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Abstract. The objective of the present paper is to define the class 7\"(a,7) using
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1. Introduction

Let A denote the class of all analytic univalent functions of the form
fz)=2+ Z 2™ (1)
m=2

defined in the unit disc U = {z: |z] < 1}.

Let 7 denote the subclass of A in U, consisting of analytic functions whose
non-zero coefficients from the second onwards are negative. That is, an analytic
function f € 7 if it has a Taylor expansion of the form
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) =2=) amz™ (am >0) (2)

which are univalent in the open disc U.

For f € A, Salagean [6], introduced the following operator S™ which is called
the Salagean differential operator.

SUf(2) = f(2),  S'f(2) = 2f'(2),

S"f(z) = S(S"7 f(2)), (n € No).
We note that for f € A,

S"f(z) =z + Z m"anz™, (n € Np).
m=2

For n € Ny and A >0, let D} [3] denote the linear operator defined by
DYy:A— A

such that
Dy f(z) =1 —=NS"f(z) + \R"f(2), z€lU,

where S™ is the Salagean differential operator, and R™ is the Ruscheweyh dif-
ferential operator [5] defined by

Rf(2) = f(2), R'f(2) = =2f'(2),
with recurrence relation given by
(n+ 1)R"™ f(2) = 2[R"f(2)]' + nR"f(2) (2 €U).

For f € A given by (1)

R'"f(z) =z+ Z (n_|_;;_1>amzm.
m=2

Notice that DY is a linear operator and for f € A of the form (1), we have
;\lf(z) =z+ Z B)\(ma n)amzma (3)
m=2
where
n n
By(m,n) = [(1 —A)m" + A (n—!—m— 1)] .

It is observed that for n = 0,
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DY F(2) = (1= NS S(2) + ARS() = f(=) = S°f(2) = RS (2),

and for n =1,
DYf(2) = (1= NS'f(2) + AR (=) = 2'() = §*f(2) = R f(2).

Now using D} linear operator, we define the following subclass of 7.

T (v, ) is the subclass of 7 consisting of functions which satisfy the condition
DTL /
%{ BT/ — }M,
v2(D3f) + (1 =)Dy f

for some «, 7y, (0 < @,y < 1) and n € Ny.

For different parametric values of A\, mn, we get the classes studied by
Mostafa [4].

2. Main Results

Theorem 2.1. A function f defined by (2) is in the class T, (a, ) if and only
if

ZBA(m,n)am[m—a—i-av—avm] <1l-aq, (4)
m=2
where o, v (0 < a,v<1) and n € Ny.

Proof. Suppose f € T*(a, ). Then

(D} f) }
R o
{vzww Fa—ponff

o0
z— Z By(m,n)ma,,z™
R m=2 > a.

v [z — Z By(m,n)mam,nz"| + (1 —7) lz — Z BA(m,n)amzm]

m=2 m=2

z— Z mBy(m, n)a,z"
R = m=2 > a.
z— Z By(m,n)amz™ [y(m — 1) + 1]

m=2

Letting z — 1 then we get

m=2 m=2

1- Z Bx(m,n)amm > « {1 - Z Bx(m,n)am [y(m —1) + 1]} ,
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Z By(m,n)amm — « Z By(m,n)am, [y(m —1)+1] < (1 — ),

m=2 m=2
Z Byx(m,n)am, [m —aym+ay —a] < (1 — a).
m=2

Conversely, assume that (4) is true. We have to show that ( 3) is satisfied or

equivalently
2(DRf) } ’
—-1l<1l—-a.
H”YZ(D’;J“)’ + 1 =)Dy f

But
z— Z mBy(m, n)a,z"
m=2
-1

z— Z By(m,n)amz" [y(m — 1) + 1]

m=2

Z By(m,n)am(m—1)(y —1)z™

z— Z Byx(m,n)am,[y(m —1) + 1]z™

m=2

o0

> Balmyn)agm(m —1)(y = 1)|2"|

=< =
|21 = Y Ba(m, n)an[y(m — 1) + 1]z
> Ba(m,n)am(m —1)(y — 1)
< m=2

1— " By(m,n)am[y(m — 1) + 1]

m=2

The last expression is bounded above by 1 — « if

> Ba(m,n)am(m—1)(y—1) < (1-a) (1 =Y Ba(m,n)am[y(m —1) + 1]) ,

m=2 m=2
or

Z By(m,n)amm —a+ay—aym] <1-—aq,
m=2

which is true by hypothesis. This completes the assertion of Theorem 2.1. [ ]

For parametric value A = 0 we get the following result studied by Dileep and
Latha [2].
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Corollary 2.2. A function f defined by (2) is in the class T,(«, ) if and only
if

o0
Zm"am[m—a+a”y—a”ym]<1—a,
m=2

where a, v (0 < a,y < 1) and n € Np.

For parametric values n = 0 and n = 1 in Corollary 2.2, we have the following
result of Mostafa [4] respectively.

Corollary 2.3. (a) A function f(z) defined by (2) is in the class T (7, a) if and
only if
Z(m—”yam—a—i—”ya}am <l-a.

m=2

(b) A function f(z) defined by (2) is in the class C(v, &) if and only if

o0
Z m(m —yam — a + ya)a, <1-—a.
m=2

Corollary 2.4. If f € T'(«a,7y) then

l1—«

|am| < .
By(m,n)[m —aym + ay — a]

Theorem 2.5. Let 0 < a<1,0< v <y <1, n €Ny, then
T3 (o, 72) € T (a,m)-

Proof. From Theorem 2.1,

o0 o0
> Ba(m,n)[m—avam+ oy —alam < > Ba(m,n)[m—amm+amn — o] an
m=2 m=2

<

—~

1- O[),
for f(z) € T'(a,y2). Hence f(z) € T (v, 11). [ |

Theorem 2.6. Let f(z) € 7' (a, ). Define fi(z) =z and

-«
m = m, :2,3,...,
fm(z) =2+ By(m,n) [m—avm—i—a”y—a]z "

for somea, v (0<~vy<1),neNgandzeclU. f €T a,v) if and only if f can

o0 o0

be expressed as f(z) = Z o fm (2), where p, >0 and Z tm = 1.
m=1

m=1



408 L. Dileep and S. Latha

Proof. It f(z Z o fm(2) with Z tm =1, pm, > 0, then

m=1

B)\mn —a'ym+a~)/_a'um
Z B)\ m n —orym-l,-ory_a @ Z'u a ( Nl)( Oz)

Hence f € T*(a, 7).

Conversely, let f(z) = z — Z amz™ € T* (o, ), define

m=2

~ Ba(m,n) [m — aym + ay — ] |an|
,u’m_ (1-0[) )

=2,3,...

3

and define pu; =1 — Z tm- From Theorem 2.1, Z tm < 1 and so uy > 0.

m=2

Since fim fin(2) = pm f + amz", Z tn fm(2) = 2 — Z amz™ = f(2). u
m=1 m=2

Theorem 2.7. The class T*(a, ) is closed under convex linear combination.

Proof. Let f, g € T"(c,7y) and let

o0 o0
z)=z— Zamzm, g(z) =2z — mezm
m=2 m=2

For n such that 0 < n < 1, it suffices to show that the function defined by
h(z) = (1 —=n)f(z) +ng(z), z € U belongs to 7T,*(a, 7). Now

Z M) + Nbm]2™

m=2

Applying Theorem 2.1to f, g € 7,'(a, ), we have
> Ba(m,n) [m—aym +ay — o] [(1 = n)am + 1by]
—0)' S Ba(m,n) [;m — aym + ay — ol ap

+nZB>\(m,n) [m — aym + ay — al by,

m=2

<A-n-a)+nld-a)=(1-a)
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This implies that h € 7" (e, 7). [ |

Corollary 2.8. If fi, fo are in T*(c,7y) then the function defined by g(z) =
1 . .
S[f1(2) + fa(2)] is also in T3 (a, ).

Theorem 2.9. Let for j =1,2,...,m, f;(z) =z — Z am,;2" € T\ (a,y) and

m=2

0 <~; <1 such that Z”yj =1, then the function F(z) defined by
j=1

z) = Z”ijj(z)

is also in T" (a, 7).

Proof. For each j € {1,2,3,...,m} we obtain

Z Byx(m,n)[m — aym + ay — al|an| < (1 —«).

Since - m
Z% 2= Z am 2" = 2= YL (3 viam)2"
m=2 j=1
ZBA m,n) [m—aym+ ay — o] Z%amvﬂ'
j=1
Z ZBA(m,n) [m — aym + ay — @]
S
j=
<(1-a)
Therefore F(z) € T, (v, 7). [

For f € U we define the integral transform

1

e = [unfEa,

0
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where p is a real valued nonnegative weight function normalized so that

1

J udt = 1. Some special cases of p(t) are particularly interesting as

0

wu(t) = (1 + ¢)t, ¢ > —1, for which V, is known as the Bernardi operator and

1" " !
u(t) = (C/Iﬁ; t¢ (1og ;) ,c>—1, n>0,

which gives Komato operator.
Theorem 2.10. Let f(z) € T,'(a,y). Then V,(f) € T, (ax, 7).

Proof. By definition, we have

Vu(f)(z) = e 17 /1(—1)771tc (1og %)nl (z - i amzmtm1> dt
0 m=2

w(n)

1
_1)yn-1 n e
= EDT e+ 1) lim /tc(logt)”*l <z - Z amzmtm1> dt
P m=2

We need to prove that

c+m

i (C+1)an(m,n)[m—avm+av—a]am<1—a. (5)

m=2

On the other hand, from Theorem 2.1 we have

Z Byx(m,n)[m —aym +avy —ala, <1—«a.
m=2

1 n
Hence ( C+ ) < 1. Therefore, (5) holds. Hence the proof is complete. [ ]
c+m

Theorem 2.11. Let f € T'(a,7), then V,(f) is starlike of order 8, [ € [0, 1]
in |z| < Ry, where

Ki n;)” (1-B)m o j(f‘j;)awm’”) —

Rl = inf

n

Proof. 1t is sufficient to prove



Salagean-Ruscheweyh Operator 411

Viuf(2) > c+1\"
1-— Z ( ) amz™ 1
c+m

O _|ic

m=2
[e7e] 1 n
EZOn—1>(C+ ) Q2
— c+m
oy (Y
— am |2
c+m

The last expression is less than 1 — 3, since

me1 c+m\" (1 - pB)[m — aym+ ay —a]Bx(m,n)
. S(c+1> (m—B)(1 —a) |

Hence the proof is finished. [ ]

Using the fact that f is convex if and only if zf’ is starlike, we obtain the
following;:

Theorem 2.12. Let f € T*(«, ), then V,(f) is convex of order 8, 3 € [0,1]
in |z| < Ry where

Ry = inf Kii”f)n 1-6 [mn—l(j;ﬂ_n;)av_—ac;]Bx(m, n)] T |

Theorem 2.13. Let f € 7' (o, %), then for every 0 < ¢ < 1 the function

n

Hs(z) = (1 — 8)f(2) + 5/ @dt
0

belongs to T, (v, 7).

o0

Proof. We have Hs(z) = z — Z (1 + L 5) amz"™. Since (1 + L 5) <1,
— m m
m > 2, so by Theorem 2.1,

Z (1—1—%—5) Bx(m,n) [m — aym + ay — o] ap,
m=2
< Z By(m,n)[m —aym + ay — a] am
m=2
<(1-a).

Therefore H;(z) € 7" (e, 7). [
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