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Abstract. In this paper, we propose an implicit iterative algorithm with errors for a

finite family of asymptotically quasi-nonexpansive in the intermediate sense mappings

and establish some strong convergence theorems for said mappings to converge to

common fixed points in Banach spaces. The results presented in this paper improve

and extend the corresponding results of Liu [5, 6], Shahzad and Udomene [9], Yao and

Liou [12] and many others.
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1. Introduction

Let C be a nonempty subset of a real Banach space E. Let T : C → C be a
mapping. We use F (T ) to denote the set of fixed points of T , that is, F (T ) =
{x ∈ C : Tx = x}. Recall that a mapping T : C → C is said to be:
(a) nonexpansive if
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‖Tx − Ty‖ ≤ ‖x − y‖ ,

for all x, y ∈ C,
(b) quasi-nonexpansive if

‖Tx − p‖ ≤ ‖x − p‖ ,

for all x ∈ C and p ∈ F (T ),
(c) asymptotically nonexpansive if there exists a sequence {rn} ⊂ [0,∞) with
rn → 0 as n → ∞ such that

‖Tnx − Tny‖ ≤ (1 + rn) ‖x − y‖ , (1)

for all x, y ∈ C,
(d) asymptotically quasi-nonexpansive if (1) holds for all x ∈ C and y ∈ F (T );
(e) generalized quasi-nonexpansive with respect to {sn}, if there exists a sequence
{sn} ⊂ [0, 1) with sn → 0 as n → ∞ such that

‖Tnx − p‖ ≤ ‖x − p‖ + sn ‖x − Tnx‖ ,

for all x ∈ C, p ∈ F (T ) and n ≥ 1,
(f) generalized asymptotically quasi-nonexpansive [4] with respect to {rn} and
{sn} ⊂ [0, 1) with rn → 0 and sn → 0 as n → ∞ such that

‖Tnx − p‖ ≤ (1 + rn) ‖x− p‖ + sn ‖x − Tnx‖ ,

for all x ∈ C, p ∈ F (T ) and n ≥ 1.

Remark 1.1. From the above definition, it is clear that:
(i) a nonexpansive mapping is a generalized asymptotically quasi-nonexpansive

mapping;
(ii) a quasi-nonexpansive mapping is a generalized asymptotically quasi-

nonexpansive mapping;
(iii) an asymptotically nonexpansive mapping is a generalized asymptotically

quasi-nonexpansive mapping;
(iv) a generalized quasi-nonexpansive mapping is a generalized asymptotically

quasi-nonexpansive mapping.
However, the converse of the above statements is not true.

Recall also that a mapping T : C → C is said to be asymptotically quasi-

nonexpansive in the intermediate sense [12] provided that T is uniformly contin-
uous and

lim sup
n→∞

sup
x∈C, p∈F (T )

(

‖Tnx − p‖ − ‖x − p‖
)

≤ 0.

Remark 1.2. From the above definition, if F (T ) is nonempty, it is easy to see
that the generalized asymptotically quasi-nonexpansive mapping must be the
asymptotically quasi-nonexpansive in the intermediate sense mapping.
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It is well known that the concept of asymptotically nonexpansive mappings
was introduced by Goebel and Kirk [3] who proved that every asymptotically
nonexpansive self-mapping of nonempty closed bounded and convex subset of
a uniformly convex Banach space has a fixed point. In 1973, Petryshyn and
Williamson [8] gave necessary and sufficient conditions for Mann iterative se-
quence [7] to converge to fixed points of quasi-nonexpansive mappings. In 1997,
Ghosh and Debnath [2] extended the results of Petryshyn and Williamson [8]
and gave necessary and sufficient conditions for Ishikawa iterative sequence to
converge to fixed points for quasi-nonexpansive mappings.

Liu [6] extended results of [2, 8] and gave necessary and sufficient conditions
for Ishikawa iterative sequence with errors to converge to fixed point of asymp-
totically quasi-nonexpansive mappings.

In 2003, Zhou et al. [13] introduced a new class of generalized asymptotically
nonexpansive mappings and gave a necessary and sufficient condition for the
modified Ishikawa and Mann iterative sequences to converge to fixed points for
the class of mappings. Atsushiba [1] studied the necessary and sufficient condition
for the convergence of iterative sequences to a common fixed point of the finite
family of asymptotically nonexpansive mappings in Banach spaces. Suzuki [10]
discussed a necessary and sufficient condition for common fixed points of two
nonexpansive mappings and proved some convergence theorems for approximat-
ing a common fixed point.

Very recently, Yao and Liou [12] give a necessary and sufficient condition for
the iterative sequence to converge to the common fixed points for two asymp-
totically quasi-nonexpansive in the intermediate sense mappings. More precisely,
they proved the following:

Theorem 1.3. (Theorem YL) Let C be a nonempty closed convex subset of a

real Banach space E. Let T1, T2 : C → C be asymptotically quasi-nonexpansive

in the intermediate sense mappings such that F (T1) ∩ F (T2) 6= ∅. Let ωn ∈ C,

νn ∈ C be two bounded sequences. For any given x1 ∈ C, let the sequences {xn}
and {yn} be defined by the following:

yn = (1 − βn)ωn + βnTn
2 xn,

xn+1 = (1 − αn)νn + αnTn
1 yn, n = 1, 2, . . . .

Put

Gn = max
{

sup
p∈F (T1)∩F (T2) n≥1

(

‖Tn
2 xn − p‖ − ‖xn − p‖

)

∨ 0,

sup
p∈F (T1)∩F (T2) n≥1

(

‖Tn
1 yn − p‖ − ‖yn − p‖

)

∨ 0
}

.

Assume that
∑∞

n=1 Gn < ∞,
∑∞

n=1(1−αn) < ∞ and
∑∞

n=1(1−βn) < ∞. Then

the sequence {xn} converges strongly to a common fixed point p∗ of T1 and T2 if

and only if

lim inf
n→∞

d(xn, F (T1) ∩ F (T2)) = 0,
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where d(x, F (T1) ∩ F (T2)) denotes the distance between x and the set F (T1) ∩
F (T2).

It is our purpose to propose the implicit iterative algorithm with errors for
a finite family of asymptotically quasi-nonexpansive in the intermediate sense
mappings {Ti}N

i=1 and give a necessary and sufficient condition for the said
iterative sequence and mappings to converge to the common fixed points in
Banach spaces. Our results extend the corresponding results of [1, 2, 5, 6, 8, 9,
10, 12, 13] and many others.

2. Preliminaries

Let C be a nonempty closed convex subset of a real Banach space E. Let Ti : C →
C (i ∈ I = {1, 2, . . . , N}) be given mappings. For given x0 ∈ C, the sequence
{xn} in C defined iteratively by

x1 = α1x0 + β1T1x1 + γ1u1,

x2 = α2x1 + β2T2x2 + γ2u2,

...

xN = αNxN−1 + βNTNxN + γNuN ,

xN+1 = αN+1xN + βN+1T
2
1 xN+1 + γN+1uN+1 ,

...

x2N = α2Nx2N−1 + β2NT 2
Nx2N + γ2Nu2N ,

x2N+1 = α2N+1x2N + β2N+1T
3
1 x2N+1 + γ2N+1u2N+1,

...

which can be written in the following compact form:

xn = αnxn−1 + βnT k
i xn + γnun, (2)

where n = (k − 1)N + i, i ∈ I and each {un} is bounded sequence in C, {αn},
{βn}, {γn} be three appropriate real sequences in [0, 1] such that αn+βn+γn = 1
for n = 1, 2, . . . . Process (2) is called the implicit iterative algorithm with errors
for a finite family of mappings {Ti}N

i=1.

In the sequel, we need the following lemma for the main results in this paper.

Lemma 2.1. (see [11]) Let {an}, {bn} and {δn} be sequences of nonnegative real

numbers satisfying the inequality

an+1 ≤ (1 + δn)an + bn, n ≥ 1.

If
∑∞

n=1 δn < ∞ and
∑∞

n=1 bn < ∞, then limn→∞ an exists. In particular, if

{an} has a subsequence converging to zero, then limn→∞ an = 0.
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3. Main Results

Theorem 3.1. Let C be a nonempty closed convex subset of a real Banach

space E. Let Ti : C → C (i ∈ I = {1, 2, . . . , N}) be a finite family of

asymptotically quasi-nonexpansive in the intermediate sense mappings such that

F = ∩N
i=1F (Ti) 6= ∅. Let the implicit iterative algorithm with errors {xn} be

defined by (2). Put

An = max

{

sup
p∈F , n≥1

(

‖Tn
i xn − p‖ − ‖xn − p‖

)

∨ 0 : i ∈ I

}

. (3)

Assume that
∑∞

n=1 An < ∞,
∑∞

n=1 γn < ∞ and {βn} ⊂ (s, 1 − s) for some

s ∈ (0, 1
2
). Then the sequence {xn} converges strongly to a common fixed point

p∗ of the mappings {Ti}N
i=1 if and only if

lim inf
n→∞

d(xn,F) = 0,

where d(x,F) denotes the distance between x and the set F .

Proof. The necessity is obvious and so it is omitted. Now, we prove the sufficiency.
For any p ∈ F = ∩N

i=1F (Ti), from (2) and (3), we have

‖xn − p‖ =
∥

∥αnxn−1 + βnT k
i xn + γnun − p

∥

∥

=
∥

∥αn(xn−1 − p) + βn(T k
i xn − p) + γn(un − p)

∥

∥

≤ αn ‖xn−1 − p‖ + βn

∥

∥T k
i xn − p

∥

∥ + γn ‖un − p‖

≤ αn ‖xn−1 − p‖ + βn(‖xn − p‖ + An)

+γn ‖un − p‖

= αn ‖xn−1 − p‖ + (1 − αn − γn) ‖xn − p‖ + βnAn

+γn ‖un − p‖

≤ αn ‖xn−1 − p‖ + (1 − αn) ‖xn − p‖ + An

+γn ‖un − p‖ . (4)

Since limn→∞ γn = 0, there exists a natural number n1 such that for n > n1,
γn ≤ s

2 . Hence

αn = 1 − βn − γn ≥ 1 − (1 − s) −
s

2
=

s

2
,

for n > n1. Thus, we have from (4) that

αn ‖xn − p‖ ≤ αn ‖xn−1 − p‖ + An + γn ‖un − p‖ ,

and

‖xn − p‖ ≤ ‖xn−1 − p‖+
An

αn

+
γn

αn

‖un − p‖
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≤ ‖xn−1 − p‖+
2

s
An +

2γn

s
‖un − p‖

≤ ‖xn−1 − p‖+
2

s
An +

2γn

s
M, (5)

where M = supn≥1{‖un − p‖}, since {un} is a bounded sequence in C. This
implies that

d(xn,F) ≤ d(xn−1,F) + Dn,

where Dn = 2
s
An + 2γn

s
M . Since by assumption of the theorem,

∑∞

n=1 An < ∞
and

∑∞

n=1 γn < ∞, it follows that
∑∞

n=1 Dn < ∞. Therefore, from Lemma 2.1,
we know that limn→∞ d(xn,F) exists. Because lim infn→∞ d(xn,F) = 0, then

lim
n→∞

d(xn,F) = 0.

Next we prove that {xn} is a Cauchy sequence in C. It follows from (5) that for
any m ≥ 1, for all n ≥ n0 and for any p ∈ F , we have

‖xn+m − p‖ ≤ ‖xn+m−1 − p‖ +
2

s
An+m +

2M

s
γn+m

≤ ‖xn+m−2 − p‖ +
2

s
[An+m + An+m−1]

+
2M

s
[γn+m + γn+m−1 ]

≤ . . .

≤ ‖xn − p‖ +
2

s

n+m
∑

k=n+1

Ak +
2M

s

n+m
∑

k=n+1

γk.

So we have

‖xn+m − xn‖ ≤ ‖xn+m − p‖ + ‖xn − p‖

≤ 2 ‖xn − p‖ +
2

s

n+m
∑

k=n+1

Ak +
2M

s

n+m
∑

k=n+1

γk.

Then, we have

‖xn+m − xn‖ ≤ 2d(xn,F) +
2

s

n+m
∑

k=n+1

Ak +
2M

s

n+m
∑

k=n+1

γk, ∀n ≥ n0.

For any given ε > 0, there exists a positive integer n1 ≥ n0 such that for any
n ≥ n1,

d(xn,F) <
ε

6
,

n+m
∑

k=n+1

Ak <
sε

6
,

and
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n+m
∑

k=n+1

γk <
sε

6M
.

Thus, when n ≥ n1, we have

‖xn+m − xn‖ < 2.
ε

6
+

2

s
.
sε

6
+

2M

s
.

sε

6M
= ε.

This implies that {xn} is a Cauchy sequence in C. Thus, the completeness of
E implies that {xn} must be convergent. Assume that limn→∞ xn = p∗. Now,
we have to show that p∗ is a common fixed point of the mappings {Ti : i ∈ I}.
Indeed, we know that the set F = ∩N

i=1F (Ti) is closed. From the continuity of
d(x,F), limn→∞ d(xn,F) = 0 and limn→∞ xn = p∗, we get

d(p∗,F) = 0,

and so p∗ ∈ F , that is, p∗ is a common fixed point of the mappings {Ti}N
i=1.

This completes the proof.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Banach

space E. Let Ti : C → C (i ∈ I = {1, 2, . . . , N}) be a finite family of

asymptotically quasi-nonexpansive in the intermediate sense mappings such that

F = ∩N
i=1F (Ti) 6= ∅. Let the implicit iterative algorithm with errors {xn} be

defined by (2). Put

An = max
{

sup
p∈F , n≥1

(

‖Tn
i xn − p‖ − ‖xn − p‖

)

∨ 0 : i ∈ I
}

.

Assume that
∑∞

n=1 An < ∞,
∑∞

n=1 γn < ∞ and {βn} ⊂ (s, 1 − s) for some

s ∈ (0, 1
2). Then the sequence {xn} converges strongly to a common fixed point

p∗ of the mappings {Ti}N
i=1 if and only if there exists a subsequence {xnj

} of

{xn} which converges to p∗.

Proof. The proof of Theorem 3.2 follows from Lemma 2.1 and Theorem 3.1.

Remark 3.3. Theorem 3.1 extends Theorem 3.3 of Yao and Liou [12] to the
case of implicit iterative algorithm with errors for a finite family of mappings
considered in this paper.

Remark 3.4. Our results also extend, improve and unify the corresponding re-
sults of [1, 2, 5, 6, 8, 9, 10, 13]. Especially Theorem 3.1 extends, improves and
unifies Theorems 1 and 2 in [6], Theorem 1 in [5] and Theorem 3.2 in [9] in the
following ways:

(i) The asymptotically quasi-nonexpansive mapping in [5], [6] and [9] is re-
placed by asymptotically quasi-nonexpansive in the intermediate sense map-
pings.

(ii) The usual Ishikawa iteration scheme in [5], the usual modified Ishikawa
iteration scheme with errors in [6] and the usual modified Ishikawa iteration
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scheme with errors for two mappings are extended to the implicit iterative algo-
rithm with errors for a finite family of mappings.

Remark 3.5. Theorem 3.2 extends, improves and unifies Theorem 3 in [6] in
the following aspects:

(i) The asymptotically quasi-nonexpansive mapping in [6] is replaced by
asymptotically quasi-nonexpansive in the intermediate sense mappings.

(ii) The usual modified Ishikawa iteration scheme with errors in [6] is extended
to the implicit iterative algorithm with errors for a finite family of mappings.
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