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1. Introduction

Dual integral equations arise when integral transforms are used to solve mixed
boundary value problems of mathematical physics and mechanics. Formal tech-
niques for solving such equations have been extensively developed, but the solv-
ability of problems have been relatively fewer considered [3, 10, 13]. The solv-
ability of dual integral equations involving Fourier transforms and dual series
equations involving orthogonal expansions of generalized functions were consid-
ered in [4-7].

The solvability for systems of dual equations obtained from some mixed
boundary value problems for harmonic equations in a strip was considered in
[8]. The aim of the present work is to consider the solvability and the solution
method of a system of dual integral equations involving Fourier transforms en-
countered in a mixed boundary value problem for an elastic strip. The uniqueness
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and existence theorems are proved. A method for reducing this systems of dual
equations to an infinite system of linear algebraic equations is also proposed.

There is a considerable literature devoted to mixed problems and contact
problems of the indentation of punch (stamp) in an elastic strip without friction
and adhesion or with friction or adhesion between the punch and strip (see
for example, [9-12]). These problems can be reduced to solving dual integral
equations or systems of dual integral equations involving Fourier transforms.

2. Formulation of the Problem

The equilibrium equations for an isotropic elastic medium indentically satisfied
if displacements u(x, y), v(x,y) and pressures oy (z,y), Ty (x, y) are expressed in
terms of the harmonic functions @(z,y) and ¥(z,y) by the formulas [14]

2uu = —D, — YWy,

2 =3 —-Ww)¥ — o, — y¥&,,

oy =2(1 =)Wy + Dy + YW,

Toy = (1 = 20)W — Dy — YWy,
where p and v are the shear modulus and Poisson ratio, respectively (u > 0, 0 <
v<1/2).

Consider a mixed boundary value problem of an elastic strip. Mathematical
formulation of the problem states as follows: let us consider harmonic equations

?d 9’9 o*v 9w
@4—8—342_’ @4—8—?;2_0, (—o<x<o0, 0<y<h) (1)

subject to the boundary conditions

Tay(z, h) = T0(x), 0y(z,h)=00(z), —00 <z < 00, (2)

u(z,0) =v(x,0) =0, ze€R\(a,b). (3)

{Tmy({E, 0) =0y(z,0)=0, ze€(ab),

We shall solve problem (1)-(3) by the method of the Fourier transformation

and reduce it to a system of dual equations involving the inverse Fourier trans-

forms. For a suitable function f(z),z € R (for example, f(z) € L'(R)), direct
and inverse Fourier transforms are defined by the formulas

f(6) = FIAE) = / f(@)e*dz, (4)



Solvability of a System of Dual Integral Equations... 469

O =FN© = 5 [ Fw)e e )

The Fourier transforms of tempered generalized functions can be found, for
example, in [15, 16].

By applying the Fourier transform with respect to = to the harmonic equations
(1), we obtain

d*B(€, y)
dy?

(5 Y)

52 (55 )_ ’ 52 (55 )_ ’ (6)

(—o<€&<o0, 0<y<h),

where B(¢, y) = F[®(z,y)](€) and ¥ (£, y) = Fu[¥(z,y)](€) are the Fourier trans-
forms with respect to x of the function @(x,y) and ¥(z,y) understood in the
sense of generalized functions [15]. The general solutions of the differential equa-
tions (6) are

)

(& y) = A(§) cosh(|¢]y) + B(&) sinh(|¢]y),
&y

,y) = C(§) cosh([€y) + D(E) sinh([€]y),
where A(E) , B(€) ,C(§) and D(&) are arbitrary functions. We have

= €| A(€) sinh([&]y) + [€]B(€) cosh([€]y),
W, (€, y) = [€]C(€) sinh(|€]y) + |€]D(E) cosh([¢]y),
2pu(€ y) 6D +igyW,

20(E,y) = (3 — )W — D, — Y,

y(&,y) = 2(1 — ), — 20 — ye2,

Tay(E.y) = (1 — ) (—i)T + i€D,, + icyP,.

<)

~

Py (&,

\_/\_,

We introduce the auxiliary functions

u(§) = 2pu(E,0),  u2(§) = 2p0(&,0).

The problem (1)-(3) is reduced to the system of dual integral equations

FIE[Ao(©u(©)](z) = f(z), =€ 2:=(a,b),
FUa))(x) =0, ze2 =R\,

where

up (z) = 2pu(x,0), wus(x) =2uv(x,0),
= Flu(@)](€), u(z) = (ui(z), uz(2))",
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Fi(z) =F~1 [ ~ 710(§)2(1 — v){-2(1 — v) cosh([{|h) + || hsinh(|¢]h)}
1€]2h2 +4(1 — v)2 + (3 — 4v). sinh?([€]h)

_00(§) - i&{|¢|hcosh(|{|h) — (1 —2v) sinh(l&lh)}] (@) (8)

€I{I€2h2 + 4(1 = v)% + (3 — 4v). sinh®([¢|h)} ’

Folz) =F~1 [?0(5)2(1 —v)[§{(1 — 2v)sinh(||h) + [£|h cosh(|£|h)} ()
i€{)€)2h2 + 4(1 — v)2 + (3 — 4v). sinh?(|¢|h)}

00(£)2(1 — v){|¢|hsinh([{[h) +2(1 —v) cosh(l&lh)}] (@)

|€|2h2 + 4(1 — v)2 + (3 — 4v) sinh?([€]h)

a0(§) = Flool(§), 7T0(§) = Fo](§),

_ a11(§) i - sign(§)arz(€)
Ay(§) = (—i -sign(€)az1 (€) az2(§) ) ’

with
2(1 — v)[cosh(|¢|h) sinh(|¢|~) + |£]R]
4(1 — v)2 + |€]2h2 + (3 — 4v) sinh®([¢|h)’
7 7 (1 — 2v) sinh?(|£]h) 4 [£]2R?
a21(8) = a2) = T T PR £ (3 = ) sk ()
2(1 — v)[cosh(|¢|h) sinh(|]h) — |€]A]
4(1 — v)2 + |€]2h2 + (3 — 4v) sinh®(|¢]h)

a11(§) =

a2 (§) =

3. Solvability of Systems of Dual Equations

3.1. Functional Spaces

Let R be a real axis, § = S(R) and &' = S’(R) be the Schwartz spaces of
basic and generalized functions, respectively [15, 16]. Denote by F' and F~! the
Fourier transform and inverse Fourier transform defined on &’. It is known that
these operators are automorphisms on §’. For a suitable ordinary function f(x)
(for example, f € L'(R)), the direct and inverse Fourier transforms defined by
formulas (4) and (5) respectively. The symbol < f,¢ > denotes the value of
the generalized function f € &' on the basic function ¢ € S, besides, (f, @) :=

<f,g>.
Definition 3.1. Let H® := H*(R) (s € R) be the Sobolev-Slobodeskii space

defined as the closure of the set CS°(R) of infinitely differentiable functions with

compact support with respect to the norm [15, 16]
1/2

o0

] = / (1+€2°[a(e)2de| < oo, @= Flu]. (11)

— 00
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The space H? is a Hilbert space with the following scalar product

o0

(o= [ (L+ €y aTEE (12)
Let 2 = (a,b) be a certain interval in R. The subspace of H*(R) consisting of
functions u(x) with support in 2 is denoted by HZ(£2) [16], while the space of

functions v(z) = pu(x), where v € H*(R) and p is the restriction operator to {2
is denoted by H*(§2). The norm in H?*(2) is defined by

[olle. () = mE{[L]]s,
where the infimum is taken over all possible extensions lv € H*(R).

Let X be a linear topological space. We denote the direct product of two
elements X by X2. A topology in X2 is given by the usual topology of the
direct product. We shall use bold letters for denoting vector-values and matrices.
Denote by u a vector of the form (u1,uz), and S =S xS, (5)? =8 xS§".
For the vectors u € (§')?, ¢ € §% we set

2

<u,go>zz<uj,<pj>.
Jj=1

The Fourier transform and inverse Fourier transform of a vector u € (S")? are

the vectors it = F*![u] = (F*[uy], F*[ug]), defined by the equations [15]:

1
<Flu),p>=<u,Flg] > <F'u],¢>=— <u, Flg](-z) >, ¢ €S*.
(13)
Let H®, H,’(£2), H*®(f2) be the Sobolev spaces, where j = 1,2; 2 is a
certain set of intervals in R. We put § = (s1, s2) and

HY = H* x H®2, HE(2) = H3(2) x H:2(2), H¥(2) = H*(2) x H**(12).
A scalar product and a norm in H¥ and H?(£2) are given by the formulas
2 2 L\L/2
(V)5 =" (5 09)s,s Ilalls= (D lwill2,)
j=1 j=1

where ||u,|[s; and (uj,v;)s, are given by the formulas (11) and (12), respectively.
A norm in H¥(£2) is defined by the equality

2 L\ 1/2
ulliey = (3 inf [lusl2,)

Jj=1
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where [; are extension operators of the u; € H% ({2) from {2 to R

Theorem 3.2. Let 2 C R,u = (uy,uz) € H¥(2),f € H¥(2) and 1If =
(Iif1,laf2) be an extension of £ from 2 to R belonging to H~%(R). Then the
integrals

i /Ool F (b (Bt (14)

do not depend on the choice of the extension If. Therefore, this formula defines a
linear continuous functional on HE(£2). Conversely, for every linear continuous
functional ®(u) on HE(12) there exists an element £ € H™5(12) such that ¢(u) =
(o, £] and [|8]| = ||f]|5+-=(c)-

Proof. The proof is based on the fact, that the set (CS°(£2))? is dense in
HE(82), 5 = (s1, 52), and on the Riesz theorem. [ |

3.2. Pseudo-differential Operators

Consider pseudo-differential operators of the form
(Au)(z) := FTHA®)A(®)] (),
T

where A(t) = ||a;j(t)||2x2 is a square matrix of order two, u = (u1,u2)" is a
vector, transposed to the line vector (u1,us), and U(t) := F[u] = (F[uy], F[ug])T.
We introduce the following classes.

Definition 3.3. Let o € R. We say that the function a(t) belongs to the class
o*(R), if |a(t)| < C1(1 + [t])®, for all t € R, and belongs to the class 0% (R), if
Co(1 + |t)* < a(t) < C1(1 4+ |t])?, for all t € R, where Cy and Cy are certain
positive constants.

Lemma 3.4. [5]. Let a(t) > 0 be such that (1+]t])~*a(t) is a bounded continuous
function on R. Suppose moreover that there are positive limits of the function
(1 +t[)"“a(t) when t — *oo. Then a(t) € oS (R).

Definition 3.5. Let A(t) = ||a;;(t)||2x2, t € R be a square matrix of second
order, where a;;(t) are continuous functions on R,a; € R,(j = 1,2), & =
(a1, az). Denote by X%(R) the class of square matrices A(t) = ||ai;(t)]|2x2,
such that

—_

CL“(t> S Uai(]R), aij(t) c o™i (R), Q5 < —(Oéi +O[j).

[\]

We shall say that the matrix A(t) belongs to the class X7 (R), if A(t) € Z%(R)
and it is Hermitian, i.e. (A(t))T = A(t), and satisfies the condition:
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2
WIAW > C1 Y0 (1 [H)* g, Yw = (wn,wn)” € €,
j=1
where C is a positive constant. Finally, we say that the matrix A(t) € 3(R)
belongs to the class X9 (R), if it is positive-definite for almost everywhere ¢ € R.

Lemma 3.6. Let the matriz A(t) = AL (t) belong to the class Zf‘: (R). Then the
scalar product and norm in HY/?(R) can be defined by the formulas

(av)a.az= [ FRTOAOF [l (15)
ullasae= ([ FRT@AL OFww) " (16)

respectively.

Lemma 3.7. Let A(t) € X“(R). Then the Fourier integral operator Au defined
by the formula F~'[A(t)0(t)](x) is bounded from HY/?(R) into H~%/2(R).

Lemma 3.8. Let {2 be a bounded subset of intervals in R. Then the imbedding
H5(£2) into H 5(02) is compact, where €= (¢,€) > 0 if and only if ¢ > 0.

Proof. The proof based on the fact that the imbedding H*%i (£2) into H®~%({2),
e > 0 is completely continuous if {2 is bounded in R (see, [16]). ]

3.3. Solvability of the System of Dual Equations (7)

System (7) can be rewritten in the form

PF €[ Ad(©)a(©)(2) = f(a), we 2, )
PFIRO)@) =0, re =R\,

where £(z) = (f1(x), f2(2))", §(€) = Flu] = (@1 (€), #2(€))", the operator F~*
is understood in the generalized sense (13), and

_ a11(§) i - sign(§).a12(§)
Aole) = (—i sign(€).an(€)  an(©) ) ’
2(1 — v)[cosh(|¢|h) sinh(|]h) + [£]A]
4(1 — v)2 4 |€]2h2 + (3 — 4v) sinh?(|¢|h)’
(1 — 2v) sinh?(|£|h) + |€]2Rh?
4(1 —v)2 4 [€]2h2 + (3 — 4v) sinh®(|¢|h)’

a11(§) =

az21(§) = a12(§) =
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2(1 — v)[cosh(|¢|h) sinh([§|h) — |€|R]
4(1 — v)2 4 |€|2h2 + (3 — 4v) sinh?(|¢|h)’

az(§) =

p and p’ denote restriction operators to {2 and {2/, respectively.

It is clear that |¢|Ag(¢) € X% @ = (1,1), besides, lim|¢|—oo @i (§) = vij,
where
B 2(1-v) B 1=
Y11 = 722 = 73_41/ , Y12 = 721 = 3_ 4,

One can show that
ai;(§) —vi; = 0([§]7%),  [¢] — o0.
Lemma 3.9. The matriz Ao(&) is positve-definite for all £ # 0.
Proof. We have to prove that
aiiazz — aizaz >0, V& £ 0.
It is equivalent to
A = 4(1—v)?[cosh?([€[R). sinh® (€] h) = |€*h®] = [(1—2v) sinh?(|€[h) + |€]*h?)? > 0

for all £ # 0.
Indeed, putting ¢t = |£|h, we have

A = (4 — 8v 4 4v?)(sinh* t + sinh? ¢ — 12) — (1 — 4v + 4?) sinh* ¢
—2(1 — 2v)t?sinh® ¢ — ¢4
(3 —4v)sinh® t + 4(1 — v)?(sinh? ¢t — £2) — (2 — 4v)t*sinh® ¢ — ¢*
= (2 — 4v)(sinh*t — t? sinh? ) + (sinh* t — t*) + 4(1 — v)?(sinh® t — %)
= (sinh® t — t?)[(2 — 4v) sinh® t + sinh? ¢ + % +4(1 — v)?].

It is clear that A > 0 for all £ > 0. The lemma is proved. ]
According to Lemma 3.9, A(€) := |£]Ag(€) € ZF, @ = (1,1).

Theorem 3.10. (Uniqueness) The system of dual equations (17) has at most
one solution in the space HS/Q(Q).

Proof. Let u € Hg / 2(!2) be a solution of the homogeneous system of system (17).

Using the formulas (14)-(16) and Lemma 3.7 we can show that

o0

(Au, u] = / AT(OA(©)R(E)d = 0.

— 00

from which follows u = 0. [



Solvability of a System of Dual Integral Equations... 475

Denote
(Au)(z) = pF ' [A()T(9)](x) (18)

and rewrite (17) in the form
(Au)(z) =f(z), ze€ . (19)

Our purpose now is to establish the existence of solution of system (19) in
the space H?/2(Q), a=(1,nT.
We introduce the matrices
o 13.signé

A (€) = [¢] coth([¢[R) :
—if.signé  «

B(§) = [¢]Ao(§) — A4 (§)
" ( a11(§) — acoth(|¢|h) i - signé(ai2(§) — 5C0th(|§|h)))

—i - signé(as (€) — Beoth(|¢|R)) azz(§) — acoth(|¢]h)

where
1-2v 1

R A i vy
Theorem 3.11. We have A, (€) € X5, d = (1,1).

Proof. Let
’(/Zl:a’l +ibla a2:a2+ib2a CLl,bl,CLQ,bQGR.

We have
@] = af + b7, |as|* = a3 +b3.

It is not difficult to show that
@ AL = € coth(¢h)[a(a? + b2 + a2 + b2) — 26sign(€)(arbs — asby)]
> £ coth(éh)[a(a + B3 + a3 + b3) — 264/ (a? + b2) (a3 + 3)]

> (o — B)& coth(Eh)(af + bF + a3 + b3)
& B coth(Eh)[|a1]? + |ha]? — 2|d1]|d2|] > 0.

Thus,

¢ coth(€)h
—4

& At > (o= B coth(§h)([an? + [aaf?) = 22 (i | + [2]?).  (20)

Using Lemma 3.4, we can show that £ coth(¢h) € o} (R), that means there
exists a positive constant C such that

Ecoth(€h) > C(1+1¢]), V€€ R. (21)
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From (20) and (21) it follows that A (¢) € £, & = (1,1). The theorem is
proved. [

It is not difficult to show that

B¢ ex ™’ G=(88), B>>1.

We have
Theorem 3.12. (Existence) Let 7o(x) and o¢(x) be such that the function f(x)

defined by (8)-(10) belongs to H-%/2(2), @ = (1,1). Then the system of dual
equations (17) has a unique solution u= F~'[1] € H?/Q(Q), i.e.

u(z,0) € HY*(a,b), v(z,0) € HY?(a,b),

where u(zx,0) and v(z,0) are horizontal and vertical displacements on the azis
y = 0, respectively.

Proof. Represent the operator A defined by formula (18) in the form A = A, + B,
with
Aju=pF '[A 0], Bu=pF '[Bi], u=F[ul, (22)

and then consider the system of equations
Ayu(z) =g(e), u(r)eHF(2) (23)
with g(z) € H™9/2(£2) being a given vector-function. From (14) and (15) we

have
o0

[Aiu,v]= / FVT|(t) AL (t)Flu](t)dt = (0, V)a, a/2

for arbitrary vector-functions u and v belonging to HY/ 2(!2). Therefore, if u €
?/2(!?) satisfies (23) then

(ua V)A+,&/2 = [ga V]a Vv € H§/2(Q) (24)

Since [g, v] is a continuous linear functional on the Hilbert space HY/ (2), by
virtue of Riesz theorem, there exists a unique element u, € He/ *(£2) such that

g, v] = (uo, V)A+7&/25 v e H§/2(~Q)- (25)
From (24) and (25) it follows that u = ug. Moreover, the estimation
[uol|ay,a/2 = [|1A7"glla, a2 < Cllglli-ar2(0)

holds for a positive constant C. Hence the operator A~! is bounded. Next, rep-
resenting system (17) in the form



Solvability of a System of Dual Integral Equations... 477
Aju+ Bu=Tf.
we obtain
u+ A7'Bu=A7'f. (26)

In virtue of Lemma 3.8, the operator Bu defined by (22) is completely continuous

from HY/ *(£2) into H%/2(£2). Thus the operator AZ' B is completely continuous.
It follows that system (26) is Fredholm. Due to the uniqueness of its solution

(Theorem 3.10) it follows that this system has a unique solution u € Hs/ (9).
|

4. Reduction to Infinite Systems of Algebraic Equations

In this section we propose a method for reducing the system of dual integral
equations (7) to an infinite system of linear algebraic equations of second kind.

4.1. Some Preliminary Considerations

Definition 4.1. Let p(z) = /(z—a)(b—x)(a < z < b). We denote by

Liil(a, b) the Hilbert spaces of functions with respect to the scalar products

and the norms
b
(wodra,, = [P @ulei@ds, lullz,, = [, <+oo

a

We have the following result [7].

Lemma 4.2. Let ¢ € Li(a, b). Denote by @o the zero-extension of the function
@ on R. Then ¢g € H;l/Q(a, b).
In the spaces Liil (a,b) we consider the singular integral operator
b
1 t
Solel@) = = [ Xar, e 2= (@)

T xr —
a

where the integral is taken in the sense of Cauchy principal value. The following
theorem is due to Khvedelidze [1].

Theorem 4.3. The operator Sq, is bounded in the spaces Liil(a, b) :

||SQ[<P]||Liil(a,b) < CH‘PHLiil(a,b)'
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We shall need some relations for Chebyshev polynomials. Let Ty () and Uy (z)
be the Chebyshev polynomials of first and second kind, respectively. We have
the following relations [10]:

sin(n + 1)0

T, (cos ) = cosnb, U,(cosb) = g
in

Tiln(@)IT;[n()]

dr = ady,,
p(x) rw

U n(2)]Ujn(x)]p(x)de = Bk,

Ti[n(y)dy  —2m

(x —y)ply) b_akal[n(‘T)], k=0,1,...

P Uka[n(y)ldy _ w(b—a)
r—y 2

Ten(x)], k=1,2,...

D\o* D\o* D\o* D\@

where dy; is the Kronecker symbol and

Consider the following system of linear algebraic equations [2]:

o0

wi=Y cigmp+bi (i=1,2,..), (27)
k=1

where the numbers z; are to be determined.

Definition 4.4. [2] The infinite system (27) is called regular if
Z|Cz‘,k| <1l (i=12,..)) (28)
k=1
and completely regular if
Slerl<1-60<1 (i=1,2,..). (29)
k=1

If the inequalities (28) (respectively, (29)) hold only for i = N +1, N +2,...,
then system (27) is called quasi-regular (respectively, quasi-completely regular).
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The theory and applications of regular infinite systems can be found in [2].

4.2. Reduction of the System of Dual Equations (7) to an Infinite System
of Algebraic Equations

Now we turn to system (7):

{ FY|elara(€)an(€) +i - [€lsign(€)arn (©)a(6)](x) = fi(x),
FY(—i) - [€|sign(€)az: (€)T1(€) + |€|aze(€)T(E)](x) = folz), = € (a,b),

(30)
where
. 2(1 — v)[cosh(|¢|h) sinh(|]h) + []h]
U4 - 0)2 €22 + (3 — 4v) sinh®([¢|h)
(2w sbR(jel) + PR
TR T 0)2 1 [€2R2 £ (3 — 4v)sinh2(€|R)’
9y — 2(1 — v)[cosh(|¢|h) sinh(|§]h) — [€]A]

4(1 — v)2 4 |€]2h2 + (3 — 4v) sinh?(|¢|h)

We find the functions uy(x) = F~1u](z) and uz(z) = F~[us](x) in the
form ,

1

Um (x) = 3 /vm(t)sign(x — t)dt, (31)

where v, € L2(a,b) C Hy"?(a,b) and

b
/vm(x)d:c =0, (m=1,2). (32)

Taking the Fourier transform of (31) we get

b

i@ = (o metar— 5 m—
O = o [t = =B, (m=12. (@9

a

Substituting equations (33) into (30), after some transforms we get the system

{Fl [i - sign(&)a11 (€)01(§) — a12()B2()](x) = fa(z), =z € (a,b),

F [ag1 (€51 () + i - sign(©az(©)ia(O)] (1) = fola), € (@ b). )

Further, using the formula
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b
F~sign(¢)F[v]](z) = %/ itzdtt, veE Liil(a, b)

we can transform system (34) to the following system of singular integral equa-
tions:

b b b
g‘/’U —|—/ kllx—t / k12$—tdt—6’02()
s

= fi(z), x € (a,b),

b b
% / ol + / v1()k21(z — t)dt + [ va(t)kao(z — t)dt + Bui(z)

Se— o

= fo(x), x € (a,b),

(35)
where
bue) =+ [ (@n(€) - a)singade,
0
1 o0
kaa(z) = — [ (a22(§) — a) sinéwdg,
.
1 o0
k12 = k21 - CL12 COS §xdé.
)= ot

In (35) replacing the functions v, (t) by wm(—;) where ¥, (t) € Li,l (a,b), we
)

have the following system of integral equations

: b
« 1/)1(t)dt 1/)
;‘a/p(t)(x—t) / knx—t /p( kio(xz — t)d
Se@
b bp() _fl( )a 6(,()),
@ a(t) oy (t ba(t)
;Z p(t) x_t / k21 .I—t)dt—Fa/ p(t) kQQ(ZE—t)dt
+03 - Ya(z) = fo(z), =z € (a,b).
p(z)

Further, we expand the functions 1 (t) and 12(t) to series
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bmt) = D AT, (m=1,2), (37)
j=1

where Agm) are unknown constants, besides, {Agm) 1321 € l(m = 1,2). It is
not difficult to verify that the functions vy, (t) = p~L(t)¥m(t) (m = 1,2) satisfy
conditions (32). Substituting (37) into (36), in virtue of Theorem 4.3, changing
the order of integrations and summations, after some transforms, we have the
following system

—ab—a)T (1) | N A D AD) 4 2) 4(2) :
fAnJrl_'_Z(Aj an _Aj an ):ng)a
j=1
—a(b—a)T ) | N gD AR L 422 _ @) (38)
fAnJrl_'_Z(Aj an +Aj an )=F7,
j=1
n=0,1,2,...,
where
b bT
In(t
e = [ onn@nas [ 0Nk - oar
p(t)
b bT
In(t
e = [ sanlutaras [ k(o — nar
~(12) Bb —a)(n+1) _ ch—
(12) an +m, (n—0,2,4,...,]—2,4,6,...
Crnj” = orn=1,35...j=13.5,..),
P (n=0,2,4,...; j=1,3,5,...o00n=1,3,5,...; j = 2,4,6,..)),
. Blb—a)(n+1) .
cgluﬁ, (n=0,2,4,...; j=2,4,6,...,
o) _ (n+1)?—j
nj orn=1,3,5,...; j=1,3,5,...),
CPY (n=0,24,...; j=1,3,5,... orn=1,3,5,...; j =2,4,6,...),
b bT
N In(t
e = [ o@vatn@ids [ 20 koo~ ar

L, . _
e = 1)t

O}
v
=
Il
e .
o)
~—
8
N—
=
~—
=
QU
3
A’g‘
—~~
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b

F{D = / @)U (@) fr (),

a

b

P = / @)U () fo )i

a

One can prove the following theorem.

Theorem 4.5. The system of singular integral equations (35) and the system of
linear algebraic equations (38) are equivalent.

We introduce notations

X2k71 = A](cl), X2k = A](f)a (k = 15 25 35 e ) (39)
4 ) 4 @
E =—-——FF E =—-——F 1=0,1,2,.. 4
20+1 O[(b—CL)TF 1 20+2 a(b—a)ﬂ 1 ( Oa ) 4y )5 ( O)
4 (11) 4 (12)
Cojt1,on—1=— c: 7, Coypron=+—""7-0C.", 41
2ottt alb—a)yr " SAR +a(b—a)7r Jmn (41)
4 (21) 4 (22)
Cojyoon-1=——7——C"  Cojyoon=———C". 42
2ot22n—l alb—a)r " 222 alb—a)r " (42)
(43)
Then system (38) can be written in the form
Xn 4> CojX;=E, (n=1,2,..). (44)
j=1
The following lemmas hold.
Lemma 4.6. The following inequalities hold
L .
Crjl € —5 (n21, j=>2), (45)
nj

where L is a certain positive constant.

Lemma 4.7. If derivatives fy(,f)(x), m = 1,2 are continuous functions on [a,b],
then the following inequalities hold

L
|E"|<ﬁ (n=1,2,...;k=0,1,...).

Theorem 4.8. Let fi(x) and fa(x) be such that the set {E,}5%,, defined by (40)
belongs to la. Then the infinite system of linear algebraic equations (44) possesses
a unique solution { X, 52, € la. This infinite system is quasi-completely regular.
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Proof. Denote by L the infinite coefficient matrix in the left-hand side of (44).
According to the estimations (45) the double series formed of the squares of the
components of L is convergent, so the infinite matrix L defines a completely
continuous operator mapping the Hilbert space ls into itself. Therefore, the infi-
nite system (44) is Fredholm in /2. The uniqueness of the solution of this system
follows from the uniqueness of that of the system of dual equations (7). Hence, it
follows that the infinite system (44) has a unique solution in l5. For a sufficiently
large number n = N, we have

DIl ST <1-0<1 (M= N+ LN +2.0),
Jj=1 j=1

therefore the infinite system (44) is quasi-completely regular [2]. ]
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