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Abstract. In this paper, we investigate a predator-prey population which is mod-
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1. Introduction

In mathematical ecology, one of the popular models is a model consisting of two
different species where one of them provides food to the other. The interaction
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between species in this type is very universal in nature and is called “Predator-
Prey” relation. The predator-prey system plays an important role both in theory
and practice and has been studied by many authors. Recently, there are many
works revealing the dynamics of predator-prey systems for a so-called semi-ratio-
dependent class with functional responses. This class consists of models which
are described by the following system

= x[a — bz] — ¢(a)y,
. y (1)
§=yld—e=],
x

where z and y stand for the quantity (or density) of the prey and the predator,
respectively. The function ¢(x) is called the predator functional response. The
biological signification of a, d, e and a/b has been explained in [4]. The preda-
tor consumes the prey according to the functional response c¢(z) and carrying
capacity x(t)/e proportional to the population size of prey (or prey abundance).

The predator-prey equation (1) with functional response was first proposed
by Leslie and Gower [11]. Since then, there has been much interest both in theory
and application of this model. Based on experiments, Holling [8] suggested some
kinds of functional responses to model the phenomena of predation, which made
the standard Lotka-Volterra system more realistic. Depending on the form of
the functional responses, these models are classified into five types (see [4]).
If ¢(x) = ma, we have type I. These models have been studied by Leslie and
Gower [11], Holling [8], Hsu and Huang [9]. The functional response ¢(z) is of
type ITif ¢(x) = ma/(A+2z). There are some papers studying stability, furcation
behavior,... of these models. For example, we can refer to Colling [7], Berryman
[5], Cheng et al. [6], Hsu et al. [13]...When ¢(z) = mz™/(A+z™) n > 2, it
is called of type III, which was suggested by Holling [8]. The general form of
functional response of this type was introduced by Kazarinov and Driessche
[10]. If ¢(z) = ma?/(A+x)(B+x), it is concerned with type IV. This model can
be found in Colling [7], Tanner [12],...The type V is also called Ivlev’s functional
response. In this case, ¢(x) = m(1 — e=4%).

The model that Alaoui and Okiye have dealt with in [1], is the model of type
IT of the form:

y=ﬂm— - ﬂ,
T+ ko

where r1, a1, b, k1, 73, as and ko are the model’s parameters, assuming to be
positive. It was proven in [1] that the system (2) is ultimately bounded with
respect to Ri. Now we consider a time-varying predator-prey system:

r=ux [rl (t) —b(t)x — Y j—lli?(t) y} ,
as(t) } 7

yzy{m(t)— my
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where b, k1, 7, a; : R — R (i = 1,2) are continuous and bounded above and
below by some positive constants; ko : R — R is supposed to be nonnegative,
continuous and bounded, x(t), y(t) denote quantity prey, predator at time ¢,
respectively.

The paper is organized as follows: In Section 2, we discuss about globally
asymptotic stability of system (3). In the last section, we prove the existence of
a unique positive bounded solution for system (3) and study the existence of a
positive almost periodic solution.

2. The Stability

Let Ry = [0, +00), R2 = [0, 400) X [0, 400), intR2 = (0, +oc) x (0, +00).

Definition 2.1. System (3) is said to be globally asymptotically stable, if for any
two solutions (x;(t), y;(t)), ¢ = 1,2 of (3) with initial condition (z;(t0),yi(t0)) €
intE3. one has i (ja1(£) — 2(0)] + (1) ~ va(0)]) = 0.

Lemma 2.2. Assume that g, h : R — R are continuous, bounded above and
below by positive constants. Then

(i) The logistic equation

5= 2lg(t) — h(t)2] (4)

has a unique solution Z°(t) which is defined on R and is bounded above and
below by positive constants. Moreover, . liin |z(t) — Z°(t)| = 0 for any solution
[— 100

of (4) with z(tg) > 0 for some ty € R.

(ii) If in addition, g,h are almost periodic, then the above solution Z°(t) is
also almost periodic.

(iii) For any solution z(t) of (4) with z(to) > 0 for some ty € R, we have
9(t)

t
iomnp =) S s S5, =02 i 5

Proof. The proof of the assertions (i) and (ii) can be found in [2].
In order to prove the assertion (iii), let z(¢) be a solution of (4) with z(¢y) > 0.
Suppose that
9(t)

lim sup z(¢) > limsup =——=.
t—+o0 t—too N(t)

Then there exist € > 0 and T' > ¢ such that g(t) — h(t)z(t) < —eh(t), for all ¢ >
T. Thus,

z(t) < z(T) exp{— /sh(s)ds}, t>T.
T
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This implies that . lim z(t) = 0, which contradicts the fact that

— 400

limsup z(t) = limsup Z°(t) > 0 (by the assertion (i)).

t——+o0 t——+o0

The contradiction implies that

lim sup z(t) < lim sup =——=.
t—>+oop ( ) B t—>+oop h(t)

Similarly, we can prove that

ltlinﬁ&f z(t) > lirilfgop %

The proof is complete.

By Lemma 2.2, the following logistic equation

& = x[r1(t) — b(t)z]

(5)

has a unique solution, throughout this paper, we denote it by X°(¢), which is
defined on R and is bounded above and below by positive constants. Further-
more, ligrn |z(t) — XO(t)| = 0, for any solution z(¢) of (5) with z(¢y) > 0 for

some tg € R.

Lemma 2.3. Let (z(t), y(t)) be a solution of (3) with initial condition x(to) > 0,
y(to) > 0 and Z(t) be a solution of (5) with T(tp) > 0. If x(to) < Z(to) (or
x(to) > Z(to)) then x(t) < ZT(t) for all t > to (or x(t) > Z(t) for all t < to,
respectively) belonging to a common interval of existence of (z(t),y(t)) and Z(t).

Proof. 1t is easy to see that for each € R such that z(¢) = z(¢) then z() —z(t) >
0. Thus, there exists ¢ > 0 such that z(t) — z(t) > 0, for all t € (f, + ) and

z(t) — z(t) <0, for all t € (t — ¢,1). Thus, the lemma follows.

We denote
M;t = limsup X°(¢), M; :=limsup X°(¢)

t——+o00 t——o0

ro(t)(M; + ka(t))

r2(t)(My + ka(?))

M2Jr := lim sup , M, :=limsup

t—-+00 as(t) PR as(t) ’
. . 1 al(t)MJr B . ) 1 al(t)M7
T =liminf — _ L\t — lim inf —— _ 2
(e R O R A A 0)
+ _
my = liminf ra(t)(my + kz(t)), my = liminf ra(t)(my + /f2(75).
t——+oo ag(t) t——00 Clg(t)

Throughout this paper, we assume that

I,
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+
lim inf[ry (¢) — a1(t) M,

t— 400 k1 (t) ] > 0. (6)

With assumption (6), we see that m]” > 0 and mJ > 0. There exist My > M,
M; > Mfr, mq > 0, mg > 0 such that

. ay(t)Ms () (M + k(1)
T S
ay(t) M (t)(m1 + kz(t)).

. .. .T2
Jim inf
ko M2 < lmind as(t)

.. 1
ma < Hminf oSt (t) =

Clearly that mf > my and mg > m; Thus, there exists t; € R such that for
all t > t1 we have

My + M ra(t) (M + ka(t))

0
X(t) < 5 , e < Mo, .
1 al(t)Mg Tg(t)(ml + kg(t))
myp < m[rl (t) - r (t) ], mo < (Lg(t) .
My —M;

For 0 <n < 5 and t > t1, we denote
Ao(t) = {(z,y) : m1 <z < X°(t), ma <y < M},
Ay(t) = {(z,y) : mu < < XO(t) +n, mep <y < Mo}

Theorem 2.4. Suppose that the condition (6) holds.

(1) If (x(t),y(t)) is a solution of (3) with (x(to),y(to)) € Ao(to), for some
to > t1 then (x(t),y(t)) € Ao(t), for all t > to.

(ii) If (x(t), y(t)) is a solution of (3) with initial condition x(ty) > 0,y(to) > 0,
then there exists T > t1 such that (z(t),y(t)) € A, (t), for allt > T.

Proof. (a) In order to see the assertion (i), we consider the vector field (&, y) of
system (3) on the boundary of the rectangle Ag(t) = [m1, X°(t)] x [m2, Ma] in
Ri for each t > tg.

On the interval {(z, Ms) : m; <z < XO(t)}, the vector field (z,9) of (3) has

| <) - 252 <0, (by 8))

- a(t)y
= t) —

Y y[r2( ) T kg(t)

On the interval {(z,m2) : m1 < x < X°(t)}, the vector field (#,7) of (3) has

_ ag(t)mg
mi + kg(t)

as(t)y

D ] >0, (by (8)).

g =ylra2(t) - | = ylra(t)
On the interval {(m1,y) : me <y < Ma)}, by (8), the vector field (&,7) of (3)
has
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aq (t)MQ

a1 (t)y ]
mi + kg(t)

& = x[r(t) — b(t)r — T+ k(D)

> x[r(t) — b(t)my — ] >0.

On the interval {(X°(¢),y) : ma <y < M)}, the vector field (i, 7) of (3) has

& = xlri(t) — b(t)z — %] = XO(t)[r1(t) — b(t)XO(t) — %]

< XOW)[r1(t) = b(t)X°(t)] = X°.
Thus, since

OAo(t) ={(x, M3) : my <z < X°()}U{(x,ma): mi <x < X°)}
U{(m1,y): ma <y < Ma)} U{(XO(t),y) : ma <y < Ma)},
the assertion (i) is deduced.
(b) Let (z(t),y(t)) be the solution of (3) with initial condition x(tp) > 0, y(to) >
0. Let Z(t) be the solution of (5) with Z(tg) = z(ty). According to Lemma 2.3,

we obtain Z(t) > z(t) for all ¢ > ¢y. On the other hand, applying Lemma 2.2 we
receive , liin |Z(t) — XO(t)| = 0. Thus, there exists t5 > t; such that

z(t) < XO(t) +n, for all t > to. 9)

Thus, (9) implies that for ¢t > t,

- az(t)y az(t)y
g =ylra(t) - m] < ylr2(t) - X0(0) + 11 + kg(t)]
<o) - s
_ s s ax()y S _
Let 3(t) be the solution of § = y[ra(t) ot ho(d) kg(t)] with g(t2) = y(t2), then

y(t) < g(t) for all t > to. Thus, by Lemma 2.2 (iii) and (8), we have

r2(t)(Mi + ka(t))

lirf Sup y(t) < 1?3 Sup y(t) < lirf Sup e < M.
This implies that there exists t3 > t5 such that
y(t) < My, for all t > ts. (10)
By (10), for ¢ > t3 we have
= alra(8) = be)e — S > afra(0) - bioye - L5
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alk(z?f‘f], with #(ts) = a(ts),

then x(t) > Z(¢t) for all ¢ > t5. Thus, by Lemma 2.2 (iii) and (8), we have

Let Z(t) be the solution of & = & {rl (t) —b(t)r —

.. s .. 1 aq(t
(1) > g 300 = fmint gy [n®) 0] > o
Thus, there exists t, > t3 such that
x(t) > mq, for allt > 4. (11)

By (11), for t > t4 we have

Let g(t) be the solution of

as(t)y

SRy DL
Yy yTQ( m1+k2(t)

with §(ts) = y(ts), then g(¢t) > y(t) for all ¢ > t4. Once again using Lemma 2.2
(iii) and (8), we get

liminf y(¢) > lim inf §(¢) > lim inf r2(t)(m1 + ka(t))

> .
t— o0 t— oo t— 400 as (t) m2
Hence, there exists T' > t4 such that
y(t) > mq, forall ¢>T. (12)

From (9), (10), (11) and (12), it follows that (z(t),y(t)) € Ay(t) for all t > T.
The proof is complete. [ |

Theorem 2.5. Suppose that the condition (6) holds. If

Kb(t)_( ay (t) My ) (my +ka()? ar(t)(XO(t) + ka(t))

— > 0,
mi + ki (t))? My mi + ki (t) )

lim inf
t——+o0

then system (3) is globally asymptotically stable.

Proof. It is easy to see that there exist positive numbers M7y, My, mq, ms and

_ +
n with n < %, my < mf, M1+ < My, M2+ < Mo, m; > mg such that (7)

and

lim inf
t——+oo

ay (t)Ms (my+ka(t)®  ar(t)(X°(t) + 1+ ka2(1))
Kb(t) C (my+ kl(t))Q) Mo - m1 + ki (t) ’

(14)
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hold. Thus, there exist numbers t; € R, @ > 0, ¢ > 0, (o > ¢) such that (8)
holds and the following inequalities are satisfied

ay(t) Mo (m1 + ka(t))?
(0~ g hae) i > (15
a1 (t)(XO(t) + 1+ ka(t))
a—¢e> NOICTEN0) , for all t > t;.
Hence, for t > t;
a1 (t)MQ GQ(t)MQ ag(t)MQ

B TR 10 e CTE2 10 CTE O A

a1 (t) ag (t) as (t)

k() X))kt k() XOW) + o+ k()

Since, X°(t), ax(t) are bounded above and below by positive constants, ks (t) is
nonnegative and bounded, there exists v > 0 such that

ag (t)MQ . f ag (t)

. 17
Ok o + k(D)2 7 R X0 4 Ra®) (7

We now prove that system (3) is globally asymptotically stable. Let (z1(¢), y1(¢))
and (z2(t), y2(t)) be two solutions of (3) with the initial conditions x;(tg) > 0,
yi(to) > 0, (i = 1,2). According to Theorem 2.4, there exists T' > ¢; such that
(xi(t),yi(t)) € Ay (t), for all t > T, (i =1,2). Let

t t
V:|1nx1()|—|—a|lny1()|, >T.
(1) ya(t)
) . . z1(t)
Calculating the upper right derivative of |In 0 |, we have
x2
D* |In xl(t)‘
z2(t)
a1 (t)y1(t) a1(t)y2(t)

sgn (z1(t) — x2()).

= [ —b(t) (x1(t) — z2(t)) — o1 (t) + k() | z2(t) + ko (1)

By using the mean value theorem of differential calculus to the function f(z,y) =

, we obtain
T+ Kk

z1(t) —w2(t) | ni(t) —ya(h)

1 (t) ya(t) N
(G @)+ k(1) &lt) +ha(t)

x1(t) + k1(t) - 22(t) + ka(t) = —n(t)

where & (t) lies between x1(t) and za(t), mi(t) lies between yi1(t) and ya(t).
Therefore, for t > T we have
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a1 (8)|y1(t) — y2 ()]
m1 + k1 (t)

t) M.
Dt |2 a1 ()Mo S| o () — 22 ()] +

(m1 + k1(t))

Similarly, there exist £»(t) lying between x4 (¢) and x2(t) and 72(t) lying between
y1(t) and yo(t) such that

+1n y1(t)
o Y2 (1) '
=[- x?(Qt()tzfllf;()t) ijtgtfz(jgt)} sgn (y1(t) — y2(t))
— az(O)ne(t)(z2(t) — 21(t))  a2(t)(y2(t) — y1(t)) . B
-l (&2(t) + ka(t))? + () + ka (1) | 'sgn (y1(t) — ya(t))
az ()M, as(t)

S T+ e O w0l g e ©) — w0l

Thus, we have

a1(t)Ma as(t)Ms
DV < [—b(t) + e 53{1 7t O g@@))?] |z1(t) — @2(t)|
ax(t) as(t)
+ |:m1+k1(t) —aXO(t)+77+I€2(t):| |y1(t)_y2(t)|

By (16) and (17), for t > T we obtain

DYV < —ev[lzr(t) — 22 (t)] + [y1(t) — y2(t)]]

2 o M)

< —evdV, where § = min{m, @}
a

< —ey [m1| In

Thus, V(t) < V(T)exp{—e7d(t = T)} — 0, as t — +o0. Therefore,

Jim (21 (t) = 22(0)] + |ya(8) = y2(0)]) = 0.

The theorem is proved. [ ]

3. The Existence of Positive Almost Periodic Solution

Definition 3.1. A solution (x(¢),y(t)) of (3) is said to be positively bounded if
it is defined on R and

0 < inf z(t) <supz(t) < +o0o0, 0 < inf y(t) < supy(t) < +oo.
teR teR teR teR

Theorem 3.2. Let the condition (6) hold. If
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timintfry (1) — SN2 )5 o, (18)

- ki (t)
then the system (3) has at least one positively bounded solution.

From (18), it is easy to see that there exist positive constants Mo, My, my, ms
such that

M1>Mf,M2>M;, T_n1<m17’m2<m2*’
t) M. £)(My + ka(t
lim inf (ry (¢) — a(t) 2) >0, limsup r2(t) (M1 + k(1))
t——o0 kl(t) t——00 ag(t)

a )My, o ra(t)(my + ko(t)),
TR )T i w7

) < Ms,

(19)

e 1
fminf 75 ()

Thus, there exists to € R such that for ¢t < t5 we have
My+ M ra(t) (M + ka(t))
2 ’ as (t)
1 t) M.
i < ——[ri(t) — a1 (t) My

b(t)

My —M,
2

XO(t) < < My,

Otk

@ o e s ()

For 0 < B < and t < to, let us denote

Ay () = {(z,y) : M1 <z < XOt), ma <y < Mo},

Az () = {(z,y) : M1 <2 < X°(t) + 8, mg <y < M} (21)
Proof of Theorem 3.1. By the same argument as in the proof of Theorem 2.4 (i),
we have that if (2(¢),y(t)) is a solution of (3) with (z(t0),y(t0)) € Ag (to) for
some to < to, then (z(¢),y(t)) € Ag (¢) for all ¢ € [to, t2]. Let ng be a positive in-
teger such that —ng < t. For each positive integer n > ng, let (z,(t), yn(t))
be a solution of (3) with (x,(—n),yn(—n)) = (m1,m2). We have that the
solution (z,(t),yn(t)) is defined on [—n,t2] and (z,(¢),yn(t)) € Ay (), VE €
[—n,t2], Yn > ng. In particular (z,(t2), yn(t2)) € Ay (t2), ¥n > ng. Therefore,
there exists a sequence {n;}32, of positive integers such that (z,; (t2), yn, (t2)) —
(&,m) € Ag (t2), as j — oo. Let (z*(¢), y*(t)) be the solution of (3) with initial
condition (& (t2), 7 (t2)) = (€, Since (u, (t2), yn, (2) — (€,1) as § — oo,
it follows that {(xy, (t),yn,(t))}32, uniformly converges to (z*(t),y*(t)) on any
compact subset of the domain of (z*(t), y*(t)).
We now prove that (—oo,ts] is contained in the domain of (z*(¢),y*(t)). Sup-
pose that there exists ¢y € (—o0,t2) such that (x*(¢o), y*(to)) ¢ Ay (to). Let jo
be a positive integer such that —n;, <to. We have that {(zy; (t0), yn; (t0))}52,
converges to (z*(to),y* (o)) as j — oo. Hence, (z*(to),y*(t0)) € Aq (to), which
is a contradiction. Thus (—oo,t] is a subset of the domain of (z*(t), y*(t)).
For each ¢ € (—00, 2], we have {(zn;(f), yn, (1)) }52; converges to (z*(f),y" (%)),
as j — oo. Thus, (z*(t),y*(t)) € Aq (), for all t € (—o0, t2]. According to The-
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orem 2.4, (z*(t),y*(t)) is defined on R and its components are bounded above
and below by positive constants. The theorem is proved. [ ]

Theorem 3.3. Let the conditions (6) and (18) hold. If

Kb(t) - a1 (£) My ) (my + k() _aX°O+kO)]

lim inf
w02 M o+ k(D)

t——o0

(22)
then the system (3) has a unique positively bounded solution.

Proof. Tt is easy to see that there exist positive numbers M, M, mi, me and

My — M _ _
8 with 8 < Q, my <mi, M; <My, My < M, my < m; such that
(19) and
.. a1 (t) M (1 + k() a1 (t)(XO(t) + B + ka(t))
| f{(o(t)— — — >0
mint | (00~ G ) mrh®
23

hold. Thus, there exist t2 € R and positive constants a, ¢ (o > ¢) such that (20)
is satisfied and

ay (t) My (M1 + ka(t))?
(b(t) - o+ b (t))2) . O >a+e, o
a1 (H)(X°(t) + B+ ka(t))
a—€e> PO TESN0) , for all t < t».
Hence, for t < tq
. aq (t)MQ o ag(t)Mg _ CLQ(t)MQ
MOt G = @F T T+ k@~ + ka0
a1 (t) ag (t) as (t) (25)

M1+ k() CXOW) + B+ ka(l) © CXO(E) + B+ kalt)

Since X°(t), az(t) are bounded above and below by positive constants, ka(t) is
nonnegative and bounded, there exists v > 0 such that

aQ(t)MQ))Q > 7, inf a:(t) > . (26)

teR (my + ka(t teR XO(t) + B+ ko(t)

Let (x*(¢),y*(t)) be a positively bounded solution of (3) with (z*(t),y*(¢)) €
Ag (t), for all ¢ < ¢y, whose existence is given in the proof of Theorem 3.2.

Let (z(t),y(t)) be another positively bounded solution of (3). In order to get
a contradiction, we will show that (Z(t),y(t)) ¢ intR2, for all ¢ < t5. For each
t < tg, let us denote



116 Trinh Tuan Anh and Tong Thanh Trung

ALt) = {(z,y) : x> X°(t),y > 0},

A2(t) = {(z,y) : 0 < 2 < XO(t),y > M>)},
A3) = {(z,y) : 0 < & < my,0 <y < My},
AYt) = {(z,y) :m1 <o < X°(1),0 < y < ma}.

Clearly that intR2 = A (t) UA(t) UA%(t) UA3(t) UAL(R), for t < to.

Claim 1. (Z(t),y(t)) ¢ A'(t) for all ¢t < t.

Suppose that there exists £ € (—o0,t3] such that (z(f),§(f)) € A(f). Let Z(t)
be the solution of (5) with Z(f) = Z(f). Lemma 2.3 implies that z(t) > Z(t) for
all t < t belonging to the domain of Z(t). By the uniqueness of the initial value
problem for (5), #(t) > X°(¢) for all ¢ belonging to the domain of Z(t). It then
follows from the uniqueness of the positively bounded solution X°(t) of (5) that

there exists w € [—00, t2] such that limsup Z(t) = +oo. Thus, lim sup Z(¢) = +o0,
t—wt t—wt
which contradicts the boundedness of Z(t). The claim is proved.

Claim 2. (Z(t),y(t)) & A%(t) for all ¢ < ts.
Suppose that there exists t € (—oc, t] such that (z(£),y(f)) € A*(f). By Claim
1, Z(t) < XO(t) for all ¢t < £. Thus, whenever y > M> and ¢ < ¢ we have

i6) = 50 [ral0) - 20

< g(t)[ra(t) — %]
<yB)lra(t) — %

<0 (by (20)).

This implies that 3(t) > Ma for all t < £. By (19), there exist 4 > 0 and t3 < ¢
such that _
a9 (t)Mg

ra(t) - My + ka(t)

< —p, for all t < t3.

Thus,
g(t) > y(ts) exp{p(ts — t)} — +o0, ast — —oo,
which contradicts the boundedness of 3(¢). The claim is proved.
Claim 3. (Z(t),y(t)) ¢ A3(t) for all ¢ < ts.
Suppose that there exists € (—oo, ta] such that (Z(f), §(¢)) € A3(f). By Claims
1 and 2, §(t) < My for all ¢ < . Thus, whenever Z(t) < m; and t < £, we have

a(t) = z(t)[r (t) — b(t)Z(t) — %]

a1 (t)MQ

> () (8) = blt)ma — =

] >0, (by (20)).
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This implies that Z(t) < mq for all ¢ < ¢. It follows from (19) that there exist
>0 and t4 < ¢ such that

aiq (t)M

r1(t) — b(t)my — Tl 2 >y, for all t < ty.

Thus,
B(t) < B(ta) explu(t — 1)} — 0, as t — —oo,

which contradicts %gﬂg Z(t) > 0. The claim is proved.

Claim 4. (Z(t),y(t)) ¢ A*(t) for all ¢ < ts.

Suppose that there exists € (—o0o, ta] such that (Z(f),y(f)) € A*(#). By Claims

2 and 3, Z(t) > my for all ¢+ < t. Thus, whenever g(t) < mo and t < t we have

_ as (t)mg
m1 + ko (t)

as(t)y(t)

Z(0) + ko () ] > 0, by(20).

y(t) = g(t)[r=(t) — | = §(t)[r2(t)
This implies that §(t) < ms for all £ < ¢. By (19), there exist 4 > 0 and t3 <t
such that

ag(t)mg

ra(t) - i + ka(t)

> u, forall ¢ < ts.

Thus,
g(t) < g(ts) exp{u(t —t5)} — 0, as t — —o0,

which contradicts inﬂg g(t) > 0. The claim is proved.
€

Claim 5. (z(t),g(t)) ¢ Ay (t) for all ¢ < ¢,.

Suppose that there exists ¢ € (—o0, t2] such that (Z(¢),7(t)) € Aq (f). By Claims
1 -4, we have (Z(t),7(t)) € Ay (¢t) for all ¢ < to. Denote

z*(t) y* (1)

= + a|ln = , T < ta.

wo T s

Thus, V (t2) is bounded on (—oo;ts]. By the same argument as in the proof of
Theorem 2.5, we have

V(t) =|In

DYV (t) < —eydV(t), Vte (—oo,ta],
where ¢ = min{my, 22}. Thus,
V(t2) < V(t) exp{—eyd(te —t)} — 0, as t — —o0.

Hence, V (t2) = 0, which contradicts V' (¢2) > 0. The claim is proved.
The theorem now follows from Claims 1- 5. ]

Consider the case of 7;, a;, ki, (i = 1,2) and b being almost periodic. We
now recall Bochner’s criterion for the almost periodicity: A continuous function
©(t), ¢ : R — R is almost periodic if and only if for every sequence of real
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numbers {T,}22, there exists a subsequence {1, }72, such that the sequence
{(t 4+ Tn, ) }32, uniformly converges on R (see, for example, [3]).

Theorem 3.4. Let r;(t),a;(t) (i = 1,2), k1(t) and b(t) be almost periodic and
bounded below by positive constants. Let ko(t) be almost periodic and nonnegative.
If the conditions (18) and (22) hold, then system (3) has a unique positively
bounded solution (x*(t),y*(t)). Moreover, that solution is almost periodic and

. 1iin (|x(t) —z* ()] + ly(t) — y*(t)]) = 0, for any solution (x(t),y(t)) of (3) with
ingtial condition x(tg) > 0, y(tg) > 0.

Proof. 1t is easy to see that for an almost periodic function g(t), (¢ : R — R) we
have

liminf g(¢) = liminf g(¢) = inf g(t), limsup g(¢) = limsup g(¢t) = sup g(¢).
t——+oo t——o00 teR t——+o0 t——o0 teR

Thus, conditions (18) and (22) become respectively

inf [ﬁ(t) - %} >0, (27)

. My (] he(0)? a0 + k()

s Kb 0 r +k1<t>>2) M k) ) 0(' |
28

Thus, by Theorems 3.3 and 2.5, (3) has a unique positively bounded solution

(z*(t),y*(t)). Moreover . liin lz(t) — 2™ ()] = . lig_n ly(t) — y*(t)] = 0 for any
t——+o00 St oo

solution (x(¢),y(t)) of (3) with initial condition z(tg) > 0, y(to) > 0. We now

show the almost periodicity of (x*(¢),y*(¢)). By the almost periodicity, we have

r2(H)(My + ko (1))

M :=sup X°(¢), M; =s ,
i S 2 TR as(t)
e b ~ax(t) My — e m2()(my + ka(t)
my = if e - =gy b me =ik as(t) '

From (27), it follows that mj; > 0 and m5 > 0. Thus, there exist positive
numbers my, My, mo, Mo with my; < mi, mo < my, My > M, My > My

such that
ro(t)[M1 + ka(t)]

e O I
. 1 al(t)Mg . rg(t)(ml + ]fg(t)
o ® - Zay 1> o as(t) = ma

Claim 1. (z*(t),y*(t)) € [m1, M1] X [ma, My], for all t € R.
Proof of Claim 1: For ¢t € R, let us put

Ao(t) = {(z,y) : m1 < < XO(t),ma <y < My}
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By the same argument as in the proof of Theorem 2.4(i), we can see that if
(x(t),y(t)) is a solution of (3) with (x(to),y(to)) € Ao(to) for some ty € R, then
(x(t),y(t)) € Ao(t) for all t > to. By the same argument as in the proof of
Theorem 3.2, for any t2 € R, there exists a positive bounded solution (Z(t), §(t))
of (3) such that (Z(¢),y(t)) € Ao(t) for all ¢ < ty. Since to is arbitrary, the
uniqueness of a positively bounded solution of (3) implies that (Z(t),g(t)) =
(x*(t),y*(t)) € Ao(t) for all ¢ € R. Thus, (z*(¢t), y*(t)) € [m1, M1] x [me, Ma] for
all ¢ € R. The Claim is proved.

Let {7,}22, be an arbitrary sequence of numbers, we wish to show that
there exists a subsequence {7, }32; such that the sequence {(z*(t+ 7, ), y*(t +
Tne)) 172, uniformly converges on R. Since r;(t), a;(¢), ki(t) (i = 1,2), b(t) and
XO(t) are almost periodic, it follows from Bochner’s criterion that there exists a
subsequence {7y, } 72, of {7, }7% such that r;(t+7,,), ai(t+7n, ), ki (t+7n,,) (1 =
1,2), b(t + 7, ), XO(t + 7, ) uniformly converge to 77 (t), ai(t), ki (t) (i =1,2),
b*(t), XO%(t), respectively, on R as k — oo. Thus, X°"(¢) is a unique positively
bounded solution of the logistic equation

&= x[r{(t) — 0" (t)z], (29)
and so the system
. [r __ai(®) }
FEO" a0
-
e Ty k*( c+ks)

satisfies the inequalities (27) and (28). By Theorem 3.3 and Claim 1, (30) has
a unique positive solution (Z(t),7(¢)) which is defined on R and belongs to
[ml, Ml] X [mg, MQ] for all t € R.

Claim 2. {(x*(t + Tn,, ), ¥* (t + Tn, ) } 72, uniformly converges to (Z(¢), §(t)) on R
as k — oo.

Proof of Claim 2. Suppose that it is false. Then there exist a subsequence
{7'n,c 1324 of {7n, }721, a sequence of numbers {s;}72; and a number o > 0
such that

1 (55 + T, )07 (55 + 7, ) — (@50, 5(s;)l| = @, forall . (31)

By the almost periodicity, we may assume, without loss of generality, that r;(¢ +
S5 T, ) = F(0), @i+ 55+ Ty, ) — @30, kit + 85+ Ty ) — hi(t), bt + 5+
Tn,kj) — b(t), XO(t + 55 + Tnkj) — XO(t) as j — oo (i = 1,2), uniformly with
respect to t. Thus, r(t + s;) — 7i(t), ai(t + s5) — ai(t), kX (t + s5) — ki(t),
b (t + s5) — b(t), XO"(t + ;) — XO(t) (i = 1,2) as j — oo, uniformly with
respect to t. Since (z*(t),y*(t)) € [my1, M1] X [ma, Ms] for all t € R, we can
assume, without loss of generality, that (z*(s; + o, ),y (s + o, ) — (€*,n%),
as j — oo. Similarly, we may assume that (Z(s;), y(sj)) — (£,7). By (31), it
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follows that [[(¢*,7%) — (E,7)]| >
For each j = 1,2,..., (*(t + s; + Tn,cj),y*(t + 55 + Tnkj)) is a solution of the
system

ar(t+s; + Tn,,)

r+ki(t+s; + Tnkj)y:|’
as(t + s; —I—Tnkj)

T+ ko(t+s; + Tn,kj)y:|

= x[rl(t—i—sj + Ty, ) = b(E+ 55 + 7oy )2 —
(32)

§=yra(t+s;+ ) -

Let (2(t), 9(t)) be the solution with the initial condition (Z(¢),%(to)) = (7, ) of
the following system

N P N 11 ()
iP=zx [n (t) b(fA) N +1/;1 () y} (33)
Yy = y{fz(t) - %g;)(t)y}

Since the right hand side of (32) uniformly converges to the right hand side of
(33) as j — oo, on any set of the form R x K, where K is a compact subset
of Ry, we have (z*(t + s; + 7, ), y"(t + 55 + Ty, )) — (£(1),9(t) as j — oo
uniformly on any compact subset of the domain of (i(t),(t)). Since (z*(t +
S5+ To, ) Y" (U + 85+ Ty )) € [ma, Mi] x [ma, Ms] for all t € R, it follows that
(Z(t),9(¢)) is defined on R and (Z(t),§(t)) € [m1, M1] x [ma, Ms] for all t € R.
Now recall that (Z(t),%(t)) is the unique solution of (30) with (Z(t),y(t)) €
[ma, Mi] X [mg, My] for all t € R. Thus, for each j = 1,2,..., (Z(t+s;),§(t+5;))
is a solution of
P ai(t+ s;) y}’
x+ ki (t+s;)

—

ri(t+s;) —b"(t +s5)x —
34
~_as(t+s;) (34)

a:—l—k;(t—i—sj)y

with (Z(s;),9(s;)) = (£,7). Let (z*(t),y*(t)) be the solution of (33) with
(z*(0),7*(0)) = (£,7). Since the right hand side of (34) uniformly converges
to the right and side of (33) as j — oo on any set of the form R x K, where K
is a compact subset of Ry, it follows that (Z(¢t + s;), §(t + s;)) — (F*(t),§* (1))
as j — oo uniformly on any compact subset of the domain of (Z*(¢),7*(¢)).
Since (Z(t + s;),4(t + s;)) € [ma, Mi1] X [ma, Ms] for all ¢ € R, we have that
(Z*(t),g*(t)) is defined on R and (Z*(¢),7*(t)) € [m1, Mi] X [ma, Ma] for all
t € R. By the uniqueness of the positively bounded solution of (33), we have
(Z*(t),7*(t)) = (&(¢),9(t)), which contradicts the fact that (z*(0),5*(0)) =
(£,7) # (¢*,1%) = (2(0),9(0)). The claim is proved.

Now the theorem follows from Claim 2 and Bochner’s criterion. [

J=ylra(t+s))

)
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Corollary 3.5. Let r;(t),a;(t) (i = 1,2), k1(t) and b(t) be positive T-periodic.
Let ka(t) be T- periodic and nonnegative. If the conditions (18) and (22) hold,
then system (3) has a unique positive T- periodic solution (z*(t),y*(t)). More-
over,

lin_ (1) — (0] = T ly(t) =" (0)] = 0

t——+oo

for any solution (x(t),y(t)) of (3) with initial condition x(tg) > 0, y(to) > 0.

Proof. By Theorem 3.4, system (3) has a unique positive bounded solution
(x*(t),y*(t)) and , li+m |z(t) — x*(t)] = \ ligl ly(t) — y*(t)] = 0 . Clearly that

(x*(t),y*(t)) and (z*(t +T),y*(t + T)) are solutions of the following system

- B v al(t+T)y
t=x[rmt+T)-0bt+T) ARG T) T)]’ )
. ax(t+T)y

y=ylr2(t+7T)— m]-

By the uniqueness, we have (z*(¢),y*(t)) = (*(t +T),y*(t +T)), Vt € R, i.e.,
(x*(t),y*(t)) is T-periodic. The proof is complete. [ |

Remark 3.6. In [14], it was showed that (Theorem 3.1 [14]): If

ai(t) ;.

lim inf[r, (t) — mMﬂ >0, (A1)
. a1 (t) as(t) .

lmnt [1(0) - ((mi TERO2 " (w1t kg(t))Q)MQ} >0 (A2)
o az(t) a1 (t)

fm inf [Ml* i ko(t)  mi jL ky (t)} >0, (43)

where
M; = limsup o (t)7 M3 = limsup ra(t) (M + kQ(m,
t—+oo D1(t) o0 as(t)
- a1 (t) o ora(t)(m] + ka(t))
* f— — M y=1 f
ml tlg-lzgo bl (t) [Tl( ) kl (t) 2]7 m2 tlgl-',}go ag(t) )

then system (3) is globally asymptotically stable.

Since M; > limsup X°(¢) = M;", the condition (A1) implies the condition (6).
t——+oo

The following example shows that (6) is more general than (Al).
Example 3.7.

. Yy . 1 Yy
= 1— ‘t R — - .
F=w|l=(y+cost)r x—l—l}’y y{4.5 :r+1]
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1 M+1
Let M >3.5,vy=1+ W Then M{ = M and Mj = 4—'5_ > 1. Thus, (Al) is

2
not satisfied. On the other hand, X°(t) = ————— M = —"— <
2 + cost + sint 2y — /2

M +1
3.5 and M, = 17; < 1. Thus, (6) is satisfied.

We now show that (A2) and (A3) imply (13). Indeed, from (A2) and (A3)
there exist € > 0, t; € R such that for all ¢ > ¢; we have

ar(t)Mz '\ (m] + ka(t))? a1 ()[M + ka(t)]
(00~ o) R > e > SR
Thus,
ar()M3 '\ (mi + ka(t))?  ax(8)[M7 + ka(t)]
(b(t) Tt /ﬁé))2> Y R —i/ﬁ(t) > ¢, for allt > ¢;.

Since mi” > mj, My > M, and M; > limsup X°(¢), it follows that

t——+o0

ay (t) My > (my +k2()?  ar(O[XO(t) + ka(t)]

— >0,
mi" + kl (t))Q M2+ mf + kl (t) ]

i inf Kb(t) T
i. e., (13) is satisfied if (A2) and (A3) hold.
The following example shows that (13) does not imply both (A2) and (A3).

Example 3.8.

P PR A ) PR
z+1|’ z+1

1
Clearly that My = M;" =1, Mj = My =m} =m] = 5 Thus, (6), (13), (A1)
and (A3) are satisfied, but (A2) is not satisfied. Thus, our work improves and
extends the main results in [14].
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