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Abstract. In this paper, we discuss the stability and boundedness of solutions of the
nonlinear delay differential equation of fourth-order:

)+ fa(a” (t = 7)) + g(2'(t — 7)) + h(x(t — 7))
t),x' (t—r),z" (), (t —r

when p = 0 and p # 0, respectively, where r > 0 is a constant delay. In proving our
main results, we use the Lyapunov functional approach.

@ () + fi (2" (t)a" (t
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2000 Mathematics Subject Classification: 34K20.

Key words: Nonlinear differential equation, fourth order, delay, stability, boundedness,
Lyapunov functional.

1. Introduction

To the best of our knowledge, first, in 1973, Sinha [5] discussed the stability
of solutions of a certain nonlinear delay differential equation of fourth order, in
the literature. Namely, Sinha [5] considered the following fourth-order nonlinear
delay differential equation:

e () + (2" ()" (t)+ fa ' (8), 2" (£)2" (8) (2’ (¢ —r)) +h(a(t—r)) = 0, (1)
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where 7 is a positive constant, and by defining a Lyapunov functional, he proved
the asymptotic stability of null solution of equation (1) (see [5, Theorem 2]).

Later, in 1989, Okoronkwo [4] took into consideration to the nonlinear delay
differential equation of fourth-order:

@ () + f(@" (t)a"" (t) + aga” (t) + Bz’ (t — 1)
+g(@' (t—1)) + asz(t) + Bax(t — 1)
=p(t).

He established some sufficient conditions, which guarantee the stability and
boundedness of solutions of the mentioned equation, when p = 0 and p # 0,
respectively (see [4, Theorems 3.1, 3.2]).

After that, in 2000, Tejumola and Tchegnani [6] considered the following
nonlinear delay differential equation of fourth-order:

e () + p(t, 2(t), 2 (t), 2" (1), " (£)) 2" (t) + P (t, 2/ (¢ — ), 2" (t = 7))
+x(t,x(t —r), 2'(t —r)) + h(z(t —r)) (2)
- pQ(t x( )a € (t)a (t)a {E/N(t ax(t - T)a x/(t - T)a .’,E//(t - T))

The authors proved two results [6, Theorems 2.3, 2.4] related to the stability,
uniformly boundedness and uniformly ultimately boundedness of solutions of
equation (2), when p = 0 and p # 0, respectively.

The author [9] also established a similar result on the boundedness of solutions
of the delay differential equation of fourth-order:

e (t) + fi(2"($)a" () + fo(2' (1), 2" (£)2" (1) + g(a’ (t — 1)) + h(z(t = 1))
=p(t,2(t), 2(t — ), 2'(t), 2 (t =), 2" (), 2" (t = r), 2" (). 5
3

On the other hand, we refer the reader to our papers [7, 8] and the refer-
ences therein for the rest of contributions to the topic related to nonlinear delay
differential equations of fourth-order.

x
xr

In this paper, we consider the nonlinear delay differential equation of fourth-
order:

aW(t) + fia”(#)a"(t) + fo(a”(t = 1)) + g(a'(t — 7)) + h(x(t — 1)) ()
=p(t,2(t), 2(t =), 2'(t), (L —r), 2" (t), 2" (t — 1), 2" (1)),

where ¢t € [0,00), € (—00,0), and 7 > 0 is a constant delay. The real valued
functions f1, f2 , g, h and p are supposed to be continuous in their arguments
and satisfy Lipschitz condition; in deed, the existence and uniqueness of solu-
tions of equation (4) are guaranteed. Moreover, we assume that fo, g and h are
continuously differentiable functions with f2(0) = g(0) = h(0) = 0.

We transform equation (4) to the system as follows

! ! !
Y _ya y =z 2 =U,
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u' = — fi(z)u— fa(z) — g(y) — h(z)

t

+ / Fi(z(s)u(s)ds + / ¢ (y(5))=(s)ds + / W (2 (s))y(s)ds

t—r t—r

+plt,z,x(t—r),y,y{t — 1), 2, 2(t — r),u), (5)

where z(t), y(t), z(t) and u(t) are, respectively, abbreviated as z, y, z and u,
and throughout the paper.

The motivation for the present paper comes especially from the paper of Sinha
[5], which is related to the stability of the null solution of equation (1) (see [5,
Theorem 2]). It is clear that the term fa(z'(t), 2 (t))z" (), which is included in
equation (1) and equation (3), has no delay, however, our equation, equation (4),
includes the term f(z” (¢t —r)), which has the constant delay =, > 0. This fact
is a clear improvement of the works of Sinha [5, Theorem 2] and Tung [9] for the
special case fa(z/(¢t), 2" (t))z" (t) = fa(a’(¥))2z” (t) in equation (1) and equation
(3). Here, our aim is to improve the results of Sinha [5] and Tung [9] to the
stability and boundedness of solutions of equation (4). It should be noted that
in proving the main results of this paper; we take advantage of the Lyapunov
functional approach as used in the papers of Okoronkwo [4], Sinha [5], Tejumola
and Tchegnani [6] and Tung [7, 8, 9] (see also Lyapunov’s second method [3]).
Next, the assumptions will be established and the Lyapunov functional will be
used here are completely different from that in Okoronkwo [4], Tejumola and
Tchegnani [6] and Tung [7, §].

2. Preliminaries

We give some basic information for the general non-autonomous and autonomous
delay differential systems (see Burton [2] and Yoshizawa [10]). Consider the
general non-autonomous delay differential system

z=F(t,x), 2 (0) =2x(t+0),—r <0 <0,t >0, (6)

where F': [0,00) x Oy — R" is a continuous mapping, F'(¢,0) = 0, and we sup-
pose that F' takes closed bounded sets into bounded sets of . Here (C, ||. ||) is
the Banach space of continuous function ¢ : [—r, 0] — R™ with supremum norm,
r > 0; Cy is the open H -ball in C' ; Cy := {¢ € C([-r,0], R") : ||¢|| < H}.

Definition 2.1. (See [10]) A function z(to, ¢) is said to be a solution of (6) with
the initial condition ¢ € Cy at t =ty , to > 0, if there is a constant A > 0 such
that x(tg, ¢) is a function from [ty — r, to + A] into R™ with the properties:

(1) {Et(to, (b) € Oy for tg <t <ty —|—A,

(11) xto(th (b) = (ba

(111) {E(to, (b) satisfies (6) for to <t <tog+ A.
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Standard existence theory, see Burton [2], shows that if ¢ € Cy and ¢ > 0,
then there is at least one continuous solution z(t, to, ¢) satisfying on [to, to + @)
system (6) for ¢t > to , x¢(t,¢) = ¢ and « is a positive constant. If there is a
closed subset B C Cj such that the solution remains in B, then a = co. Further,
the symbol |. | will denote a convenient norm in " with |z| = maxi<;<n |zi| .
Now, let us assume that C(t) = {¢ : [t — a,t] — R" | ¢ is continuous} and ¢,
denotes the ¢ in the particular C(t), and that ||¢:]| = maxi_a<s<t |P(t)].

Definition 2.2. (See [2]) Let V (¢, $) be a continuous functional defined for ¢ >
0, ¢ € Cgr . The derivative of V' along solutions of (6) will be denoted by V' and
is defined by

V(t, ) = limsup L+ P Teralto, a;)) — V(L wlto )
h—0

where x(to, ¢) is the solution of (6) with x4, (to, ¢) = ¢.
Consider the general autonomous delay differential system:
z=G(xy),ze =2t +0),—r<6<0,t>0,

where g : Cy — R™ is a continuous mapping, ¢(0) = 0, and we suppose that G
maps closed bounded sets into bounded sets of R™. Here (C, || ||) is the Banach
space of continuous function ¢ : [—r, 0] — R™ with supremum norm, r» > 0; Cy
is the open H -ball in C; Cy := {¢ € C([-7,0], R"): ||¢|| < H}.

Lemma 2.3. (See[5]) Suppose G(0) = 0. Let V be a continuous functional de-
fined on Cy = C with V(0) = 0, and let u(s) be a function, non-negative and
continuous for 0 < s < 0o, u(s) — 0o as u — oo with w(0) = 0. If for all ¢ € C,
u(|¢(0)]) < V(9), V(¢) >0, V(p) <0, then the solution x =0 of & = G(x;) is
stable.

If we define Z = {¢p € Cy : V(¢) = 0}, then the solution x = 0 of & = G(x;)
is asymptotically stable, provided that the largest invariant set in Z is @ = {0}.

3. Main Results
For the case p(t, z, z(t —r),y,y(t —r), z, 2(t — r),u) = 0, our first result is given
by the following theorem.

Theorem 3.1. In addition to the basic assumptions imposed on the functions
f1, f2, g and h, we assume that there exist positive constants a, b, 3, A\, 9, &g
and &1 such that the following conditions hold:

b> fi(z) > f{ > a+ 22,

BB > 15020102 A(5) >0
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9(y) >g°>0,(y#0),60 > ¢'(y) > ¢°,

<

hog > hiz) >h>0,(x#0),6 > 1(0)>h(x) > hn,
X

N | =

O/fl(s)ds - h(3) <z £0),

and
afg®h® — sabh® — 636 = B > 0,
—_—— > = = — ]
(9°)%(2ag°h0)= 9 9

Then the null solution of equation (4) is asymptotic stable, provided that

r < min{ 20°02 2 4 }
800+ 01 +0) +2¢°N" So+01+0+2N" do+d1+0)

Here, the superscript 0 designates the evaluation of the given function at the
origin.

Remark 3.2. Consider the linear constant coefficient differential equation of
fourth order without delay:

"

PAS NS a2 + asx” + asx’ + asx = 0.

It is well known that a necessary and sufficient condition that all solutions of
this equation tend to the null solution, x = 0, as ¢ — oo is the Routh-Hurwitz
criterion:

ay > 0,a2 > 0,a3 > 0,a4 > 0,a1a2a3 —a% — a?a4 > 0.

It can be seen that the conditions of Theorem 3.1 imposed on the given nonlinear
functions fi, fo , g and h are based on the usual generalized Routh-Hurwitz
conditions.

Moreover, in view of the above discussion, one can see that in the relative
works of Sinha [5] and Tung [9] the function f2 does not include any delay argu-
ment. In this paper, however, we proceed to this case, which is important from
the theoretical point of view. Since we use the Lyapunov functional approach
based on the Routh-Hurwitz criterion, our conditions are compatible with these
conditions.

Proof of Theorem 3.1. To verify Theorem 3.1, we define the following Lyapunov
functional:

2% [ 05 K0 0 5 1
2 (o) = o [ s+ | B2 - O o [ S Ly
g g a a
0

a g°
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2% 2 | 2 2
+ —yu+ —Oy/fl(T)dT + 2h(x)y + —h(x)z+ —g(y)=z
g g a a
0

z

+2 [omdn+ 2 [ 7(00) - BYar+ 55 [ oih(0) - Byar
0

0 0
z t 0 t

+2 / 7 fi(r)dr 42X\ /O / Y2 (0)dOds+2) / / 22(0)dods

0 —r t+s —r t+s
0 t

+2)3 / / u2(0)dods, (7)

—r t+s

where A1, A2 and A3 are some positive constants which will be determined later
in the proof.

Let ;

F(z) = /fl(T)dT.
0

Then, the functional 2V (x4, y4, 2¢, us) is rearranged as follows
§F(z) 1 1
SO -

2V (e, Y, 26, ut) = ﬁ [u+ F(z)+ o P o)

+2 [rihn - Byar+ 55 [ rar) - f1ar
0

h(€) ho§ ¢ h(@)y  ¢° hx)z]’
5[ _ho]d§+g_0[x+h75 x +ah05 x ]

2 95 8% F(z) (0
)] e -

B 8 (k@] .
+ o g_o ~ 5hiaz - 2242 | 7 fi(r)dr — zF(2)
5 o /1 ) 0t
P IC) Ay QUICHR ) RPN / / 2 (0)dods
al y 0 ho
—r t+s
0t 0 ¢
+2)\2/ /22(9)d9d5—|—2)\3/ /u2(9)d9ds.
—r t+s —r t+s

The assumption fi(z) > f > a + 2\ implies that
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i) ()

Similarly, the assumptions vho§ > @ >0 (z #0) an % >4¢°>0(y#0)

yield
/[__5(<)]/[ #] win 0

By using the assumptions 0 < @ < band h°R'(0) < 62, it follows that

[@ 52 F(2) h/iO)]yQZ[@ 52b 5]y2

P ()2 = P (¢ a
5
= W[@fggoho — dabh’® — 8(¢°)*]y”
> e 5)2h0[ afg’h® — sabh® — 663]y*
_ op 2
= \a(g0)2ho Yy
and
0 5 0 h(z) 2 0 5 0
2 9 2 9
lz‘—o‘ghoaz (7) ]Z” [z—g—o‘ﬁ]zz
= s lafePh® — %5 B — ()R]
a“g
= Tho[a]fggoho - a25 hO - 55%]22
a“g
B
= (a290h0> 2%
Performing partial integration gives
/7’ fi(r)dr = z/ fl(T)dT—/ / fi(r)dr | dr = z/ fl(T)dT—/F(T)dT.
0 0 0 \0 0 0

By using the assumption

z

[ Alds = 1) < s,

0

we get



460 Cemil Tung

z z

2]Tf1(7)dT—zF(z)—/Tfl(T)dT—/F(T)dT
0

0 0

[ (B2 o)) rar

The assumption fo(z) > f9 > 0 implies that

z

2 1o - 1ar+ 5 [ (0 - M1ar 2o
0

0

Thus, subject to the foregoing discussion, we arrive at

z 0 F(z) 2
2V (xe, ye, 26, ug) > ( ] [ +F(2)+ p y]

z

+h_5[x+9_h( o h(x)zr

q° ho =z aho 0

224 l_ 1 2
2h0 2a2%g Oho a a+2)\
2
a

gy)  o° (h(x) ) ’ /

0
Yz +2X\ / / v (0)dbds

+

y  O6h0
—r t+s
0t 0t
+2)\2/ /z2(9)d9d5+2)\3/ /u2(9)d9ds. (8)
—r t+s —r t+s
Let ,
_l9ly)  ¢° (h(z)
o(x,y) [ R ( .
Hence,

OhO 5 hO
Pz, y) < (51 - 5—> =g’ (g_é - 5_>

by 24 > g0 >0, (y #0) and 2 > 50 > 0, (2 £0).
We now consider the terms

_ B 2, 2 op 2
= (TW)}LO) 2+ E(b(x,y)yz + (7a(go)2h0> Y,
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which are included in (8).

In view of the assumptions of Theorem 3.1, we have

B[y, e IR P
W - a |:go + 6 ¢($,y)2' + a(go)Q ho 1 y
s (9°)?
+ (W) 2% — B ¢ (z,y)2*
[ B i 1 2 B 2 (g°)* ﬂ h_o ’ 2
= a0y (ho _1>_ U aegmw) " T s\ 5 ) ¢
:- 6 i—l-y2—|— 6 _(90)4 5_1_h_0222
La(g?)? \ h0 | 2a2gOh0 aB \g* o
g 5 -
= a(90)2 (m — 1) y2 + 5322,
where )
B () (o1 RO
% = 5290~ ap \g o) 7"
As a result, it follows from (8) that
z § F(z) 1> h9% g° h(z)y g h(z)z
2VZF(Z) [U+F(z)+g_0 y] +g_0 3:—|—th x ahd x
B (6 2 2 (1 1 2
Jagom (=)0 (G- )
0t 0t ¢

20 / / Y2 (0)dOds+2) / / 22(0)d0ds+2\s /O / u2(0)dods.

—r t+s

—r t+s

]2

461

In view of the assumptions of Theorem 3.1, one can easily obtain for some

positive constants D; , (i =1, 2, 3, 4), that

0 t
2V > Dya? + Doy? + D3z? + Dyu® + 2\ /
—r t+s
0 t 0 t

+2X; / / 22(0)d0ds+2s / / u2(0)dods,

—r t+s —r t+s

and hence
V > Ds(a? + 32 + 22 +u?),

where Dy = 2-1 min{Dl, Do, D3, D4}

/ y%(0)d0ds
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Thus, the existence of a continuous function u(s) > 0 with u(|¢(0)|) > 0, which
satisfies the inequality u(|¢(0)]) < V(¢), can be easily verified, since the integrals
0 ¢

0t 0t
[ [ v*(0)dbds, [ [ 2%(f)dfds and [ [ u?(6)dOds are non-negative.

—r t+s —r t+s —r t+s
By a straightforward calculation from (7) and (5), we have
d 0 1 0 F(z
d—V(.It,yt, 2, Up) = — (-0M - h’(x)) Y — (fz(z) ='W - ( )> 22
t g’y a z

— HAE) -t~ (0 - @)y

+ (giy fat lu) / Fa((s)uls)ds

+ (;ioy +z+ iu) /t 9'(y(s))z(s)ds

t—r

d 1
(Gt ) [ W £zt

t—r
t t t

+ Azulr — / y*(s)ds — Ao / 22(s)ds — A3 / u?(s)ds.

t—r t—r t—r

By using the assumptions of the theorem and the mean value theorem (for
derivative), we have the estimates:

_ (%M - h/($)> y? < —1[6 = W(0)]y* = =61,
gy

by =8 — 1'(0) >0,
- (26 - 10w - 5D )2 < - Ly - - O

a P =z a g° 4a?

1 0 070 0 2 2 Y1 2
S_agoho [af3g°h® — abSh® — 636 = +—4a2z
B 1 2 2
=~ (e 1) # =7 >0

since

W(0) >0, W(0) > (@) > K'(0) = 7, 1 >0,
v‘( 7 %>, 1< L) - o < -2

ag®h®  4a2 ! gOh0’ a a

Now, making use of the assumptions 0 < f5(z) < dp, 0 < ¢'(y) < 1,0 < W' (z) <
§ and the elementary inequality 2 |st| < s? + 2, we arrive at the estimates:
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t
5 1 ,
—yt+tz+-u fo(z(s))u(s)ds
g a
t—r

8o o 0o o 00 o 0o j 1 9
Sﬁry +5Tz +%Tu +5 1+g_0+5 /u(s)ds,

2 58 5 6 5 6 5 1 9
Sﬁry +§TZ +%Tu +§ 1+g_0+5 /y(s)ds

t—r

Subject to the above discussion, it follows that

dv [ 8§ 81 + 660 + 62 ) So+01 46 5
_ << = - —— — - ———
dr = _52 ( 290 +)\1> T:| Yy Y B +)\2 |z

] t
[ () 5 (v S 2) o] [ e
| a 2a 2 go a

t—r

Let

TR NN VR AR T
)\1—2<1+go+a>, )\2—2(1+go+a>, )\3—2(14-90 a).

Then, we have

d § &y + 680 + 62
Ev(xtaytazt;ut) S - |:52 — (A + )\1> T:| y2

24°

(gt )
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[2)\ (50+51+5> ] 9
—|— = —— | r|u”“.
a 2a

From the foregoing inequality, one can obtain

d
Ev(xt, Y, 2t ue) < —k(y® + 2%+ u?)

for some constant k£ > 0 provided that

r < min{ 20°02 2 4 }
800+ 01 +06) +2¢°N7 So+01+0+2X\" So+d1+0)

At the end, it is also clear that the largest invariant set in Z is @ = {0} , where
Z ={¢ € Cy : V(¢) = 0}. That is, the only solution of equation (4) for which
%V(xt, Yt, zt, ug) = 0 is the solution x = 0. Thus, in view of the above discussion
and Lemma, we conclude that the null solution of equation (4) is asymptotically
stable. The proof of Theorem 3.1 is now complete. [ |

Let us denote by L' (0, c0) the space of Lebesgue integrable functions.

For the case, p(t,z,x(t — r),y,y(t —r),z,2(t — r),u) # 0, our last result is
given by the following theorem.

Theorem 3.3. Let us assume that all the assumptions of Theorem 3.1 hold. In
addition, we assume that

|p(t,x,x(t— T)ayay(t - T)a 2 Z(t_ T),’U,)| < Q(t)a

where q € L'(0,00). Then, there exists a positive constant K such that the
solution x(t) of equation (4) satisfies

2(0) < VE, ' (9)] < VE, e"(t)] < VE, e (§)] < VE
for all t > to, where ¢ € C3([to — 7, t0], R), provided that

. { 295, 2~ 4\ }
7 < 1min , , .
800 +01+6) +26°N" So+ 61 +0+2X" G+ +06

Proof. Subject to the assumptions of Theorem 3.3, the result of Theorem 3.1
can be revised as follows:

d
EV(xt, Yt 2t ut)

1
< _k(y2 + Z2 + ’LL2) + (;ioy +z+ Eu> p(taxax(t_ T)ayay(t - T)a 2 Z(t_ T),’LL).

Hence, we have

d
_V(xta Yty 2t ’th) S

dt |p(t,x,x(t—T),y,y(t—r),z,z(t—r),u)|

o 1
—Oy+z+—u
g a
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0 1
< (S5l +1al+ 1 1ul ) at0)

< Dg(Jul + |2 + 1y]) ¢(t)

where Dg = max{l, 2 l}.
g a

It is also clear from (9) that
V2t <a4+ P+ 22+ < D;l V(xe, ye, e, ut).

Using the last inequality, from (10) we get

d _
Ev(xta Y, 2, ue) < D{3 4+ Dy W@, yr, 20, ue) } q(t)
=3Dgq(t) + DﬁDglV(xt, Yty 2, ue)q(1).

Integrating the above estimate from 0 to ¢ , using assumption ¢ € L'(0,00) ,
integrability nature of ¢ and Gronwall-Reid-Bellman inequality (see Ahmad and
Rao [1]), we obtain

t
V(xtayt; Zt;ut) S V('IO;yOa Zo,’LLO) + 3D6A + DGDgl /V(xsayS; ZS;US) Q(S)ds
0

t
< {V (0,0, 20, uo) + 3D A} exp | De D5 " / q(s)ds
0
< {V (20, Y0, 20, u0) + 3D A} exp(Dg D5 ' A) = K; < 00, (11)
where K7 > 0 is a constant, K1 = {V (0, yo, 20, u0)+3Ds A} exp(Dg D5 ' A) < o0,
and A = [ g(s)ds. As a result, the inequalities (9) and (11) together imply that
0

$2 +y2 + Z2 + ’LL2 < D;l‘/(.ft,yt, zt,ut) < K,
where K = K1 Dy L Thus, one can conclude that
()] < VE, [y(t)| < VE, [2(t)] < VE, [u(t)] < VK

for all t > tg.

Hence

()] < VK, [/ (t)] < VK, [«"(t)] < VK, |2"'(t)] < VK
for all t > tg.
The proof of Theorem 3.3 is complete. [ |
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