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Abstract. In this paper we derive certain asymptotic properties of Toeplitz operators
on Hardy and Bergman spaces. More precisely, we have shown that if T € L(HZ.(T))
and {Ty ;: T Tg7 ..} converges to an operator L in the strong operator topology for
all inner functions § € H°°(T) then L = T3, a Toeplitz operator on Hz.(T) and if T is
an operator in the Hankel algebra, the norm closed algebra generated by all Toeplitz
T T3}
converges to a Toeplitz operator on Hzx (T) in the strong operator topology for all
inner functions # € H°°(T). As an application, we have shown that if S € L(Hzx(T))
and [S,T¥r1, ] is of finite rank for all f € H*(T) then S = T + F, where & €

H3; (T)+ RY, and F is a finite rank operator. This is an extension of the work done

and all Hankel operators together on H2n(T), then the sequence {7} T

nxn

for the scalar valued case in [2] and [12]. Asymptotic properties of Toeplitz operators
and Hankel operators defined on the Bergman space were also analysed.
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1. Introduction

Let T denote the unit circle in the complex plane C. Let £Z.(T) denote the
Hilbert space of C™-valued, norm square integrable, measurable functions on T
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and HZ,. (T) the corresponding Hardy space of functions in £Z, (T) with vanish-
ing negative Fourier coeflicients. When endowed with the inner product defined
by the equality

(f,q) = / (F(2), 9(2))erdm,  fg € L2n(T),

the space £2,,(T) becomes a separable Hilbert space. Here the measure m denotes
the normalized Lebesgue measure on T. Notice that £2,(T) = L?(T) ® C" and
HZ.(T) = H?(T) ® C", where the Hilbert space tensor product is used. The
set of vectors {e,}°_o = {z™}%_, forms the standard orthonormal basis for
H?(T).

If @ is a bounded, measurable M,, = M, (C)- valued function (the algebra of
n x n matrices with complex entries) in L3 (T) = L>°(T)® M, then T denotes
the Toeplitz operator defined on HZ, (T) by Ts f = P(®f) for f € HZ.(T) where
P is the orthogonal projection of £Z, (T) onto HZ, (T). The operator Hg denotes
the Hankel operator defined in HZ..(T) by Hef = (I — P)(®f) for f in HZ.(T).
Let H3y (T) = H*(T)® M,. A function © € Hgj (T) is said to be inner if O(z)
is an isometry for almost all z € T. Given an inner function @ € Hg} (T), it
can be shown that [3] there exists an inner function 2 € H3} (T) satisfying the
relation O(A)2(X) = ¢(A)Ipxn for almost every A € T where ¢ = det © (a scalar
valued inner function). Hence

000N  0ref
det® g

*
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Let L(H) be the set of all bounded linear operators from the Hilbert space H into
itself. Let LC(H) and LF(H) denote the set of all compact operators and the set
of all finite rank operators in L(H) respectively. For A, B € L(H), let [A, B] =
AB — BA. In [2], Barria and Halmos introduced the concept of asymptotic
Toeplitz operators on the Hardy space H2(T). The importance of this notion is
that it associates with a class of operators a Toeplitz operator where the original
operators are not Toeplitz. Thus we are able to assign a symbol to an operator
that is not Toeplitz and hence a symbol calculus is obtained. In this paper, we
extend the result of [2] to vector-valued Hardy space HZ,(T). We showed that
all operators in the Hankel algebra defined on HZ2., (T) are asymptotic Toeplitz.
We also discuss about some asymptotic properties of Toeplitz operators defined
on the Bergman space.

2. Toeplitz Operators on H2Z,, (T)

In this section we show that if T' belongs to the Hankel algebra, the algebra
generated by all Toeplitz and all Hankel operators together defined on Hz, (T),
then {7} 17: LTI} converges to a Toeplitz operator Ty, @ € L§; (T) in the
strong operator topology for all inner functions ¢ € H*(T) and if we define
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o(T) = @, then the map o restricted to the Hankel-algebra 7 is a contrac-
tive, *-homomorphism from 7+ onto L3; (T). Further, we have shown that
T belongs to the commutator ideal I of the Toeplitz algebra 7 if and only if
{7y IanTTq ..} converges to 0 strongly. As applications, we find necessary and
sufficient conditions for S € L(Hz. (T)) such that [S, Tyl xx] is of finite rank for
all € H>°(T). The following theorem is well-known.

Theorem 2.1. (Douglas - Rudin Theorem [8]) If & € L3; (T), then for e >
0, there exist an inner function © € Hyp (T) and ¥ € Hyp (T) such that

|® — OV < e

Theorem 2.2. If T € L(HZ,.(T)) and {T;}:Xn T Ty .} converges to an oper-
ator L in the strong operator topology for all inner functions q € H*(T) then
L =Ty, a Toeplitz operator on Hz..(T) with symbol & € L35 (T).

Proof. Let > = {@loxn¥|q € H*®(T) is inner and ¥ € HZ, (T)}. It is shown
2
in [7] and [3] that H>=(T) = H2(T) and for any inner function © € Hgg (T),
we have O = ql,,x, (2 for some 2 € H3; (T) and inner function ¢ € H*(T).
Hence it follows from Theorem 2.1 that i L2, (T). Let §ki = €; ® vy, where
v = (0,...,1,0...) € C" with 1 in the k™" position. Let &, = & ® vg, k =
0,...,n, i € Zy. Then {&;}32, is an orthonormal basis for HZ. (T). Let T €
L(HZ, (T)) be such that T, TTyy, ., =T for all inner functions ¢ € H>(T).

Define Z: Y  — C as = (qLuxn&ii¥) = (¥, Tqlyxnéi) for all k=1,...,n and
i € Zy, where ¢ € H*°(T) is inner and ¥ € HZ, (T). Then = is well defined and

linear. If q11 xnéki?h = q2lnxnéki¥2 for allk = 1,...,n and ¢ € Z,, for inner
functions ¢1, g2 € H*(T), ¥, ¥ € Hz.(T) then

E (qhn€ri®h) = (#1, Tqr L snéri)
<Lp qzlanTqulnxn Q1Ian§ki>

=
=

Q2In><ngp1; (Q2Q1) n><n§ki>
quanWQ, Tq1q2In><n§k1>

<gp ;1IanTTq1IanQ2In><n§kz>
= (W2, Tq2 L xnéri)
) (QQIanfleQ)

E (¢Lnxn& )| < ITNZ )2 = I TIHlgLnxny;?l2. Thus = is a bounded,
linear functlonal on Y. Since >, = LZ.(T), hence there exists a unique
@ € L2, (T) such that Z (qLnxné);¥) = (@lnxnp¥, @) and [{qlnxn&;, ¥, )| =
|2 (aLnxn&i®) | < TN llqLnxn€); ¥ |l2- Thus & € L (T) and

(O, Tqlnsnéri) = Z (tTnxn&u¥) = (@lnxnii?, )
= <Wa QqIan§k1> = <W; T@qlnxnfki> .
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Since the set of all finite linear combinations of inner functions is dense in H?(T)
and H2.. (T) = H*(T)®H*(T)®. . .®H?(T), we have T = Tp.Now let § € H>*(T)
be an inner function and T € £ (HZ.(T)) and suppose Ty Z LI f —

Lf for all f € HZ,(T). Then Ty, T Tgit' f — Tj, LTy, f. Hence
Ty, .. LTor,,,, = L for all inner functions 6. From the first part, it follows
that L = Ty for some @ € L3; (T). [ |

In Lemma 2.3, we show that if H is a Hankel operator on ‘HZ,(T), then
{7y 17: LHTT ) converges to 0 in the strong operator topology.

Lemma 2.3. If H € L(HZ.(T)) is a Hankel operator in L(HZ.(T)), then
HTJ — 0 in the strong operator topology for all inner functions ¢ € H> (T).

Proof. From [5], it follows that HT}? =Tx", ~Hand [T, Hf|* <

ST Ho, f517 if H = [Hy,li<ij<n and f = (fi, fo,- -, fn) € H2a(T).
ij=1
Thus from [5], it follows that T;r 1., 1 — 0 strongly. [ ]

Let 7% denote the Hankel algebra, the norm-closed algebra generated by all
Toeplitz operators and all Hankel operators together defined on Hz, (T). Let T
denote the Toeplitz algebra, the norm-closed algebra generated by the set of all
Toeplitz operators defined on H2. (T). In Theorem 2.4, we show that if T € 7+
then the sequence {7}’ 17: L IT7}  } converges to a Toeplitz operator defined on

HZ..(T) in the strong operator topology for all inner functions ¢ € H>(T).
Theorem 2.4. If T € T then {T;;:x"TT;}an} converges to a Toeplitz opera-

tor defined on HZ..(T) for all inner functions ¢ € H*>(T).

Proof. Notice that if & € L3 (T), then My = PMgP + PMg(I — P) +
(I — PYMP + (I — P)Ms(I — P). Let Jd(z) = &(2). Then for all f €
H2.(T), JTyof = JP((J®)f) = JPJ(®Jf) = (I-P)bJ f = (I-P)B(I—P)J .
Hence JTjeJf = (I — P)Mg(I — P)f for all f € H2,(T). Similarly, JH o f =
J(I — P)(JD)f) = J(I — P)J(DJf) = POJf = PMs(I — P)Jf for all
[ € HZ.(T). Hence JH ;4 = PMg(I — P). Since the map J is unitary from
L2..(T) onto itself, hence the map Mg can be expressed as an operator matrix

with respect to the decomposition £2.,(T) = (HZ. (']I“))l @ H2.(T), as

[Ty Hg
Ma = (HJqs qu>'

If & and ¥ are in L37 (T), then Mgy = Mg My and therefore (multiply matrices
and compare lower right corners)

Tow =TTy + HjeHy (1)
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and (compare upper right corners)
Hey =TijeHy + He'Ty. (2)

If @1,..., P are in L3y (T) and if & = &, - - - Py, then

T¢1 o .Ték - T¢1"'¢k = T¢1T¢2'“¢k - T¢1(<152~~~¢k) + T¢1 (T¢2T¢3'“¢k
- T¢2 (¢a¢k)) + T¢1 T¢2 (T¢3 T¢4"'¢k - T¢3(¢4~~¢k))
+oeeet T¢1T¢2 o .Ték—2 (Ték—lTék - Ték—lék)'

In view of this, equation (1) implies that Tg, - To, — Ta,...0, = HH +THH +
TTHH + ---+1T7T---THH, where each T on the right hand side indicates a
Toeplitz operator and each H a Hankel operator; since the actual subscripts are
not so important, they are omitted. Hence

™M ™M

m m
qIanT¢1 o 'Tékqunxn - qlnanél”'ékqunxn

=Ty HHTj —+T; THHTY —+--+Ty TT..THHT) .
By Lemma 2.3, the right side converges strongly to 0 as n — oo. We next consider
a finite product all whose factors are either Toeplitz or Hankel operators, with at
least one Hankel factor present. If the rightmost factor is a Hankel operator, then
by Lemma 2.3, the product converges strongly to 0. In the remaining cases, the
first Hankel factor from the right occurs in a context HT', where, as before, the
symbols H and T indicate generic Hankel and Toeplitz operators respectively.
In such a case, we shall use (2) to replace HT by H — TH, and thus manage to
replace the given operator by two others, in each of which the rightmost Hankel
factor is one step nearer to the right end; the desired convergence now follows
by repeating this process. Now let T0+ be the algebra (not closed) consisting of
all finite sums of finite products of Toeplitz and Hankel operators. If T' € TJ,
convergence follows from the strong continuity of operator addition. For norm
limits of operators on TO+, convergence follows from the standard techniques of
analysis. ]

Thus we have seen that if an operator T € L£(H2%,(T)) is such that the se-
quence {7} 17: L IT)r ) is strongly convergent then the limit is a Toeplitz oper-
ator Ty on ‘HZ. (T) with the symbol @ € L3 (T). The function & will be called
the symbol of T" and will be denoted by o(T'). In the next theorem we show
that the restriction of the symbol map ¢ to the Hankel algebra is a contractive,

*-homomorphism from 7+ onto L3 (T).

Theorem 2.5. The map o : Tt — L3} (T) defined by o(T) = & is a contrac-
tive, *~homomorphism from T+ onto L35 (T).

Proof. It T € T+, then it follows from Theorem 2.4 that {Tj, TT7 '}

converges strongly for all inner functions ¢ € H(T) to a Toeplitz opera-
tor Tp on HZ.(T) and we have defined o(7T) = @. It follows from [6] that
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m

[Ta]| = [|@]loo. Hence [|@floc = [[Ta|| < liminf (757 T | < Tl Thus

m

nxn
the fact that o preserves sums and products in ’TOJr follows from the main
step in the preceeding proof; and that it preserves sums and products for all
operators on the Hankel algebra follows from the norm continuity of opera-
tor addition and multiplication and the continuity of o. Now let T € 7T and

assume T} 17: LI — T strongly. Then weak continuity of adjunction im-
plies that T;;: XnT*T;}an — T3 = T« weakly. Since T* € T, the sequence
{T;;:XnT*T;}an} converges strongly to some Ty, ¥ € L3; (T). Thus Ty = Te-,

and therefore o(T*) = o(T)*. [ |

In Lemma 2.6, we show that if K € £C (Hg.(T)) then {Ty, KTj; 1}
converges to 0 in norm as m — oo.

Lemma 2.6. Let § € H*°(T) be a nonconstant inner function and D be the

open unit disk in C. Then T(j‘m 20 on H?(D) and for each compact operator
K € L£C (HE.(T)) ,T;ZMK — 0 in norm as m — oo. Hence KTy} =~ —0 in
norm as Mm—oo.

Proof. The reproducing kernels {gx}rep of H?(D) span H?(D) (see [15]). Let
k k

f= ZCigAi- Notice that T(j‘mf = T(,*m (Z cl-gAi> = Zcﬂ()\i)mg)\i and
i=1 i=1

1757 fIl < S 1eal o)™ llga,

K = (Kij)i<ij<n, Kij € LC(H?(T)).

—0asm — oo. Let K € LC (HZ.(T)). Then

Now T;" K = (Tym Kij) and |T;" K| <  Sup | T Kij||. For f,h €
S1,Jsn

H*(D), Tym(f ® h) = (Tyn f) ® h. Hence the result follows as LF (Hz.(T)) =
LC (HZ.(T)). n

1<i,j<n

Corollary 2.7. If T € T is a finite sum of finite products of Toeplitz or Hankel
operators and is compact, then the corresponding finite sum of finite products of
their symbols is equal to 0 almost everywhere.

Proof. The corollary follows from Lemma 2.6 and Theorem 2.4. [ ]

Theorem 2.8. If T' € T then T belongs to the commutator ideal I of T if and
only if T;ZXnTT;}an — 0 strongly. That is, I =kero.

Proof. We first show that if T' belongs to the algebra 7y consisting of all finite
sums of finite products of Toeplitz operators, and if ¥ = o(T'), then T — Ty € I.
Let @1, ®Pg, -+, P € L3y (T) and ¥ = 1Py - &y and T = Ty, Ta, - - T, . We
claim T'—Ty € I. The proof follows by using mathematical induction. For k = 1,
the assertion is trivial. Now suppose this is true for £ — 1. We prove it for k. Let
Dy, =nf2,m € H*(T) is an inner function and 2 € H3} (T). Then
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T—Ty=Tp, ... To, \Tog — Toroy...on 1nc
=Tp, .. Te,_T7To —TiTe, . .a,_To
=Ty, .. e, Ty — T5T¢lm¢kil)T9
=(Tg, .. To, T5 — T5Te, .. . Te,_,]

+ [T5T¢l T — TﬁTélnvék—l])Tﬂ'

The first square bracket is a commutator and therefore belongs to I. The second
square bracket is T;, times an operator of the same form as T — Ty except with
k — 1 instead of k, and, consequently, by our induction hypothesis it belongs to
I. Since every inner function © € H3§ (T) can be written as 642 where 6 is an
inner function in H*°(T) and 2 € Hyj (T), it follows from Theorem 2.1 that
{652 : 6 € H>(T) is inner, 2 € H3} (T)} is dense in L33 (T). Thus using the
above fact we can conclude T' — Ty € I for all &3 € L3 (T). Now suppose that
T =1y + ---+1T,, where each T; is a finite product of Toeplitz operators. It
follows that ¥ = ¢(T) = ¥ + --- + ¥, where ¥; = o(T;),i = 1,...,p. This
implies T'— Ty = (T — Tw,) +- - - + (T, — Ty,) € I. Finally, suppose T € 7 with
o(T) = 0. Let {T,,} be a sequence in 7y such that ||T,, — T| — 0 as m — oo.
If ¥; = o(T;), then ¥,,, — 0 in L3; (T) as o(T) = 0. Hence T, — Ty,, — T in
norm. Since we have already shown that T,,, — Ty, € I for each m, it follows that
T € I. Thus kero C I. Now since 7/ ker o is commutative, the reverse inclusion
is trivial. ]

Using the above asymptotic properties of Toeplitz operators we now proceed
to prove that [S, Ty, .. ] is of finite rank for all inner functions § € H*°(T) if and
only if S =Ty + F, where F is a finite rank operator and ¢ € Hyp (T) + R, .
But first we prove the following lemma.

Lemma 2.9. Let S € L (HZ.(T)). If [S,To1,..,] is of finite rank for all in-
ner functions @ € H®(T), then there exists a natural number M such that
rank [S, Tg[ ] S M.

nxn

Proof. Let C,, = {0 € H*(T) : rank [S,Tyz, .| <n}. By [12], C, is a norm
closed subset of H*°(T). Since H*(T) = UC" and H*>(T) is a Banach space

hence we obtain by Baire category theorem [11] that there exists a natural num-
ber N such that Cy contains an open subset of H*(T). That is, the interior
of Cy =C% #0. Thus {# — ¥ :0,¥ € C}} is a neighbourhood of the function
6 = 0. Thus for each f € H(T), there exist a real number € and functions
0,¥ € C% such that f = e(f — ¥) and therefore

rank [S, Tf[an] < rank [S, Tg[an] + rank [S, TWIan] < 2N.
|

Let C(T) denote the space of continuous, complex-valued functions on T and
Cu,, (T) denote the space of continuous, M, (C)-valued functions on T. Let R,
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denote the set of rational functions in C(T) with at most p poles (counting
multiplicities) all of which are in the interior of T. Note the following inclusion
relations hold:

H*® CH®+4+ R CH®+ Ry C...C H* 4+ C(T).
Let RY, denote the set of all matrices in Cy, (T) whose entries are in R,

Theorem 2.10. If ¢ € L3; (T),Ts € L (H2.(T)) and [Te, Tor, . ] is of finite
rank for all inner functions 6 € H>(T) then ® € Hyp (T) + Ry, .

Proof. By Lemma 2.9, there exists a natural number M such that [qu, Th Ian] <

M for all 8 € HOO(T) Let & = ((bij)lgigna(bij S HOO(T) Then Tg
1<j<n

(T¢i].) 1<i<n. Now the fact that [qu, Tg[an] is of finite rank for all § € H*>(T)
155<n
implies [Ty, , Tp] is of finite rank for all § € H**(T) and
rank (Tﬁg@.j — TﬁgT@.j) = rank (Tﬁ (T@.]. Tg — T9T¢i]. ))
S rank (T@.]. Tg — T9T¢i].)
= rank [T@.j y Tg]
< M.

Since {76 : n € H>*(T) is an inner function, §# € H>(T)} is [7] dense in L (T),
we obtain TEijqbij — Tgij Ty, = H%J Hy,; is of finite rank. That is, Hg, is of
finite rank. By Kronecker’s theorem [13], this implies ¢;; € H>® + R, for 1 <
i<mn,1<j<n. Hence QEH;}’"—%R]]DW". ]

Theorem 2.11. Given S € L (H2.(T)), [S, To1,.,..] is of finite rank for all inner
functions 8 € H*(T) if and only if S = Te+ F, where F is a finite rank operator
and ® € Hyg (T) + RY, .

Proof. The sequence {T(j‘ Z MST(_}’}"X"} is a bounded sequence and hence it has
a subsequence which converges to an operator L in the weak operator topology.
Without loss of generality, we assume the sequence {T(j‘ Z . } converges

woT
—

to L in weak operator topology (WOT, for short). Now S — T(,*ZMSTﬁ

Inxn

S — L. By Lemma 2.9, there exists M > 0 such that rank [S, T, I, xn] < M for
all p € H* and thus

vank (S~ Ty 815 ) =vank (137 (153 S-S5 15 )
< rank (T(-)m[ S—8 T(-)mlnxn)

< M.

nxn

Hence by [12], rank(S—L) < M. Let F = S—L. Then F is a finite rank operator.
For each inner function ¢ € H*(T),
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T LT, = (WOT) WmT Ty, S Tom, .
= (WOT) Lim Ty,  TiS TyToms
= (WOT) Um Ty, TiT,STymy, .,

+ (WOT) UmT} Ty, (ST, — TyS) Tym;

1,

nxn

nxn'

Since [S,Tyr is a finite rank operator, by Lemma 2.6,

nxn]

(WOT) lim T, Tgmy,  [S, Ty)Tym1,,, = 0.

nxn

Thus it follows that Ty LT, = (WOT) lim Ty, 1T5TeSTpm1,,, = L. Hence L
is a Toeplitz operator and L = Tp for some @ € L3; (T). By Theorem 2.10,
& e HZ (T)+ R, . n

3. Toeplitz Operators on Bergman Space

In this section we discuss about asymptotic properties of Toeplitz operators
1

defined on the Bergman space. Let D = {z € C: |z| < 1} and dA(z) = —dzdy =
T

1
— rdrdf be the normalized Lebesgue measure on ). We define
™

A*(D) = {f € L*(D,dA) : f is analytic on D} .

This is a closed subspace of L?(ID,dA). It is a Hilbert space with the inner prod-
uct it inherits from L2(D,dA). The space A%(D) is called the Bergman space.
The set {un(2)},50 = {Vn+ 1z"}n>0 is an orthonormal basis for A%(D). Let

¢ € L>(D). We define the multiplication operator M, : L?(D) — L*(D), the
Toeplitz operator By : A?(D) — A?(D), the Hankel operator Hy : A*(D) —
L*(D) & A*(D) and the little Hankel operator Sy : A?(D) — A%*(D) with
symbol ¢, respectively, by the formulas My f = ¢f, Byf = ﬁ(qﬁf), Hyf =
(I— ﬁ) (of), Sof = P(J(¢f)) where P is the orthogonal projection from
L*(D,dA) onto A*(D) and J : L*(D) — L*(D) is defined by Jf(z) = f(Z).
These operators are clearly linear, bounded, their norms do not exceed ||¢||oo-
The Toeplitz operator B, is called the Bergman shift operator. Define a map
from H?*(D) onto A%(D) as W2" = /n+ 12" Notice that W is a unitary
operator. Let A(B,) = {T € L(A*(D)) : TB, — B, T is compact}. For
¢ € L>*(D), By € A(B;). This can be verified as follows:

By — BXByB, = By — BzByB,
= By _z¢-
= Ba—|z12)¢

which is compact by [15].
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Proposition 3.1. If T € L(A*(D)) and T, W*TWT, = W*TW for all inner
functions g € H>(T) then T = WTZzW*  for some ¢ € L>(T) and T € A(B.).
Further, zf% > 0 then T 1is positive.

Proof. The proposition follows from [4] and [12]. [ |

Proposition 3.2. If S € L(A?*(D)), [W*SW,T}] is of finite rank for all f €

H(T) then S = WTgW*—i-ﬁ where F is a finite rank operator and g € H*(T)+
R,.

Proof. The proof follows from Theorem 2.11. [ ]

Theorem 3.3. Let T' € L(A%(D)). Then there exists a sequence {¥y,} € L>=(D)
such that Bwy, — T in the strong operator topology (SOT, for short) and
By, ~— T in the SOT.

Proof. Let T € L(A*(D)). By [9], the set {By : ¢ € L>(D)} is strongly dense in

L(A%*(D)). Hence there exists a sequence {¢,,} in L>(D) such that By, ST,

T'm T'm

By [10], there exists ¥, = Zquﬁk,Ck > O,ch = 1, such that By, =
k=1 k=1
T and By 227+, m

Theorem 3.4. Let {¥,,,} be a sequence in H>* (D). Then there exists a sequence
{¢m} in L=(D) and a subsequence {W,,, } of {W,n} such that for all f € A*(D),
lim By, f - Su,,, | =0 and T B f-S;, f]=0.

mp,m—00

Proof. Let ¥ € L* (D). By Theorem 3.3, for Sy € L£(A?), there exists a sequence
of Toeplitz operators {By, }, ¢m € L(D) such that lim ||By, f— Suf|| =0

and lim ||B} f— Sy fl|l =0 forall f € A*(D). From [1], it follows that there
exists a subsequence {Sy,, } of {Sy,, } such that lim |Sy,, f— Sy f[ =0 and
mi— 00

lim ] Sy - S;fH —Oforall f € A2(D). Thus lim _||By, f—Su, fll =
M —00 mp ,M—00
0 and lim [|Bj f—8; f|=0foral feA*D). [ |
M ,M—00

Definition 3.5. A function G € A*(D) is called an inner function in A*(D) if
Jo(IG(2)]? = 1)g(2)dA(z) = 0 for all g€ H®(D).

For aeD,ze D, let ¢,(z) = 1a "2 Tt can be verified easily that
2

(1) (bao(ba(z) =z,
(11) ¢a(0) = a, (ba(a) =0,
(iii) ¢, has a unique fixed point in D.
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Let K(z,w) = Z Um (2 , the reproducing kernel of A%(D).

l—zw

It is holomorphlc in z and anm holomorphlc in w, and

/|K(z,w)|2dA(w) = K(z,2) >0, for all z € D.

Thus we define for each w € D, a unit vector k, in A%(D) by

K(z,w) _ (1-|w*)

hul2) = Kw,w) (1—2w)

We shall write K(z,w) = K,(w), for z,we D.

Theorem 3.6. Let G be a nonconstant inner function in A%*(D). Then

Bgm 59T 0 on A?(D) and Bem K — 0 in norm for each compact operator

K € L(A?).
Proof. Notice that ||G||42m) = 1 and |G(z)| < 1 for all z € D. It is well known

[15] that the reproducing kernels {K )} ep span A%(D). Let f = Z b;Ky,. Then

1=1
Bgm (ibm) :ibia(m K
1=1 1=1
Hence .
Bgm (Z bl-KAi> < Z|b I|G(A -0
1=1

as m — o0o. Thus B» — 0 in the strong operator topology. Consider the rank
one operator f ® g defined by (f ® g)(h) = (h, g)f. Notice that Bgm(f ® g) =
(Bgm f)®g. Since LF(A%(D)) = LC(A?*(D)), we obtain || Bgn K| — 0 as m —

Q. | |

Given A € D and f any measurable function on I, we define two functions
Cyrf and Uxf on D by Cxf(2) = f(éa(2)) and Urf(z) = kx(2)f(¢r(2)). The
map C'\ is a composition operator on various spaces. For example, C\ is a
bounded composition operator on L*(D,dA) and A*(D) for all A € D. Since
|ka|? is the real Jacobian determinant of the mapping ¢y, the operator Uy is
easily seen to be a unitary operator on L?(D,dA) and A*(D). It is also easy
to check that Uy = Uy, thus U, is a self adjoint unitary operator. Now since
ka(2)ka(¢a(2)) = 1 for each a € D, hence Uyk, = 1 and U, kyn, = ki, , where m,

/ 2
is the geodesic midpoint between 0 and a (see [14]), i.e, mq = % a

Further U.ky = kg_(w)-
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Theorem 3.7. Let z € D. Suppose M, = {kp_.(godm.) : g even, g € A%2(D)} is
a reducing subspace of the operator T € L(A?(D)). Then U, T =TU, and hence
U T U™ — T in the strong operator topology.

Proof. Let U, = P, — P} be the spectral decomposition of U,. From [14], it
follows that M, is the range space of P, and U,f = f if and only if P,f =
f for all f € A%(D). That is, U, f = f if and only if f € M,. Hence TU, = U,T
if and only if TP, = P,T. This is true if and only if M, is a reducing subspace
of T. Since U2 = I, the result follows. [ ]

Theorem 3.8. Let z € D, and m, be the geodesic midpoint between 0 and z .
Let ¢ = go¢rm,, where g is an even function in L= (D). Then U*ByU* — By
in the strong operator topology.

Proof. From [14], it follows that ¢od, = ¢ as ¢ = gop,,., g is even. Since
U.ByU, = Bgoy. = By and U2 = I; the result follows. m

For T € L(A%(D)), let T = Jp UaTU,dA(a), where the integral is taken in the
sense that ( ([, Us T UadA(a)) f,9) = [, (UaTUaf,g) dA(a). For ¢ € L>=(D),
we can define a function (E on D as follows:

3z) = / 0(6(2))dAW).

Theorem 3.9. If ¢ € L>®(D) is such that ¢ = ¢ then C"ByC* — By in the
strong operator topology.

Proof. Suppose ¢ € L (D) and (E = ¢. Then we have §¢ = Bj = By. Hence by
[14], Cu By = ByC, for all a € D. Since C? = I on A?(D), hence C"Bs,C™ — By
in the strong operator topology. [ ]
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