from completing the
square:

0 ≤ 〈Q(y − Q−1P T x), y − Q−1P T x〉.

Proposition 2.5. (Schur complement lemma) Given constant matrices X, Y, Z

where X = XT , Y = Y T , Y > 0. Then X + ZT Y −1Z < 0 if and only if

(

X ZT

Z −Y

)

< 0.

3. Main Result

Given positive numbers δ, β, gij, fij we set

µ = (1 − δ)−1, Gi = diag(bi1, bi2, . . . , bin),

b2 = max{g2
ij, i = 1, 2, . . . , N, j = 1, 2, . . . , n},

Fi = diag(ai1, ai2, . . . , ain), i = 1, 2, . . . , N,

Mi = −AT
i P − PAi + F 2

i +

N
∑

i=1

G2
i + 2Fi

Li(P ) = Mi + (PBi + I)(PBi + I)T + e2βτµ

N
∑

i=1

PCiC
T
i P + 2βP,

Ωi ={x ∈ R
n : xT Li(P )x < 0},

Ω̄1 =Ω1, Ω̄i = Ωi \
i−1
⋃

j=1

Ω̄j, i = 2, 3, . . . , N.
(5)

α1 = λmin(P ), α2 = λmax(P ) + Nb2τ.

Theorem 3.1. Given β > 0. System (3) is β-exponentially stable if there exists

a symmetric positive definite matrix P ∈ R
n×n such that the following condition

holds:

∃ξi ≥ 0, i = 1, 2, . . . , N :

N
∑

i=1

ξi > 0 :

N
∑

i=1

ξiLi(P ) < 0. (6)

The switching rule is chosen as σ(x(t)) = i whenever x(t) ∈ Ω̄i. Moreover, the

solution x(t, φ) of the system satisfies
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‖x(t, φ)‖ ≤

√

α2

α1
e−βt‖φ‖, t ∈ R

+.

Proof. Consider the following Lyapunov-Krasovskii functional

V (t, xt) = V1(t, xt) + V2(t, xt),

where

V1 = 〈Px(t), x(t)〉

V2 =

N
∑

i=1

∫ t

t−τ(t)

e2β(s−t)〈gi(x(s)), gi(x(s))〉ds.

It is easy to verify that

α1‖x(t)‖2 ≤ V (t, xt) ≤ α2‖xt‖
2, t ≥ 0. (7)

Taking derivative of V (t, xt) along trajectories of any subsystem ith we have

V̇ (t, xt) =〈[−AT
i P − PAi]x(t), x(t)〉 + 2〈PBifi(x(t)), x(t)〉

+ 2〈PCigi(x(t − τ (t)), x(t)〉 − 2βV2(t, xt)

+

N
∑

i=1

〈gi(x(t)), gi(x(t))〉 − e−2βτ(t)(1 − τ̇ (t))×

×
N

∑

i=1

〈gi(x(t − τ (t))), gi(x(t − τ (t)))〉.

Using the condition τ̇ (t) ≤ δ and Proposition 2.4 for the estimation

2〈PCig(.), x〉 −
1 − δ

e2βτ
〈g(.), g(.)〉 ≤ e2βτµ〈PCiC

T
i Px, x〉,

we have

V̇ (.) + 2βV (.) ≤〈[−AT
i P − PAi + 2βP ]x(t), x(t)〉

+ 2〈PBifi(x(t)), x(t)〉 +

N
∑

i=1

〈gi(x(t)), gi(x(t))〉

+ e2βτµ

N
∑

i=1

〈PCiC
T
i Px(t), x(t)〉.

(8)

By adding and substituting into the right hand-side of the inequality (8) two
items

2〈fi(x(t)), x(t)〉, 〈fi(x(t)), fi(x(t))〉,

and using condition (5) and the diagonal matrices Gi > 0, Fi > 0 for the following
estimations
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−〈fi(x(t)), x(t)〉 ≤ 〈Fix(t), x(t)〉,

〈fi(x(t)), fi(x(t))〉 ≤ 〈F 2
i x(t), x(t)〉,

〈gi(x(t)), gi(x(t))〉 ≤ 〈G2
i x(t), x(t)〉,

we have

V̇ (.) + 2βV (.) ≤ 〈[−AT
i P − PAi]x(t), x(t)〉+ 2〈(PBi + I)fi(x(t)), x(t)〉

+ e2βτµ

N
∑

i=1

〈PCiC
T
i Px(t)x(t)〉

+

N
∑

i=1

〈G2
i x(t), x(t)〉 + 2β〈Px(t), x(t)〉

+ 2〈Fix(t), x(t)〉 + 〈F 2
i x(t), x(t)〉 − 〈fi(x(t)), fi(x(t))〉.

Applying Proposition 2.4 for the estimation

2〈(PBi + I)fi(.), x〉 − 〈fi(.), fi(.)〉 ≤ 〈(PBi + I)(PBi + I)T x, x〉

we obtain that

V̇ (.) + 2βV (.) ≤ 〈Mix(t), x(t)〉 + 2β〈Px(t), x(t)〉

+ e2βτµ

N
∑

i=1

〈PCiC
T
i Px(t)x(t)〉 + 〈(PBi + I)(PBi + I)T x(t), x(t)〉

= 〈Li(P )x(t), x(t)〉.

(9)

By definition of the completeness and by Remark 2.3, assumption (6) implies
that the system {Li(P, Q, R, S)} is strictly complete and we have

N
⋃

i=1

Ωi = R
n\{0}.

Defining the sets Ωi and Ω̄i by (5), we see that

N
⋃

i=1

Ω̄i = R
n\{0}, Ω̄i ∩ Ω̄j = ∅, i 6= j.

Therefore, for any x(t) ∈ R
n, t ≥ 0, there exists i ∈ {1, 2, . . . , N} such that

x(t) ∈ Ω̄i. By choosing switching rule as σ(x(t)) = i whenever x(t) ∈ Ω̄i(P ),
from (9) we have

V̇ (t, xt) + 2βV (t, xt) ≤ xT (t)Li(P )x(t) ≤ 0, ∀t ≥ 0.

This implies that
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V (t, xt) ≤ V (φ)e−2βt, t ∈ R
+.

Taking the estimation (7) into account, we obtain

α1‖x(t, φ)‖2 ≤ V (t, xt) ≤ V (0, x0)e
−2βt ≤ α2e

−2βt‖φ‖2,

and hence

‖x(t, φ)‖ ≤

√

α2

α1
e−βt‖φ‖, t ∈ R

+,

which concludes the proof of the theorem.

Remark 3.2. Note that the designed switching rule involves solving the matrix
Riccati-type equation (6), which can be solved by various numerical methods
given in [1, 8].

Example 3.3. Consider the switched system (1), where τ (t) = 3 sin2(0.3t) and

a11 = a12 = 0.005, a21 = a22 = 0.003,

b11 = b12 = 0.001, b21 = b22 = 0.002,

A1 =

[

0.2 0
0 6

]

, B1 =

[

−0.05 0.01
0.01 0.05

]

,

C1 =

[

0.0003 0
−0.0002 −0.0001

]

, A2 =

[

5.5 0
0 0.2

]

,

B2 =

[

0.03 0
−0.01 −0.05

]

, C2 =

[

−0.0005 0.0002
0 0.0004

]

.

We have τ = 3, δ = 0.9, µ = 10, and

F1 =

[

0.005 0
0 0.005

]

, F2 =

[

0.003 0
0 0.003

]

,

G1 =

[

0.001 0
0 0.001

]

, G2 =

[

0.002 0
0 0.002

]

.

The matrix inequality (6) of Theorem 3.1 is feasible with β = 0.3, ξ1 = ξ2 = 0.5,

and

P =

[

0.25 0
0 0.2

]

,

and we have

L1(P ) =

[

0.1031 0.0020
0.0020 −0.2768

]

, L2(P ) =

[

−0.1385 0.0050
0.0050 0.2015

]

.

The sets Ω1 and Ω2 are given as follows (see Figures 1, 2):

Ω1 =
{

x ∈ R
2 : 1.2352x2

1 + 0.009x1x2 − 1.2499x2
2 < 0

}

,
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Ω2 =
{

x ∈ R
2 : −1.5789x2

1 + 0.006x1x2 + 1.1861x2
2 < 0

}

.

-15 -10 -5 5 10 15
x1

-5

-15

5

15

x2

Fig. 1 The regions Ω1

-10 10
x1

-10

-5

5

10

x2

Fig. 2 The regions Ω2

Obviously, we have Ω1 ∪Ω2 = R
2\{(0, 0)}. By choosing ξ1 = ξ2 = 1

2 , we may
verify that the condition of the theorem is satisfied where

L(P ) =
1

2
L1(P ) +

1

2
L2(P )

=

[

−0.1719 0.0038
0.0038 −0.0319

]

< 0.

The switching regions are given as



350 P. Niamsup and V. N. Phat

Ω1 =
{

x ∈ R
2 : (x1 − 1.0023x2)(x1 + 1.0096x2) < 0

}

,

Ω2 =
{

x ∈ R
2 : (x1 − 1.0023x2)(x1 + 1.0096x2) > 0

}

.

According to Theorem 3.1, the system with the switching rule σ(x(t)) = i if
x(t) ∈ Ωi is 0.3− exponentially stable. Moreover, by straightforward calculation,
the solution x(t, φ) of the system satisfies

‖x(t, φ)‖ ≤ 1.118e−0.3t‖φ‖, t ∈ R
+.

4. Conclusion

This paper has proposed a switching design for the exponential stability of
switched neural networks with time-varying delay and various activation func-
tions. The stability condition is derived in terms of the solution of Riccati-type
equations. The approach allows for the use of efficient techniques for computa-
tion of the two bounds that characterize the exponential stability rate of the
solution.
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