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1. Introduction

Fractional calculus (differentiation and integration of arbitrary order) is proved
to be an important tool in the modelling of dynamical systems associated with
phenomena such as fractal and chaos. In fact, this branch of calculus has found
its applications in various disciplines of science and engineering such as mechan-
ics, electricity, chemistry, biology, economics, control theory, signal and image
processing, polymer rheology, regular variation in thermodynamics, biophysics,
blood flow phenomena, aecrodynamics, electro-dynamics of complex medium, vis-
coelasticity and damping, wave propagation, percolation, identification, fitting
of experimental data, etc. [18, 29, 30, 31].
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Recently, differential equations of fractional order have been addressed by
several researchers with the sphere of study ranging from the theoretical aspects
of existence and uniqueness of solutions to the analytic and numerical methods
for finding solutions. For some recent work on fractional differential equations,
see [2, 10, 14, 20, 24, 25, 26] and the references therein.

Differential inclusions arise in the mathematical modelling of certain problems
in economics, optimal control, etc. and are widely studied by many authors,
see [9, 23, 27, 32] and the references therein. For some recent development on
differential inclusions of fractional order, we refer the reader to the references
[1, 3, 11, 15, 16, 28].

In this paper, for m € N;m > 2, and ¢ € (m —1, m], we consider the following
fractional differential inclusions of order ¢ with nonlocal boundary conditions

DIz (t ) € F(t,z(t)), t€10,1],
z(0) = Bz(n), 2/(0) =0, 2”(0) =0, ..., z(™=2)(0) = 0, z(1) = az(n), (1)
0<n<l, (a=B)™t#1-58, 3, a€R,

where ¢D? denote the Caputo fractional derivative of order ¢, and F': [0, 1] xR —
P(R) is a compact valued map, P(R) is the family of all nonempty subsets of R.

The concept of nonlocal multi-point boundary conditions is quite important
in various physical problems of applied nature when the controllers at the end
points of the interval (under consideration) dissipate or add energy according
to the censors located at intermediate points. Some recent results on nonlocal
fractional boundary value problems can be found in [4, 5, 6].

2. Preliminaries

Let C([0,1]) denote the Banach space of continuous functions from [0, 1] into

R with the norm ||z| = sup |z(¢)|. Let L'(]0,1],R) be the Banach space of
tel0,1]

measurable functions x : [0,1] — R which are Lebesgue integrable and normed
by [lz]r = f |(8)]dt.

Now we recall some basic definitions on multi-valued maps [12, 17].

For a normed space (X, |.||), let P(X) ={Y C X :Y # 0}, Py(X) ={Y €
P(X) : Yisclosed}, Po(X) = {Y € P(X) : Y is bounded}, Pp(X) = {Y €
P(X) Y is compact}, and Pep o(X) = {Y € P(X) : Y is compact and convex}.
A multi-valued map G : X — P(X) is convex (closed) valued if G(z) is convex
(closed) for all z € X. The map G is bounded on bounded sets if G(B) =
UzepG () is bounded in X for all B € P,(X) (i.e. sup{sup{||y|| : v € G(z)}} <

z€B

o0). G is called upper semi-continuous (u.s.c.) on X if for each zy € X, the
set G(zg) is a nonempty closed subset of X, and if for each open set N of
X containing G(zg), there exists an open neighborhood Ny of z¢ such that
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G(MNy) C N. G is said to be completely continuous if G(B) is relatively compact
for every B € Py(X). If the multi-valued map G is completely continuous with
nonempty compact values, then G is u.s.c. if and only if G has a closed graph,
ie, Tn — Tu, Yn — Ys, Yn € G(z,) imply y. € G(z4). G has a fixed point
if there is € X such that € G(x). The fixed point set of the multivalued
operator G will be denoted by Fix G. A multivalued map G : [0,1] — Py (R) is
said to be measurable if for every y € R, the function

t—d(y,G(t)) =inf{ly — z| : z € G(t)}
is measurable.

Definition 2.1. A multivalued map F : [0,1] x R — P(R) is said to be
L'—Carathéodory if

(i) t — F(t,x) is measurable for each z € R;

(ii)  — F(t,x) is upper semicontinuous for almost all ¢ € [0, 1];

(iii) for each ¢ > 0, there exists ¢, € L*([0,1],Ry) such that

| E'(t, z)|| = sup{|v| : v € F(t,z)} < @q(t) for all |z] < ¢ and for a. e. t € [0,1].
For each y € C([0,1],R), define the set of selections of F by
Spy ={ve L'([0,1],R) : v(t) € F(t,y(t)) for a.e. t € [0,1]}.

Let E be a Banach space, X a nonempty closed subset of F and G : X — P(E)
a multivalued operator with closed values. G is lower semi-continuous (l.s.c.) if
the set {y € X : G(y)NB # 0} is open for any open set B in E. Let A be a subset
of [0,1] x R. A is L ® B measurable if A belongs to the o—algebra generated
by all sets of the form J x D, where J is Lebesgue measurable in [0, 1] and D
is Borel measurable in R. A subset A of L!([0,1],R) is decomposable if for all
u,v € A and measurable J C [0, 1] = J, the function xx 7 + yxs—7 € A, where
x7 stands for the characteristic function of J.

Definition 2.2. Let Y be a separable metric space and let
o:Y — P(L'([0,1],R))

be a multivalued operator. We say @ has a property (CD) if @ is lower semi-
continuous (l.s.c.) and has nonempty closed and decomposable values.

Let F : [0;1] x R — P(R) be a multivalued map with nonempty compact val-
ues. Define a multivalued operator F : C'([0; 1] x R) — P(L!([0, 1], R)) associated
with F' as

F(x) ={w e L*([0,1],R) : w(t) € F(t,z(t)) for a.e. t € [0, 1]},

which is called the Nymetzki operator associated with F'.
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Definition 2.3. Let F : [0;1] x R — P(R) be a multivalued function with
nonempty compact values. We say F is of lower semi-continuous type (l.s.c.
type) if its associated Nymetzki operator F is lower semi-continuous and has
nonempty closed and decomposable values.

Let (X, d) be a metric space. Consider Hy : P(X) x P(X) — RU {oo} given
by

Hi(A, B) = max{sup d(a, B),sup d(b, A)},
acA beB

where d(a, B) = infpep d(a,b). Hy is the (generalized) Pompeiu-Hausdorff func-
tional. It is known that (Pp o (X), Hg) is a metric space and (Py(X), Hq) is a
generalized metric space (see [19]). A function [ : Ry — Ry is said to be a
strict comparison function (see [22]) if it is continuous strictly increasing and
S0 1M(t) < oo, for each ¢ > 0.

Definition 2.4. A multivalued operator @ : X — P (X) is called
(a) ~-Lipschitz if and only if there exists v > 0 such that

Ha(®(x), B(y)) < 7d(z, y) for cach 2,y € X;

(b) a contraction if and only if it is v-Lipschitz with v < 1;

(c) a generalized contraction if and only if there is a strict comparison function
l: R4 — Ry such that

Hy(®(x),P(y)) < l(d(x,y)) for each z,y € X;
The following lemmas will be used in the sequel.

Lemma 2.5. ([21]) Let X be a Banach space. Let F : [0;1] x R — P, o(X) be
an L' — Carathéodory multivalued map and let © be a linear continuous mapping

from L*([0,1], X) to C([0, 1], X), then the operator
O 0 5p : C([0,1], X) = Pep o(C([0,1], X)), # — (6 0 Sp)(x) = O(Sr.)
is a closed graph operator in C([0,1], X) x C([0, 1], X).

Lemma 2.6. ([7]) Let Y be a separable metric space and let @ : Y — P(L'([0,1],R))
be a multivalued operator satisfying the property (CD). Then @ has a con-

tinuous selection, that is, there exists a continuous function (single-valued)
g:Y — LY([0,1],R) such that g(z) € ®(x) for every z €Y.

Lemma 2.7. (Wegrzyk’s fixed point theorem [22, 33]) Let (X, d) be a complete
metric space. If @ : X — Py(X) is a generalized contraction, then Fix @ # (.

Lemma 2.8. (Nonlinear alternative of Leray-Schauder type [13]) Let C be a
convez set in a normed space and U C C' be open with 0 € U. Then each compact
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and upper semicontinuous mapping ® : U — P(C) with compact convex values
which is fized point free on OU has at least one of the following two properties:
(a) @ has a fixed point,

(b) there exist x € OU and A € (0,1) such that x € AP(x).

Lemma 2.9. (Arzela-Ascoli Theorem [13]) A subset of C([0,1],R) is relatively
compact if and only if it is bounded and equicontinuous.

Let us recall some definitions on fractional calculus [31, 29, 18].

Definition 2.10. For a function g : [0,00) — R, the Caputo derivative of frac-
tional order ¢ is defined as

t

1
DIgl1) = g [(E= 9" s n— 1< g <mn =g+ 1 g >0
0

where [¢] denotes the integer part of the real number ¢ and I" denotes the gamma
function.

Definition 2.11. The Riemann-Liouville fractional integral of order ¢ for a func-
tion g is defined as

190 = g [ Glas 470
0

provided the right hand side is pointwisely defined on (0, 00).

Definition 2.12. The Riemann-Liouville fractional derivative of order ¢ for a
function g is defined by

t

Dqg(t)_¥(d)n/(ﬁds n=[g+1, ¢>0,

I'(n—q) \dt t—s)a—ntl o
0

provided the right hand side is pointwisely defined on (0, 00).
To define the solution of (1), we consider the following lemma.

Lemma 2.13. For a given o € C|0, 1], the unique solution of the boundary value
problem

cDiz(t)y=0(t), 0<t<l, ge(m—1,m], meN, m>2,
2(0) = Bz(n), /(0) =0, 2”(0) =0,...,2"2(0) =0, z(1) = ax(y), (2)
O<n<15 (a_ﬁ)nmil#l_ﬁa 6) O[GR,

is given by



440 Bashir Ahmad and Naseer Shahzad

1

B S)q 1 . Bnmfl_i_ tm 1 S)q 1 .

‘J rar i (o J1 g 7
B+ (a— B! nn )t

_(6—1+(a— 0/ I'(q) (s)ds. )

Proof. As argued in [20], the general solution of (2) can be written as

(t—s)! 2 m—1
z(t) = | ————0(s)ds —cog — c1t — cat” — ... — Cp—1t , (4)
I'(q)
0
where cg,c1,c2,...,cm—1 € R are arbitrary constants. In view of the relations

¢D? [9x(t) = x(t) and I? [Px(t) = [9Px(t) for q,p > 0,2 € L(0, 1), we obtain

t

() = / %a(s)ds —c1 — 2t — ... — (m — 1)ep1t™ 2,
o 03
2 (t) = / %a(s)ds —2c0—...— (m—=1)(m = 2)cp_1t™ 3, .. ..
0

Applying the boundary conditions for (2), we find that

n
_ s (n—s)"
%‘(&4+m—mm~)! T "W
1
Bty [ (s
e ) 0/ Iy "W
c1=0,...,¢m—2 =0, and
o [ (=5
%1“‘%—1+m—6Mm1L/ gy 7
1
B-1 (1—s)7t
'*%—1+m—5Mm1L/ g o
Substituting the values of cg, c1, ..., ¢m—1 in (4), we obtain (3). This completes
the proof. [ |

Definition 2.14. A function z € C™(]0, 1]) is a solution of problem (1) if there
exists a function f € L([0,1],R) such that f(t) € F(t,z(t)) a.e. on [0, 1] and
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1

) _/twf(s)dﬁ(ﬁnmur A~ 1 / — ) 1 f(s)ds
0

I'(q) B—=1+(a-p) ) I'(q)
Bt(a—prmt \ [ (n—s)
_(6—1—1-(@— 0/ I'(q) F(s)ds.

3. Main Results

Theorem 3.1. Assume that

(Hy) F:[0,1] x R — P(R) is L*—Carathéodory, and has compact and convex
values;

(Hg) there exists a continuous nondecreasing function ¢ : [0, 00) — (0, 00) and
a function p € L*([0,1],R;) such that

|F(t, z)||p :=sup{ly| : y € F(t,x)} < pt)v(|z|) for each (t,z) € [0,1] x R;
(H3) there exists a number M > 0 such that

I'(q)|B =1+ (o= B)ny™ M
(18 =1+ (@ = @1+ 18m=1 + (1 = B)] + alnr= ) (M) lpl|

> 1.

Then the boundary value problem (1) has at least one solution on [0, 1].

Proof. Let an operator §2 : C(]0,1],R) — P(C([0,1],R)) be defined by

() ={h € C([0,1],R) : h(t) = / " o)ds
0

B!+ (1= gyt
e mrT)

B+ (a—pmt ) (n—s)"""

- ds, [ € Spaf. (5
(e g M e Smey 0)

We will show that {2 satisfies the assumptions of Lemma 2.8. The proof consists

of several steps. As the first step, we show that §2(x) is convex for each z €

C([0,1],R). For that, let hy, ha € 2(z). Then there exist f1, fa € Sp, such that

for each ¢ € [0, 1], we have
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1

hi(t)_b/(t;(s;;lfi(s)ds—i_(ﬁﬁnjll_:_al—_ Bt / F

0

B+ (a-p tm h
_(5

1
s)ds, i =1,2.
"1+ (a-p / F 8 0
0

Let 0 < A < 1. Then, for each ¢ € [0, 1], we have

[Ar1 + (1= A)he](2)

t

N / o [Af1(s) + (1 = M) fa(s)]ds
0

I'(q)

1
m—1 1_ m—
(G [ i) + (- N
0
n

a— m—1
- (AR /F () + (1= V) a(s)lds
0

Since Sp 5, is convex (F' has convex values), therefore it follows that Ahy + (1 —
)\)hz S Q(x)

Next, we sow that {2 maps bounded sets into bounded sets in C([0, 1], R). For
a positive number 7, let B, = {x € C([0,1],R) : ||z||cc < 7} be a bounded set in

C([0,1],R). Then, for each h € 2(x),z € B,, there exists f € Sp, such that

t 1

(t —s)771 4+ (1-p tm
h(t):/ (s + (6 e / r
0 0

n

m—1 _ 1
_(5€J1r+ t / qu

0

and in view of (Hj), we have

t|t—s|q gt + tm ' |1—s|q Y
I3 ’ 1+ (a—p s)lds

_ tml _ ql
B+ (a /In 8| $)|ds

+’5—1+ (a—p
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<Pr

1
6 =1+ (a—B)n™" 1|+|6nm (-5
< ( T@IF -1+ (a—B)ym1| J

N |2t /
T@B=1+ @@=y ) o

Thus,

Ikl < (

1
B—1+(a—p >m1|+|6nm1+1— /(p
0

I(@If =1+ (a=gmymt|

N ||t /
@1+ @@y ) 7

Now we show that {2 maps bounded sets into equicontinuous sets in C([0, 1], R).
Let t/,t" € [0,1] with ¢ < ¢ and © € B,, where B, is a bounded set in
C([0,1],R). For each h € £2(x), we obtain

(") = h(t')]

_ ’] " — SVHf(S)dS N (ﬁn”“ +(0- 6)(t”)m*1) /1 (1- S)(Hf(s)ds
0 0

I'(q) B—=1+(a—pB)ym-t I'(q)
6+ t//ml a _Sql
_(5—1+a— / I'(q
0
t’ 1
(t/—S)q71 Bnm 1+ 1_ 1
_0/ I'(q) f(s)ds_(ﬂ 1+a— O/F

B+ (a—B)E) "\ [ (- sy
(6—1+(a—6)nm1)0/ nF(tz)

t//ml
(G ’/1—
B—14(a—B)pm—1

n— )i~
_(a_m/ F(tz)
0
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Obviously the right hand side of the above inequality tends to zero independently
of x € By ast” —t' — 0. As {2 satisfies the above three assumptions, therefore
it follows by Lemma 2.9 that {2 is completely continuous.

In our next step, we show that (2 has a closed graph. Let =, — x., h, €
£2(zy) and h,, — h.. Then we need to show that h. € 2(z.). Associated with
hyn € £2(xy,), there exists f, € Sp, such that for each t € [0, 1],

1

_ [ E=s)"! Byt 4+ (1= Byt —5)1™
““*i/ s (P ) [ © r@) Fnlo)ds
0

f+ (o= B! n—s)""
_(5—14‘04— / T fn(s)ds.

(=)

Thus we have to show that there exists f. € S, such that for each ¢ € [0, 1],

ha(t) —O/(t_s)q i ) )ds+(5nmfl+ o) 1 0/ F(Sq)) (5)ds

I'(q) B—=1+(a—p)
f+(a—B) tml [ (- o)
_(5—1+ (a—p / I'(q) fe(s)ds.

0

Let us consider a continuous linear operator © : L([0,1],R) — C([0,1],R)
defined by

froo = [
0
Bnm 1+ tm 1 L S)
+(5—1+( 0/ T'(q) ~Sio)i
f+ (=B tml nn 5)1
_(5_1+ (a—p3 0/ I'(q) F(s)ds.
Observe that

| () — R ()]

syt

- | [ St - £

=

677“H+ tm 1 ~ )t
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n

B+ (o tml (n—s)""
‘(5—1+ / o (fu(s) = f.()ds

Thus, it follows by Lemma 2.5 that © o Sp is a closed graph operator. Further,
we have hy,(t) € O(SF, ). Since x, — ., therefore, we have

h*(t)—/twf*(s)dw(ﬂnm +a tm 1 /1 I (s)as
0 0

I'(q) -1+ (a—p (q)
B+ (a tml / 77—5)‘“
_(5—1+ (a—p 0/ I'(q) (s)ds,

for some f. € Spz. .

As the last step, we discuss a priori bounds on solutions. Let x be a solution
of (1). Then there exists f € L'([0,1],R) with f € Sp, such that, for ¢ € [0, 1],
we have

t 1
_ [=s)"! B+ (1 tm ! — )1
0= [+ (o =) [ S ~Stonis
0 0
B+ (« tm LN [ m=s)r!
‘(5_1+ 0/ T/ )ds
In view of (Hz), for each t € [0, 1], we obtain
1
8 =14 (a=Bn™ [+ 60" " +
=60 < (G = B O/p (o)

ol / w(lz
Z|| o0 )ds
T@IF=1+ (a—BrT]

< (DLt 1|+|577m T O +lalny
L(@)|p—1+ (a—pBnm

1
W(l2lloo) /p
0

Consequently it follows that

P(@)|8 =1+ (0= B[]
(18 =1+ (@ = A=t + [8rm=1 + (1 = B)] + o= (e loo) Ipll 2

<1
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By (Hs), there exists M such that ||z]|e 7# M. Let us set
U={zeC([0,1],R): [|z]c < M}.

Note that the operator 2 : U — P(C(]0,1],R)) is upper semicontinuous and
completely continuous. From the choice of U, there is no x € QU such that
x € pf2(x) for some p € (0,1). Consequently, by Lemma 2.8, we deduce that 2
has a fixed point € U which is a solution of the problem (1). This completes
the proof. [ |

As a next result, we study the case when F' is not necessarily convex val-
ued. Our strategy to deal with this problems is based on the nonlinear alterna-
tive of Leray Schauder type together with the selection theorem of Bressan and
Colombo [7] for lower semi-continuous maps with decomposable values.

Theorem 3.2. Assume that (Hz)-(Hs) and the following conditions hold:

(Hy) F :[0,1] x R — P(R) is a nonempty compact-valued multivalued map
such that

(a) (t,x)— F(t,x) is L ® B measurable,

(b) v+ F(t,x) is lower semicontinuous for each t € [0, 1];
(Hs) for each p > 0, there exists p, € L*([0,1],R}) such that

|1E'(t, z)|| =sup{ly| 1y € F(t,x)} < @,(t) forall |z| < p and for a.e.t €[0,1].
Then the boundary value problem (1) has at least one solution on [0, 1].

Proof. It follows from (Hy4) and (Hs) that F is of l.s.c. type. Then from Lemma
2.6, there exists a continuous function f : C([0,T],R) — L([0, 1], R) such that
f(z) € F(z) for all z € C([0, 1], R).

Consider the problem

‘Dx(t) = f(x(t)), t €[0,1],
z(0) = pz(n), 2/(0) =0, 27(0) =0,...,2(m=2(0) =0, z(1) = az(n),
0<n<l, (a=B)™t#1-58, 3, a€R,
(6)
Observe that if x € C™([0, 1]) is a solution of (6), then z is a solution to the
problem (1). In order to transform the problem (6) into a fixed point problem,
we define the operator (2 as
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L ) 1 [ (1= s)r Ly
+(5—1—|—(a— 0/ I'(q) (w(s))ds

B+ (- tm Ly s
_(5 “1+ (a— 0/ I'(q) Fl@(s))ds

It can easily be shown that 2 is continuous and completely continuous. The
remaining part of the proof is similar to that of Theorem 3.1. So we omit it.
This completes the proof. [ ]

Now we prove the existence of solutions for the problem (1) with a non-convex
valued right hand side by applying Lemma 2.7.

Theorem 3.3. Assume that the following conditions hold:
(He) F:[0,1]xR — Pp(R) is such that F(.,x) : [0,1] — P.p(R) is measurable
for each x € R.

(H7) Hy(F(t,z), F(t,7)) < 6(®)l(|x — Z|) for almost allt € [0,1] and z,z € R
with k € L'([0,1],R,) and d(0, F(t,0)) < k(t) for almost all t € [0,1], where
l: Ry — Ry is strictly increasing.

Then the boundary value problem (1) has at least one solution on [0,1] if vl :
R4+ — Ry is a strict comparison function, where

(B @@=+ 1By (= B+ ) ]
T T~ 1+ (= BnT] |

Proof. Suppose that vl : Ry — R, is a strict comparison function. Observe that
by the assumptions (Hg) and (H7), F(., z(.)) is measurable and has a measurable
selection v(.) (see [8, Theorem IIL6]). Also k € L([0, 1], R) and

()] < d(0, F(t,0)) + Ha(F(t,0), F(t, z(t)))
w(t) + w()1(|z()])

(1 +1U([[2]]o0)) (1)

Thus the set Sp, is nonempty for each = € C([0, 1], R). Now we show that the
operator {2 defined by (5) satisfies the assumptions of Lemma 2.7. To show that
2(z) € Py((C[0,1],R)) for each z € C([0,1],R), let {un}tn>0 € 2(z) be such
that u, — u (n — o0) in C([0,1],R). Then u € C([0,1],R) and there exists
vy, € Sp such that, for each t € [0, 1],

<
<
<

t 1

n (£) = / Mvn(s)dw(ﬁ;:l:( tm 1 / F(S;; o (s)ds

0 0




448 Bashir Ahmad and Naseer Shahzad

n

_(5f_1|_—|(— tm / i F(Sq))q n(s)ds.

0

As F has compact values, we pass onto a subsequence to obtain that v,, converges
to v in LY(]0, 1], R). Thus, v € Sg, and for each t € [0,1],

t

() — ult) = / (t—s)qflv(s)ds+ (677’”’1 + (1= p)rmt /1 — )it
0

) I'(q) 6—1+(a— I'(q)
B+ (@ tml [ (- )
_(5_1+ (a—p 0/ Tl )

Hence u € 2(x).
Next we show that

Ha(2(z), 2(z)) < Al(||x — #||os) for each z,z € C([0, 1], R).

Let z,z € C([0,1],R) and hy € £2(x). Then there exists v1(t) € Sp such that,
for each ¢ € [0, 1],

t 1

B (t_s)qfl 67777171 + tm 1 S)q 1
m = [+ (B ger) [ s
0 0
f+(a—p) tm R AU
_(5—1+ (a—p O/ I'(q) vi(s)ds,

By (H7), we have
Hq(F(t,2), F(t,7)) < w()l(|x(t) — Z(t)]).
So, there exists w € F(t, Z(t)) such that
vi(t) — w| < &(@®)I(|z(t) — 2(t)]), t €[0,1].
Define V : [0,1] — P(R) b
V(t) ={weR: |u(t) —w| < k(®)l(|lz(t) — 2(t))}-

Since the nonempty closed valued operator V(t) N F(t,Z(t)) is measurable
(Proposition III.4 [33]), there exists a function vy(t) which is a measurable se-
lection for V(t) N F(t,z(t)). So v2(t) € F(t,z(t)) and for each ¢ € [0, 1], we have
01 () = v2(t)] < K(DI(|2(t) — Z(@)))-

For each t € [0, 1], let us define
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t 1

B (t_s)qfl Bnm 1+ 1_ tm 1 S)q 1
ha (1) _O/WUQ(S)dH (6—1+(a— 0/ TR
B+ (a—B) tml nn—S)‘“
_(5—1+ (a—p / I'(q) 2(5)ds.
0
Thus
|ha(t) — ha(t)]
t
a1
< / %wl(s)—vxsnds
m—1 1_ m—1 1_ qg—1
_ m—1 _ olg—1
+!5foQ_t /"7 T ons) — v
_ (=14 @=p 1419 + (= Pl + o)
= T(@IF — 1+ (o - Py ] g
1
x/m(s)l(”x—i”oo)ds
0
Hence
A1 — hallo
B O e Al Ut Lt L | LA
< F@B=1+ (= py] = leo)

Analogously, interchanging the roles of z and Z, we obtain

Ha(02(x), (7)) <Al = 2/

(18 =1+ (@ =B +18y™ 1 + (1= B +laln®™ ) sl
_ 1z = 7loc)

LB =1+ (= B)mt
for each z,z € C(]0, 1], R).

Since {2 is a generalized contraction, it follows by Lemma 2.7 that 2 has a
fixed point x which is a solution of (1). This completes the proof. [ ]



450 Bashir Ahmad and Naseer Shahzad

We notice that Theorem 3.3 holds for several values of the function [, for
example, [(t) = @, where v € (0,1); I(t) = t, etc.

Acknowledgements. The authors are grateful to the anonymous referee for his/her
valuable comments.
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