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1. Introduction

In recent years, periodic solutions to Rayleigh type p-Laplacian differential
equation have been extensively studied in the literature (see, for example,
[1, 2, 6, 7, 5]). However, to the best of our knowledge, most authors have only
considered the existence of periodic solutions, and few results exist concerning
both existence and uniqueness of periodic solutions to this equation.

In this paper we deal with the existence and uniqueness of T-periodic solutions
of the Rayleigh type p-Laplacian differential equation of the form:

(ep(@' (1)) + f(t,2"() + g(t, z(t)) = e(t), (1)

where p > 1 and ¢, : R — R is given by ¢,(s) = |s|[P7?s for s # 0 and
©p(0) = 0, f and g are continuous functions defined on R?, e is a continuous
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periodic function defined on R with period T, f and g are T-periodic in the first
argument, f(-,0) =0 and T > 0.

By using topological degree theory and some analysis skill, we establish some
sufficient conditions for the existence and uniqueness of T-periodic solutions of
equation (1). Our results are different from those of bibliographies listed above.
In particular, an example is also given to illustrate the effectiveness of our results.

2. Preliminary Results

For convenience, let us denote
Cr:={xr € CY(R, R): x is T-periodic},

which is a Banach space endowed with the norm ||.|| defined by ||z|| = |7|s +
|2’ 0, for all z, and

T 1/k
oo = max [o(®)], [o/]oc = max /()] [oli = / [2(t) “at
For the periodic boundary value problem
(pp(@' (1) = f(t,,2"), 2(0) = 2(T), «'(0) =/(T) (2)

where f is a continuous function and T-periodic in the first variable, we have
the following result.

Lemma 2.1. [4] Let 2 be an open bounded set in C%., if the following conditions
hold:
(i) For each A € (0,1) the problem

(pp(2' (1)) = A (t, z,2'), 2(0) = x(T), 2'(0) =2'(T)
has no solution on Of2.

(ii) The equation

F(a) :=

1 T
T/f(taa’ao)dtzoa
0

has no solution on 02N R.
(iii) The Brouwer degree of F'
deg(F, 2NR, 0) #0.

Then the periodic boundary value problem (2) has at least one T -periodic solution

on {2.
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Set
y(t) = pp(a'(1))- 3)
We can rewrite equation (1) in the following form
{ a'(t) = [y(t)|*~ sgn(y(1)), (@)
Y (t) = —f(t, ly(H) " sgn(y(t) — g(t, =(t)) + e(t),

whereq>1and%—|—%:1.

Lemma 2.2. Suppose that the following condition holds.
(A1) (21 —22)((9(t, 21) — g(t, 22)) <O for allt,x1, 22 € R, 21 7 2.
Then equation (1) has at most one T-periodic solution.

Proof. Suppose that x1(t) and z2(t) are two T-periodic solutions of equation (1).
Then, from (4), we obtain

zi(t) = |ya(t)|" "sgn(yi (1)), .
{ym —J(t ) s (1) — gt () + e, NP O)

Set
u(t) = z1(t) — z2(t), v(t) =y1(t) — y2(t), (6)

it follows from equation (5) that
(1) = [ya (8] sgn(yi (1)) — ly2()|" 'sgn(ya(t)),
t

(t t
V' (t) = = Lf(t |y ()7 sen(u (1)) — (& [y2 ()7 Tsen(y2(1))]  (7)
= lg(t, z1(t)) — g(t, z2(1))]-

Now, we prove that
u(t) <0 for all teR.

Contrarily, in view of u € C1[0, T] and u(t+T) = u(t) for all ¢ € R, we obtain

maxu(t) > 0.
teR

Then, there must exist t* € R (for convenience, we can choose t* € (0, T')) such
that
t*) = t) = t) >0,
u(t”) e u(t) = maxu(t)

which implies that
W () = |y ()7 sgn(ya (t) — [y ()7 'sgn(ya(t7)) =0,
o(t) = yi(t7) — g2(t7) = 0, (8)

and

In view of (7), we have
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V() = = [ ()| sen(ya (7)) — f(E, ly2(t7) 7 sgn(ya(t9)))]
=l a1 (t7)) — g (", 22(7))]
= —lg(t", 21(t7)) — g(t7, 22(t7))] > O, (10)

and there exists €* > 0 such that v/(t) > 0 for all t € (¢t* — &*,t*]. Therefore,
v(t) = y1(t) — y2(t) is strictly increasing for ¢ € (t* — &*,¢*], which implies that

v(t) =y1(t) — y2(t) <v(t*) =0for all t € (t* — &, t"),
and
W (1) = [y (01" sgn(ys () — ly2(8)|7 'sgn(a(8)) < 0 for all ¢ € (£ — &, ¢°).
This contradicts the definition of t*. Thus,
u(t) =x1(t) —x2(t) <0 for all teR.
By using a similar argument, we can also show that
x2(t) —x1(t) <0  for all teR.
Therefore, we obtain
2o(t) = x1(t) for all t€R.

Hence, equation (1) has at most one T-periodic solution. The proof is now com-
plete. [ |

3. Main Results

By using Lemmas 2.1, 2.2, we obtain our main results:

Theorem 3.1. Let (Ay) hold. Moreover, assume that the following conditions
are satisfied.

(Ag2) There exists a positive constant d such that x(g(t,z) — e(t)) < 0 for |x| >

d,t,z e R
(A3) There exist nonnegative constants my and mg such that

2
m < 2, |f(te)] < my|z|P~t +mg, for allt,z cR.
Then equation (1) has a unique T-periodic solution.

Proof. Cousider the homotopic equation of equation (1) as follows

(0p(@' (1) + Af(t, 27 (1) + Ag(t, 2(t)) = Ae(t), A€ (0,1). (11)
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By Lemma 2.2, together with (A1) , it is easy to see that equation (1) has at
most one T-periodic solution. Thus, to prove Theorem 3.1, it suffices to show
that equation (1) has at least one T-periodic solution. To do this, we shall apply
Lemma 2.1. Firstly, we will claim that the set of all possible T-periodic solutions
of equation (11) is bounded.

Let z(t) € Ck be an arbitrary solution of equation (11) with period T As
x(0) = x(T'), there exists ty € [0, T] such that z’(to) = 0, while ¢, (0) = 0 we see
that

t

WAf@N:(/WAf@»V@

to

T
/ ft,2'( |dt—|—)\/|gtx )|dt—|—)\/| )| dt, (12)
0

where ¢ € [to, to + T.

Let ¢ and ¢ be, respectively, the global maximum point and global minimum
point of z(t) on [0, 7], then z/(t) = 0 and we claim that

#(@) = (1 BP-2 (D) <0. (13)
Assume, by way of contradiction, that (13) does not hold. Then
(1)) = (|2’ (B)P~*2' (1)) > 0,
and there exists € > 0 such that (p,(2/(¢))) = (|2/(t)[P~22'(t)) > 0 for t €
(t — &, + ). Therefore, @,(z'(t)) = |2/ (t)[P~22/(t) is strictly increasing for ¢ €
(t —e,t+ ¢), which implies that z/(¢) is strictly increasing for t € (t — e, + €).

This contradicts the definition of ¢. Thus, (13) is true. From f(-,0) = 0, (11)
and (13), we have

£ (D)) - e(D) > 0. (14)
Similarly, we get
g(t, 2(1)) — e(t) < 0. (15)
In view of (As), (14) and (15) imply that
2 <d and () > 0. (16)

Since x(t) is a continuous T-periodic function on R, it follows that there exists
a constant ¢ € [0, T such that

|2(§)] < d.
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Then, we have

M@F4M@+/@@Mﬂ§d+/w@W&t6£§+ﬂ,
3 3

and

2/ (s)ds| < d+

t

|2 ()] = |o(t = T)| = |(€) - |2/ (s)lds, t € [€, €+ T).

t

"ﬂ\m\
"ﬂ\m\

Combining the above two inequalities, we obtain

T|eo = max |x(t)| = max |x(t
|| tmﬂlﬁltm)wﬁ(ﬂ

Eaatl

3
[ 1alas
T

t

1

<, max {de | [+
tele, €47 21/

5 t

T

<d+ %/|x/(s)|ds. (17)

0
Denote
E,={t:t€[0,T],|z(t)| >d}, Ex={t:te€0,T],|z()| <d}.

Since z(t) is T-periodic, multiplying x(¢) and (12) and then integrating it from
0 to T, in view of (Az) and (As), we get

T

[1awyea =

0

(op(@' (1)) (t)dt

A

T T
f(t,x’(t))x(t)dt+>\/g(t,x(t))x(t)dt—A/e(t)x(t)dt
0 0

A

O\’ﬂ O\’ﬂ O\»ﬂ

ft, 2" ()z(t)dt + )\/[g(t, z(t)) — e(t)]x(t)dt
Eq

Es

+>\/[g(t,3:(t)) —e(t)]x(t)dt
T

SM&/WMWW”+WW
0
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T
+/max{lg($(t)) —e()]:t R, [x(t)] < d}|a(t)|dt
0

T
<mifelac [ #OF 1+ (D + ma)Tlal (13)
0

where D = max{|g(t,xz) — e(t)| : |z] < d, t € R}.

For z(t) € C(R, R) with z(t+T) = z(t), and 0 < r < s, by using Holder
inequality, we obtain

T 1r T ST =\ M
1 1 s
- r < - ™
T/|3:(t)| i)l <\ /(|x(t)| )edt /1dt
0 0 0
T 1/s
[ eypar
= T €T ,
0
this implies that
x|, < T |z|s, for 0<7r<s. (19)
Then,
T T
/ l2/(8)|dt < T 2/ (1), / ()Pl < THABE. (20)
0 0

In view of (17), (18) and (20), we can get

T

/(1) = / @/ (t) Pd
’ T

< Mm@ / 2" ()P~ dt + (D +m2) T
0
1 o 1, o
<m (d + 5T71 |x/(t)|p> T¥ |2/ ()2~ + (D + ma)T (d + 5T71 |x/(t)|p>
T |a' (8) |+ madT7 |2 (t)2
1_p-
+(D +m2)T§TTl|x’(t)|p + (D +my)Td. (21)

Since p > 1 and my < %, (21) yields that we can choose a positive constant M;
such that
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T
12/ (1)) < M, /W@WST%wﬁm<ML
0

and
T

1
|T)oo < d + 3 / |z’ (s)|ds < M;.
0
In view of (12) and (20), we have

/pflz /t
/5" = max {ley(a’ ()]}

t

max | [(epla(9)' ds

te {to,t(rf»T]

to

IN

T T T
/uvwﬁmﬁ+/mmanﬁ+/w@Mt
0 0 0

T

T
bmuﬁW*+wmﬁ+/m@x@Mﬁ+/w@wt
0

0

INA
O\H

< mT7 |2/ ()2 + Tlme + max{|g(t, )| : [2] < Myt € R} + |e|]
< mlT%Mffl + T[mg + max{|g(t, z)| : |z| < Mi,t € R} + |e|o]- (22)

Thus, we can get some positive constant My > M; + 1 such that for all t € R,
|z (t)] < M.

Set
N={2€Cr:|2|oo < My+1,|2/|oc < My+1},

then we know that equation (12) has no T-periodic solution on 912 as A € (0,1)
and when z(t) € 02 NR, x2(t) = My + 1 or z(t) = —M3 — 1, from (A3) , we can
see that

1
T

1

T
/[—g(t, My +1)+e(t)]dt = —7 lg(t, Mo + 1) —e(t)] dt > 0,
0

1

T
/Fﬂnﬂ@—w+dmﬁ:—— gt M — 1) — e(t)] df <0,
0

Nl =
N

/
/

so condition (ii) is also satisfied. Set
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T

Ha, ) = o = (1= [ lote.) = e(o)] at,

0

and when z € 02 NR, p € [0, 1] we have

T
cH(x, p) = pa? — (1 — ,u)x% /[g(t, x) —e(t)] dt > 0.
0

Thus H (z, pt) is a homotopic transformation and

T
deg {F, 2NR,0} = deg {—%/ {g(t,z) —e(t)} dt, QQR,O}
0
= deg {z,2NR,0} #0.

so condition (iii) is satisfied. In view of the previous Lemma 2.1, there exists at
least one solution with period T'. This completes the proof. [ ]

Remark 3.2. If p = 2, we can find that the main results of [8] are special ones
of Theorem 3.1.

4. An Example

As an application, let us consider the following equation:

1 .
(ppa’ (1)) + ﬁem(” cos(2(1))(2'(1))® — (2°(t) + x(t) — 12) = cos?t,  (23)
where p = v/15. We can easily check the conditions (A1), (A2) and (Asz) hold.
By Theorem 3.1, Equation (23) has a unique 27-periodic solution.

Remark 4.1. Since p = v/15, one can easily see that all the results in [1-8] and
the references therein can not be applicable to (23) to obtain the existence and
uniqueness of 2w-periodic solutions. This implies that the results of this paper
are essentially new.
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