
Vietnam Journal of Mathematics 38:4(2010) 425-433

 

� �� ���� � �	 
���

��


����
�� �� �

 © VAST 2010 

  

 

 

 

 

 

 

 

 

Behavior of the Sequence of Norms of Primitives

of a Function in Lorentz Spaces?

Ha Huy Bang1 and Bui Viet Huong2

1Institute of Mathematics, 18 Hoang Quoc Viet road, 10307 Hanoi, Vietnam

2College of Sciences, Thai Nguyen University, Thai Nguyen, Vietnam

Received August 16, 2010

Abstract. Let f ∈ NΨ (R) and Inf ∈ NΨ (R), for all n = 1, 2, . . .. Then

lim
n→∞

‖In
f‖

1/n
NΨ (R) = σ

−1
,

where σ := inf{|ξ| : ξ ∈ supp bf}, ‖.‖NΨ (R) is the norm in Lorentz space NΨ (R), and
for g ∈ S′(R), the tempered generalized function Ig is a primitive of g if D(Ig) = g,
that is

〈Ig, ϕ
′〉 = −〈g, ϕ〉, ∀ϕ ∈ S(R)

and S(R) is the Schwartz space of rapidly decreasing functions.

In other words, in this paper we characterize behavior of the sequence of NΨ (R)-norms

of primitives of a function by its spectrum (the support of its Fourier transform).
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1. Introduction

It was proven in [2] the following result: Let 1 ≤ p ≤ ∞ and f(n) ∈ Lp(R),

n = 0, 1, 2, . . .. Then there always exists the limit lim
n→∞

‖f(n)‖
1
n
p and
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lim
n→∞

‖f(n)‖
1
n
p = σf = sup{|ξ| : ξ ∈ suppf̂},

where f̂ is the Fourier transform of f.

This theorem shows that behavior of the sequence ‖f(n)‖
1
n
p is completely char-

acterized by the spectrum of f . This result was studied by many authors such
as V. K. Tuan, N. B. Andersen, J. J. Betancor, and J. D. Betancor,... (see [1-14,
16, 17, 19, 20]).

It is natural to ask what will happen when we replace derivatives by integrals.
With p = 2, V. K. Tuan proved the following result in [21]: Let f ∈ L2(R) and

σ = inf{|ξ| : ξ ∈ suppf̂} > 0.

Then there exists Inf, Inf ∈ L2(R) for all n, and

lim
n→∞

‖I(n)f‖
1
n

2 = σ−1,

where by suppf̂ or the spectrum of f we denote the smallest closed set outside

which f̂ vanishes a.e.

H. H. Bang and V. N. Huy proved this result for Lp-spaces for all 1 ≤ p ≤ ∞
(see [15]).

In this paper, we solve the problem for Lorentz spaces NΨ (R). For this pur-
pose, we need a notion of primitive of a generalized function. Let f ∈ S′(R). The
tempered generalized function If is called the primitive of f if D(If) = f , that
is

〈If, ϕ′〉 = −〈f, ϕ〉, ∀ϕ ∈ S(R).

Note that the notation of primitive of a generalized function in D
′

(a, b), a, b ∈ R

can be found in [22], here we define it for tempered generalized functions in
S

′

(R).

The Fourier transform of a tempered generalized function f ∈ S′(R) is defined
by the formula

〈Ff, ϕ〉 = 〈f, Fϕ〉, ∀ϕ ∈ S(R),

where Fϕ or ϕ̂(ξ) =
1√
2π

∫
Rn

e−ixξϕ(x)dx, is the Fourier transform of ϕ.

2. Main Result

Let Ψ : [0,∞) → [0,∞] be a non-zero concave function, which is non-decreasing
and Ψ(0) = 0. Denote by NΨ (R) the set of all measurable functions f such that

‖f‖NΨ =

∞∫

0

Ψ
(
λf (y)

)
dy <∞,
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where λf(y) = mes{x : |f(x)| > y}, (y ≥ 0), and by MΨ (R) the set of all
measurable functions g such that

‖g‖MΨ
= sup

{ 1

Ψ(mes ∆)

∫

∆

|g(x)|dx : ∆ ⊂ R, 0 < mes ∆ <∞
}
<∞.

Then Lorentz spaces NΨ (R) and MΨ (R) are Banach spaces.

We state now our main result:

Theorem 2.1. Suppose f ∈ NΨ (R) and Inf ∈ NΨ (R), for all n = 1, 2, . . .. Then

lim
n→∞

‖Inf‖1/n
NΨ (R)

= σ−1,

where

σ := inf{|ξ| : ξ ∈ suppf̂}.

To prove the above theorem, we need the following results:

Lemma 2.2. [15] Let δ > 0 and h ∈ C∞(R) satisfy

{
|h(ξ)| + |h ′(ξ)| + |h ′ ′(ξ)| < C <∞, ∀ξ ∈ R

h(ξ) = 0, ∀ξ ∈ (−δ, δ).

Then

lim
n→∞

∥∥∥∥F
h(ξ)

(iξ)n

∥∥∥∥
1/n

1

≤ 1

δ
.

Lemma 2.3. [18] Let f ∈ NΨ (R) and g ∈MΨ (R), we have

∣∣∣∣
∫

R

f(x)g(x)dx

∣∣∣∣ ≤ ‖f‖NΨ (R)‖g‖MΨ (R).

Lemma 2.4. [18] Let f ∈ NΨ (R), then

‖f‖NΨ (R) = sup
{g∈MΨ (R):‖g‖MΨ (R)≤1}

∣∣∣∣
∫

R

f(x)g(x)dx

∣∣∣∣.

or

‖f‖NΨ (R) = sup
{g∈MΨ (R):‖g‖MΨ (R)≤1}

|〈f, g〉|.

Let us now prove our theorem.

Proof of Theorem 2.1. First we show S ⊂MΨ (R). For any ϕ ∈ S we have

‖f‖NΨ (R) = sup

{
1

Ψ(mes(E))

∫

E

|ϕ(x)|dx : E ⊂ R, 0 < mes(E) <∞
}
.
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If 1 < mes(E) <∞ then

1

Ψ(mes(E))

∫

E

|ϕ(x)|dx ≤ ‖ϕ‖1

Ψ(mes(E))
≤ ‖ϕ‖1

Ψ(1)

because Ψ(x) is a non-decreasing function on R+.
If 0 < mes(E) < 1 then

1

Ψ(mes(E))

∫

E

|ϕ(x)|dx ≤ ‖ϕ‖∞
mes(E)

Ψ(mes(E))
≤ ‖ϕ‖∞

1

Ψ(1)
.

because
x

Ψ(x)
is an increasing function.

Hence,

‖f‖NΨ (R) ≤
max{‖ϕ‖∞, ‖ϕ‖1}

Ψ(1)
<∞.

So, S ⊂MΨ (R).
Next we prove

‖f‖NΨ (R) = sup
{g∈S:‖g‖MΨ (R)≤1}

|〈f, g〉|.

Indeed, by Lemma 2.4 we have

‖f‖NΨ (R) = sup
{g∈MΨ (R):‖g‖MΨ (R)≤1}

∣∣∣∣
∫

R

f(x)g(x)dx

∣∣∣∣.

Therefore, for any ε > 0 there exists a function g ∈ MΨ (R) : ‖g‖MΨ (R) ≤ 1 such
that ∣∣∣∣

∫

R

f(x)g(x)dx

∣∣∣∣ > ‖f‖NΨ (R) − ε.

We choose a number M > 0 such that
∣∣∣∣

∫

|x|≤M

f(x)g(x)dx

∣∣∣∣ > ‖f‖NΨ (R) − 2ε.

Put

h = χ[−M,M ]g,

ω(x) =

{
C1e

1

x2−1 if |x| < 1

0 if |x| ≥ 1

where C1 is defined by ‖ω‖NΨ (R) = 1, and

ψλ = h ∗ ωλ, λ > 0,
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with ωλ(x) :=
1

λ
ω

(
x

λ

)
.

Then ψλ ∈ S, ‖ψλ‖MΨ (R) ≤ ‖h‖MΨ(R).‖ψλ‖1 and

lim
λ→0

∫

R

f(x)ψλ(x)dx =

∫

R

f(x)h(x)dx.

Therefore, ∣∣∣∣
∫

R

f(x)ψλ(x)dx

∣∣∣∣ > ‖f‖NΨ (R) − 3ε

for some λ > 0 and ψλ ∈ S : ‖ψλ‖MΨ (R) ≤ 1.
Because ε > 0 is arbitrarily chosen, we get

‖f‖NΨ (R) = sup
{g∈S:‖g‖MΨ (R)≤1}

|〈f, g〉|.

Now we split the proof into two cases.

Case 1. σ > 0. Let us first prove

supp Înf = supp f̂ , n = 1, 2, . . . , (1)

where f̂ = Ff is the Fourier transform of f . In fact, since DnInf = f we have

f̂ = D̂nInf = (ix)nÎnf.

Therefore,

supp Înf ⊂ suppf̂ ∪ {0}.

So, to prove (1), it is enough to show 0 6∈ supp Înf . We choose a number 0 <
a < σ and a function h ∈ C∞

0 (−σ, σ) such that h(x) = 1 in (−a, a). Then

supp h Înf ⊂ {0}.

Suppose supph Înf = {0}. Then h Înf is a generalized function with point
support. So, there is a number Nn ∈ N such that

h Înf =

Nn∑

j=0

cNnj Djδ,

where δ is the Dirac function defined by < δ, ϕ >= ϕ(0) for all ϕ ∈ S.

Hence, F−1h ∗ Inf =
1√
2π

Nn∑
j=0

cNnj (−ix)j . Since Inf ∈ NΨ (R) and F−1h ∈

MΨ (R) we have F−1h ∗ Inf ∈ L∞(R) and then
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F−1h ∗ Inf(x) =
1√
2π
cNn0 , n = 1, 2, . . . .

Note that

F−1h∗Inf(x) = F−1h∗(In+1f)′(x) = (F−1h∗In+1f(x))′ =

(
1√
2π

c
Nn+1

0

)′

≡ 0.

So, h Înf = 0. Now we assume the contrary that 0 ∈ suppÎnf . Then there

always exists a function ϕ ∈ C∞
0 (−a, a) such that 〈Înf, ϕ〉 6= 0. Since h(x) = 1

in (−a, a) we get

0 6= 〈Înf, ϕ〉 = 〈Înf, h ϕ〉 = 〈h Înf, ϕ〉 = 0,

which is impossible. Thus we have (1) or

Înf ⊂ R \ (−σ, σ).

Further, for any 0 < ε < σ, we choose a function h ∈ C∞(R) satisfying

{
h(x) = 1 ∀x 6∈ (−(σ − ε

2), σ − ε
2),

h(x) = 0 ∀x ∈ (−(σ − ε), σ − ε).

Let ϕ ∈ S(R) . We put g(x) = ϕ(x) − (F (F−1(ϕ).h))(x) and ψ = F (F−1(ϕ).h).
Then

〈Inf, ϕ〉 = 〈Inf, ψ〉. (2)

Because ψ̂ = 0 in (−(σ − ε), σ − ε), it is clear that

ψn(x) =
1√
2π

∫

R

eixξ ψ̂(ξ)

(iξ)n
dξ.

Then ψn(x) ∈ S(R) and Dnψn = ψ. Therefore,

|〈f, ψn〉| = |〈Dn(Inf), ψn〉| = |〈Inf,Dnψn〉| = |〈Inf, ψ〉|,

which together with (2) imply

|〈Inf, ϕ〉| = |〈f, ψn〉|. (3)

Since ψ = F (F−1(ϕ).h) we get ψ̂(ξ) = F−1(ϕ)(−ξ).h(−ξ). We obtain for n ≥ 3

ψn = F−1(F (ψn)) = F−1

(
ψ̂(ξ)

(iξ)n

)
= F−1

(
(F−1(ϕ))(−ξ). h(−ξ)

(iξ)n

)

= F

(
(F−1(ϕ))(ξ).

h(ξ)

(−iξ)n

)
=

1√
2π

ϕ ∗ F
(

h(ξ)

(−iξ)n

)
.
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which together with (3) imply

|〈Inf, ϕ〉| = |〈f, ψn〉| =
1√
2π

∣∣∣∣
〈
f, ϕ ∗ F

(
h(ξ)

(iξ)n

)〉∣∣∣∣.

By virtue of Lemma 2.2, we have

lim
n→∞

∥∥∥∥F
h(ξ)

(iξ)n

∥∥∥∥
1/n

1

≤ 1

σ − ε
.

On the other hand, it follows from ϕ ∈MΨ (R) and F
h(ξ)

(iξ)n
∈ L1(R) that

ϕ ∗ F h(ξ)

(iξ)n
∈MΨ (R).

If ‖ϕ‖MΨ(R) ≤ 1 then

∥∥∥∥ϕ ∗ F h(ξ)

(iξ)n

∥∥∥∥
MΨ(R)

≤ ‖ϕ‖MΨ(R).

∥∥∥∥F
h(ξ)

(iξ)n

∥∥∥∥
1

≤
∥∥∥∥F

h(ξ)

(iξ)n

∥∥∥∥
1

.

Therefore,

‖Inf‖NΨ (R) = sup
{ϕ∈S: ‖ϕ‖MΨ (R)≤1}

|〈Inf, ϕ〉| =
1√
2π

sup
{ϕ∈S: ‖ϕ‖MΨ (R)≤1}

∣∣∣∣
〈
f, ϕ ∗ F h(ξ)

(iξ)n

〉∣∣∣∣

≤ 1√
2π

sup
{ ‖t‖MΨ (R)≤‖F

h(ξ)
(iξ)n ‖1}

|〈f, t〉| =
1√
2π

‖f‖NΨ (R).

∥∥∥∥F
h(ξ)

(iξ)n

∥∥∥∥
1

.

So, we obtain

lim
n→∞

‖Inf‖1/n
NΨ (R) ≤

1

σ − ε

and then

lim
n→∞

‖Inf‖1/n
NΨ (R) ≤

1

σ
(4)

by letting ε→ 0.
On the other hand, without loss of generality we can assume that

σ = inf{ξ : 0 < ξ ∈ suppf̂}.

Hence there exists a function ϕ(x) ∈ C∞
0 (σ−ε, σ+ε) such that 〈f̂ , ϕ〉 6= 0. Then

0 6= 〈f̂ , ϕ〉 = 〈f, ϕ̂〉. Therefore,

|〈f, ϕ̂〉| = |〈Dn(Inf), ϕ̂〉| = |〈Inf,Dnϕ̂〉| ≤ ‖Inf‖Nψ(R). ‖Dnϕ̂‖MΨ(R).

So, since ϕ(x) = 0 for all x /∈ (−(σ + ε), σ + ε), using the following result in [9]:
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lim
n→∞

‖Dnϕ̂‖1/n
Mψ(R) ≤ σ + ε,

and letting ε→ 0 we have

lim
n→∞

‖Inf‖1/n
Nψ(R) ≥

1

σ
. (5)

Combining (4) and (5), we arrive at

lim
n→∞

‖Inf‖1/n
NΨ (R) = σ−1.

Case 2. σ = 0. Since σ = 0, 0 ∈ suppf̂ . Hence, for any ε > 0 there is a function
ϕ(x) ∈ C∞

0 (−ε, ε) such that 〈f̂ , ϕ〉 6= 0. Then arguing as just above, we obtain

lim
n→∞

‖Inf‖1/n
Nψ(R) ≥ lim

n→∞
‖Dnϕ̂‖−1/n

Mψ(R) ≥
1

ε

and then
lim

n→∞
‖Inf‖1/n

Nψ(R) = ∞.

So, we always have

lim
n→∞

‖Inf‖1/n
Nψ(R)

= σ−1.

The theorem is proved.
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