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Abstract. In this paper, I proved a strong convergence theorem for a finite family of
relatively nonexpansive mappings in a Banach space.The results presented in this work
improve the corresponding one announced by many others.
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1. Introduction and Preliminaries

Let E be a real Banach space, C' a nonempty closed convex subset of E, and
T : C — C a mapping. Recall that T is nonexpansive if | Tz — Ty|| < ||z — y||
for all x,y € C. A point « € C is a fixed point of T' provided Tx = z. Denote
by F(T) the set of fixed points of T, i.e., F(T) ={z € C : Tz = z}.

Halpern[4] introduced a classical iteration process as follows: take an initial
guess xg € C arbitrarily and define {z,} recursively by

Tpy1 = tpu+ (1 —tp)Txp,n >0, (1)

where u € C'is an arbitrary element, {,}5°; is a sequence in the interval [0, 1].
He proved that the sequence {x,} converges to a fixed point of a nonexpansive
mapping. Acedo and Xu [1] studied the following cyclic algorithm. Let 2o € C
and {a,} be a sequence in (0,1). {x,}22, is generated in the following way:
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x1 = apzo + (1 — ag)Toxo,

Ty = a2y + (1 —ap)Thzy,

ey =an—12v—1+ (1 —an—1)Tn—12Nn-1,

IN4+1 = ONIN + (]. — OéN)T(){EN,

In general, x,,41 is defined by
Tnt1 = Ty + (1 — ap)Thxn, Yn >0, (2)

where T5, = Ty (modn) (here the modN function takes values in {1,2,...,N —
1}).They proved weak and strong convergence theorems in Hilbert spaces by
cyclic algorithm (2).

Very recently, Qin and Su [7] proposed the following iteration for a relatively
nonexpansive mapping in a Banach space. More precisely, they proved the fol-
lowing:

Theorem 1.1. Let E be a uniformly convex and uniformly smooth Banach space,
let C be a nonempty closed convex subset of E, let T : C' — C be a relatively
nonexpansive mapping. Assume that {an,}22 is a sequence in (0,1) such that
lim a, = 0. Define a sequence {z,} in C by the following algorithm

n—oo

ro=x € C,
yn = J HanJro + (1 — ay)JTxy),
Cn={v€C:¢(v,yn) < and(v,r0) + (1 — an)p(v,zn)}, (3)

Qn={veC:{Jxg— Jan,x, —v) >0},
Tn+1 = o, ng, o,

where J is the single-valued duality mapping on E. If F(T) is nonempty, then
{xn} converges to Ip(ryxo.

In this paper, motivated and inspired by the above results, we consider an algo-
rithm to modify the iterative process (3) to have strong convergence for a finite
family of relatively nonexpansive mappings in the framework of Banach spaces.

ro=x € C,
Yn = J YanJzg + (1 — ap)JThay),
Cn = {U eC: ¢(van) < an¢(”a {E()) + (1 - an)¢(U7xn)}a (4)

Qn={veC: (Jug— Jrn,z, —v) >0},
Tny1 = le,nq, Tos

where T, = T} (modn)

Throughout the paper, let E be a real Banach space, E* the dual space of E.
We denote by J the normalized duality mapping defined by
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Ju:={f" € E": (x, f*) = ll=|” = [Il/*II},

where (-,-) denotes the generalized duality pairing. It is well known that if E*
is strictly convex then J is single valued and if E is uniformly smooth then J
is uniformly continuous on bounded subsets of E. Moreover, if E is a reflexive
and strictly convex Banach space with a strictly convex dual, then J~! is single
valued, one-to-one and surjective.

As we know that if C' is a nonempty closed convex subset of a Hilbert space
H and Pg : H — C' is the metric projection of H onto C, then P¢ is nonexpan-
sive. This fact actually characterizes Hilbert spaces and consequently, it is not
available in more general Banach spaces. In this connection, Alber [2] recently
introduced a generalized projection operator Il in a Banach space E which is
an analogue of the metric projection in Hilbert spaces. Consider the functional
defined by

$(x,y) = [ll|* = 2(z, Ty) + |y|*, (5)

for all x,y € E. Observe that, in a Hilbert space H, (5) reduces to ¢(z,y) =
|z —y|®,z,y € H. The generalized projection II¢ : E — C is a map that
assigns to an arbitrary point € E the minimum point of the functional ¢(z, y),
that is, IIcx = &, where Z is the solution to the minimization problem ¢(z,z) =
mingec ¢(y, ). The existence and uniqueness of the operator IIo follow from
the properties of the functional ¢(y,x) and strict monotonicity of the mapping
J. In Hilbert spaces, Il = Pc. It is obvious from the definition of the functional
¢ that

([l = lyl)? < ¢y, ) < (lyl* + |=[), (6)
for all x,y € F.

Let C be a closed convex subset of E, and let T' be a mapping from C' into
itself. A point p in C' is said to be an asymptotic fixed point of T' if C' contains
a sequence {z,} which converges weakly to p such that lim (T'z, — z,) = 0.

n—oo

The set of asymptotic fixed points of 7' will be denoted by F (T). A mapping T
from C into itself is called relatively nonexpansive (see, e.g.,[5]) if F(T) = F(T)
and ¢(p,Tx) < ¢(p,x) for all x € C and p € F(T'). The asymptotic behavior of
relatively nonexpansive mappings was studied in [3].

For the proof of our main results we need the following lemmas.

Lemma 1.2. ([5]) Let E be a uniformly convex and smooth real Banach space
and let {xn}, {yn} be two sequences of E. If ¢(xn,yn) — 0 and either {xz,} or
{yn} is bounded, then ||z, — yn| — O.

Lemma 1.3. ([2]) Let C be a nonempty closed convex subset of a smooth real
Banach space E and x € E. Then, xo = Ilcx if and only if (xo—y, Jr—Jxo) >0
for ally e C.

Lemma 1.4. ([2]) Let E be a reflexive, strictly convex and smooth real Banach
space, let C be a nonempty closed convex subset of E and let x € E. Then
oy, Hox) + d(llcx,x) < ¢(y,x) for ally € C.
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Lemma 1.5. ([6]) Let E be a strictly conver and smooth real Banach space, let
C be a closed convex subset of E, and let T be a hemi-relatively nonexpansive
mapping from C into itself. Then F(T) is closed and convez.

2. Main Result

Theorem 2.1. Let C' be a nonempty and closed convex subset of a uniformly
convez and uniformly smooth Banach space E and {T1,T5,...,Tn} be a finite
family of relatively nonexpansive mappings from C into itself with F # (), where
F =L F(T;). Assume that T; is uniformly continuous for alli € {1,2,...,N}.
Let {x,} be a sequence generated by the following algorithm:

ro=x € C,
Yn = J_l(aanO + (1 - Oén)JTnxn)a
Cn ={v€C:d(v,yn) < and(v,z0) + (1 — an)o(v,zn)}, (7)

Qn={veC:{Jxg— Jan,z, —v) >0},
Tn+1 = o, ng, o,

where Ty, = Tymodn)- Assume that {oan}oly is a sequence in (0,1) such that
lim ay, =0. Then {x,} converges to IIpxy.
n—o0

Proof. We first show that ), and @,, are closed and convex for each n > 0. From
the definition of C,, and @, it is obvious that C,, is closed and @), are closed
and convex for each n > 0. We prove that C,, is convex. Since

¢(van) < anﬁb(va 370) + (1 - an)(b(va xn)

is equivalent to
20, (0, J0) +2(1 = ) (v, Jw) — 200, Jyn) < e ol® + (1 — ) |z | = [l

we obtain C), is convex. Next, we show that F' C C,, for all n. Indeed, we have,
for each p € F
(. yn) = d(p, J o Jzo + (1 — o) I Tpzs))
= lIpll* — 2(p, anJzo + (1 — ) I Ty,
+ llanJzo + (1 — an)JTpan ||
< |lpl* = 20 (p, Jz0) + 2(1 = @) (p, JTpn)
2 2
+ ap [|zol|” + (1 — an) [Ty ||
< ang(p, 7o) + (1 — an)d(p, Trnwn)
S an¢(p7 J?()) + (1 - an,)¢(p; Z‘n)

So p € C), for all n and F' C C,,. Next we show that F' C @,, for all n. We prove
this by induction. For n = 0, we have F' C C' = Q. Assume that F' C @Q),,. Since
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Zpn+1 is the projection of zy onto C), N @y, by Lemma 1.3, we have

(Jzo — JTpt1, Tny1 — 2) > 0,Vz € C, N Qy.

As F C C, N Q, by the induction assumptions, for all z € F, (Jxog —
JTpt1,Tny1 — 2z) > 0 holds. This together with the definition of Q41 implies
that F' C Qn+1. Hence F C Q,, for all n. This implies {x,} is well defined. It
follows from the definition of @,, that z,, = IIg, xo and x,11 = l¢c,nqQ, To € Qn,
we have

O(Tn, x0) < G(Tn+1,To)-

Therefore, {¢(zn, o)} is nondecreasing. It follows from x,, = Iy, z¢ and Lemma
1.4 that

¢(xn7x0) < ¢(p7 J?()) - ¢(pa Z‘n) < ¢(pa 330),

for each p € F C @, and for each n > 0. Therefore, ¢(z,, o) is bounded.
Moreover, from (6), we have that {z,} is bounded. So, we obtain that the limit
of {¢(xy,z0)} exists. From Lemma 1.4, we have

A(Tny1,2Tn) = (Tny1, Mg, w0) < ¢(Tni1,70) — ¢(Ilg, To, To)
= ¢($n+1,$0) - ¢($n,$0)7

for each n > 0. This implies that

lim ¢(xn+1; xn) =0. (8)

n—oo

Since xp41 = Ic,nQ, 20 € Cp, from the definition of C,,, we also have
O(Tnt1,Yn) < nd(Tng1,70) + (1 — an)d(Tpy1, Tn).

It follows from lim «, =0 and (8) that

n—oo

lim ¢(znq1,yn) = 0. 9)

n—oo
By using Lemma 1.2, we obtain
m [zn41 —yal = lim [[zn40 — 20| =0,
n—oo n—oo

as well as
lim ||zp41 — 20| =0, (10)

for alll € {1,2,...,N}.
So
lim ||z, —yn| =0. (11)

Since J is uniformly norm-to-norm continuous on bounded sets, we have
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lim ||Jzpt1 — Jyn|| = lim ||[Jzpyr — Jzp| = 0.

n—oo

Note that

NI Twxn — Jynl|l = |JThxn — (anJzo + (1 — ap)JThzy) ||
= ay ||Jxo — JThx,|| -

Therefore, we have
lim ||JT,z, — Jyn| = 0.

Since J~! is uniformly norm-to-norm continuous on bounded sets , we have
lim ||Th2, — yn| = 0. (12)
n—oo

This implies that

[en = Tnwnll < lzn = yall + [lyn — Tnzal -

It follows from (11) and (12) that
lim ||Tx, —2,| = 0. (13)
n—oo

Hence

||xn - n+lxn|| S ||xn - xn-{—l” + ||xn+l - Tn—i—lxn-i—l” + ||Tn+lxn+l - Tn—i—lxn” )

foralll € {1,2,..., N}. From the assumption on 7}, we know that T} is uniformly
continuous. On the other hand, it follows from (10) and (13) that

lim ||z, — Thy1za|| =0,

foralll € {1,2,...,N}. Thus lim ||z, — Tjz,| =0, for all i € {1,2,...,N}.

Finally, we prove that x,, — ITpzg. Assume that {x,,} is a subsequence of
{zn} such that z,, = & € C, then Z € F = F. Next we show that & = ITpzo
and the convergence is strong. Put = Ilpzg. From z,41 = Ilc,nqg, %o and
z € F CC,NQn, we have ¢(xn11,20) < ¢(T,x0). On the other hand, from
weak lower semicontinuity of the norm, we obtain

(&, o) = ||2||* — 2(Z, Jxo) + [0
< lim inf ({2, 1> — 2@, , Jzo) + |lzol|”)
11— 00
< lim sup ¢(xn,, o)

1— 00

é ¢(E7x0)'
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It follows from the definition of IIpxg that we have £ = Z and hence
lim ¢(xn,,z0) = ¢(T,x0). So, we have lim |z, || = ||Z||. By using the Kadec-

Klee property of E, we obtain that {z,,} converges strongly to ITpzg. Since
{zn,} is an arbitrary weakly convergent subsequence of {x,}, we can conclude
that {x,} converges strongly to ITrzg. This completes the proof. [ ]
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