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Abstract. Let f € Ny(R) and I" f € Ny(R), for all n =1,2,.... Then

. n 1/n —1
Tim 1) =0

where o := inf{|§| : £ € suppf}, |-l vy (r) is the norm in Lorentz space Ny (R), and
for g € S’(R), the tempered generalized function Ig is a primitive of g if D(Ig) = g,

that is
(Ig,¢")y =—(g,¢), Vo€ SR)

and S(R) is the Schwartz space of rapidly decreasing functions.
In other words, in this paper we characterize behavior of the sequence of Ng(R)-norms
of primitives of a function by its spectrum (the support of its Fourier transform).
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1. Introduction

It was proven in [2] the following result: Let 1 < p < oo and f™ € L,(R),

1
n=0,1,2,.... Then there always exists the limit lim ||| 5 and
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1 N
dim [[f™)]lf = oy =sup{|¢]: € € supp/},

where f is the Fourier transform of f.

This theorem shows that behavior of the sequence || () Hp% is completely char-
acterized by the spectrum of f. This result was studied by many authors such
as V. K. Tuan, N. B. Andersen, J. J. Betancor, and J. D. Betancor,... (see [1-14,
16, 17, 19, 20)).

It is natural to ask what will happen when we replace derivatives by integrals.
With p = 2, V. K. Tuan proved the following result in [21]: Let f € L2(R) and

o = inf{|¢|: € € suppf} > 0.

Then there exists I™f, I f € La(R) for all n, and
lim (105 =0,

where by suppf or the spectrum of f we denote the smallest closed set outside
which f vanishes a.e.

H. H. Bang and V. N. Huy proved this result for L,-spaces for all 1 < p < oo
(see [15]).

In this paper, we solve the problem for Lorentz spaces Ny (R). For this pur-
pose, we need a notion of primitive of a generalized function. Let f € S’(R). The
tempered generalized function I f is called the primitive of f if D(If) = f, that
is

<Ifa¢/>:_<fa</7>a V(pGS(R)

Note that the notation of primitive of a generalized function in D (a,b),a,beR
can be found in [22], here we define it for tempered generalized functions in
S (R).

The Fourier transform of a tempered generalized function f € S'(R) is defined
by the formula

<Ffa</7>:<faF<P>a V(pGS(R),

where Fy or ¢(§) e~ @8 p(x)dr, is the Fourier transform of ¢.

1
B vV 2 Rn

2. Main Result

Let & : [0,00) — [0, 00] be a non-zero concave function, which is non-decreasing
and ¥(0) = 0. Denote by Ng(R) the set of all measurable functions f such that

o0

Hﬁm:/WM@WKm,

0
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where A\f(y) = mes{x : |f(z)| > y}, (y > 0), and by Mg (R) the set of all
measurable functions g such that

1
HgHszsup{m‘/M(xﬂd:c: ACR, O<mesA<oo}<oo.
A

Then Lorentz spaces Ny (R) and My (R) are Banach spaces.

We state now our main result:

Theorem 2.1. Suppose f € Ny(R) and I f € Ny (R), for alln =1,2,.... Then

. n 1/n _
Tim |1y =0

where

o:=inf{|¢]|: € € suppf}.

To prove the above theorem, we need the following results:

Lemma 2.2. [15] Let § > 0 and h € C**(R) satisfy

RO+ [P +[R7(€)] < C < oo, VEER
h(€) =0, V& € (—4,0).

Then
1/n

1
1 g '

IN

lim
nﬁmHF@@"

Lemma 2.3. [18] Let f € Ng(R) and g € My (R), we have

] [ @tyts| < 17l ol e
R
Lemma 2.4. [18] Let f € Ny (R), then
1 ey = sup / F(@)g(x)dx].
{9€Mu (R):||gllary my<1} 5
or
1 v ) = sup rg)l-

{9e My (R):[lgll nrg w) <1}
Let us now prove our theorem.
Proof of Theorem 2.1. First we show S C My (R). For any ¢ € S we have

1

1 fllvg ®) = Sup{m/kp(xﬂd:c :ECR,0<mes(E) < oo}
E
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If 1 < mes(F) < oo then

1 ol el
U (mos(B)) E/ le(@)lde < Zo S = wQ)

because ¥(z) is a non-decreasing function on R*.
If 0 < mes(F) < 1 then

mes(F) 1
eTE /|<p Dlds < ol s < el s

because is an increasing function.
¥(x)
Hence,
max{| ¢l [l }
<
HfHNw(R) = Lp(l) <0
So, S C MQ(R)
Next we prove
11l o ) = sup (> 9)]-
{9€S5:19llrry @) <1}

Indeed, by Lemma 2.4 we have

/f

Therefore, for any € > 0 there exists a function g € My (R) : ||g||ar, (r) < 1 such

that
’ / f(x)g(z)dx

We choose a number M > 0 such that

/f z)dz

|z| <M

I £l Ny () =
{géMﬂR) |\g|\M¢<R)<1}

> | fllve ®) — €

> || fll vy ) — 2e.

Put

where C is defined by ||w||n, ®) = 1, and

Yy =hxwy, A>0,
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with wy(x) := %w ;

Then ¥y € S, [|[Vallae ®) < 1Pl azy ®)-[2]]1 and

tiny [ f@yr(@do = [ f()ha)d.
R R

Therefore,

> || fll vy ) — 3¢

]/f@wmmm
R

for some A > 0 and ¢y € S : ||[¥al|ap ) < 1.
Because € > 0 is arbitrarily chosen, we get

£l vy (r) = sup [(f: )l
{9€S5:19llrry @) <1}

Now we split the proof into two cases.

Case 1. ¢ > 0. Let us first prove
suppﬁ:suppf, n=12 ..., (1)

where f = F'f is the Fourier transform of f. In fact, since D*I" f = f we have

~ o — —

f= Dol = (i) I F.
Therefore,

supp I f C suppf U {0}.
So, to prove (1), it is enough to show 0 ¢ supp I/@“ . We choose a number 0 <
a < o and a function h € C§°(—o, ) such that h(z) =1 in (—a,a). Then

Supphﬁ? c {0}.

Suppose supphﬁ? = {0}. Then hﬁ? is a generalized function with point
support. So, there is a number N,, € N such that

where § is the Dirac function defined by < §, ¢ >= ¢(0) for all ¢ € S.

1 N -
Hence, F1h s I"f = —— 5 ¢V (—iz)I. Since I"f € Ng(R) and F~1h €
F = o B ) S e No(®)
My (R) we have F~'h+ I"f € Lo (R) and then
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1
F*lh*I"f(x):mc{fﬂ,n:m,....

Note that

P () = P () (o) = (F e ) = (=) =0

So, hﬁ? = 0. Now we assume the contrary that 0 € suppl” f. Then there
always exists a function ¢ € C§°(—a,a) such that (I™f, ) # 0. Since h(z) =1
in (—a,a) we get

0 (I"f,) = (I"f ho) = (hI™f, ) =0,
which is impossible. Thus we have (1) or

I"f C R\ (—0,0).

Further, for any 0 < ¢ < o, we choose a function h € C*°(R) satisfying

{h@c)—l Vo ¢ (—(0 - 5),
h(z) =0 Vae(—(o—e),

o—5),
o —g).
Let p € S(R) . We put g(z) = p(z) — (F(F~*(¢).h))(z) and ¢ = F(F~(¢).h).

Then
(I"f, @) = (I"f, ¥). (2)

Because ¢ = 0 in (—(0 — €), 0 — €), it is clear that

n(z) = e . d€.
nla) = <= / e
Then ¢, (z) € S(R) and D™, = 1. Therefore,

[(fyon)| = (D™ ), u) | = [T f, D) | = [T f, 9)],

which together with (2) imply

(™ f, o) = [(f, ). 3)
Since ¢ = F(F~Y(¢).h) we get (&) = F~1(p)(—£).h(—€). We obtain for n > 3
h(=¢)
o= ) = ( i) = (o i)

_F((

) (1)
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which together with (3) imply

n _ _ 1 h(&) >>’
1 = n)| = — ypx B —
(gl = [l = = | foos P ( G
By virtue of Lemma 2.2, we have
|l R |1
lim .
n—o0 HF(’Lg)" 1 = o—¢&

h(€)

On the other hand, it follows from ¢ € My (R) ) (R) that
7 n
h(€)
: R).
(iey € Mr(®)
h(§ h(§ h(§
HwF O <ol ‘F © ] < HF ©)
™ sy ) @r @m
Therefore,
n n h(§
I flvew = sw rfel= e s (ferrpl)
{0€S: lpllnry o <1} V2T {0e8tllellarg @ <1} (i€)
1 h(€)
—= sup (ft)] = —= I fllne ®)- | F 7
V2T (g 0 < I 28 1) &2 (i€)
So, we obtain
n enl/n
hm HI fHN (R) o_=¢
and then 1
T |1l ey < — (4)

o
by letting e — 0.
On the other hand, without loss of generality we can assume that

o =inf{¢:0 < & esuppfl.

Hence there exists a function p(z) € C§° (0 —e, 0 +¢) such that <f, @) # 0. Then
0# (f,¢) = (f,¢). Therefore,

(s D) = (DI f), &) = [(T" f, D" @) < " fll vy @) (10" Bl aag () -

So, since p(x) =0 for all z ¢ (—(o +¢), 0 + ¢), using the following result in [9]:

)
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. n anl/n
Jim ([ D"y, m) < 0+ 6

and letting € — 0 we have

. o enl/n 1
lim [[ 1"y > - (5)

Combining (4) and (5), we arrive at
. n 1/n _
i 1771y = 0

Case 2. 0 = 0. Since 0 = 0,0 € suppf. Hence, for any € > 0 there is a function
p(x) € C§°(—¢, ¢) such that (f,¢) # 0. Then arguing as just above, we obtain

—_

: n e)l/n . n ~—1/n
tim (|7 gy > Jim [ D"l = <

and then y
(71 gy = oo

So, we always have

. n 1/n _
Jim [ =0

The theorem is proved. [ ]
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