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1. Introduction

In 1978, Bejancu [1] introduced CR-submanifolds of Kachler manifolds as a re-
sult in the process of generalization of invariant and anti-invariant submanifolds.
Contact CR-submanifolds of Sasakian manifolds were introduced by Bejancu et
al. [3] in 1981. Since contact geometry has vital role in the theory of differential
equations, optics and phase spaces of a dynamical system, therefore contact ge-
ometry with definite and indefinite metric becomes the topic of main discussion.
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Theory of contact CR-lightlike and contact SCR-lightlike submanifolds of indefi-
nite Sasakian manifolds was introduced by Duggal and Sahin [11], but there does
not exist any inclusion relation between invariant and screen real submanifolds so
new class of submanifolds called, Generalized Cauchy-Riemann (GC R)-lightlike
submanifolds of indefinite Sasakian manifolds (which is an umbrella of invari-
ant, screen real, contact CR lightlike submanifolds) were derived by Duggal and
Sahin [10].

The objective of this paper is to further elaborate the existing theory of
GCR- lightlike submanifold of indefinite Sasakian manifolds. In section 3, we
prove conditions for the integrability of the distributions, for the distributions
to define totally geodesic foliation in submanifold and find a condition for the
induced connection to be a metric connection. In section 4, we study totally
contact umbilical GC R-lightlike submanifolds and prove that a totally contact
umbilical GC R-lightlike submanifold is a totally contact geodesic and a totally
geodesic GC R-lightlike submanifold.

2. Lightlike Submanifolds

We recall notations and fundamental equations for lightlike submanifolds, which
are due to the book [7] by Duggal and Bejancu.

Let (M, g) be a real (m + n)-dimensional semi-Riemannian manifold of con-
stant index ¢ such that m,n > 1,1 < ¢ < m+n —1 and (M,g) be an m-
dimensional submanifold of M and ¢ the induced metric of g on M. If g is
degenerate on the tangent bundle TM of M then M is called a lightlike sub-
manifold of M. For a degenerate metric g on M

TM* =U{u € T, M : g(u,v) =0,Yv € T, M,z € M}, (1)

is a degenerate n-dimensional subspace of T, M. Thus, both T, M and T, M=+
are degenerate orthogonal subspaces but no longer complementary. In this case,
there exists a subspace RadT,M = T,M N T,M* which is known as radical
(null) subspace. If the mapping

RadTM :x € M — RadT, M, (2)

defines a smooth distribution on M of rank 7 > 0 then the submanifold M of M
is called an r-lightlike submanifold and RadT M is called the radical distribution
on M.

Let S(TM) be a screen distribution which is a semi-Riemannian complemen-
tary distribution of Rad(T M) in T M, that is,

TM = RadTM LS(TM), (3)

and S(TM%) is a complementary vector subbundle to RadTM in TM=. Let
tr(TM) and ltr(T'M) be complementary (but not orthogonal) vector bundles to



Totally Contact Umbilical GC R-Lightlike ... 93
TM in TM |y and to RadT'M in S(T M=)+ respectively. Then we have

tr(TM) = ltr(TM)LS(TM™). (4)

TM |y=TM & tr(TM) = (RadTM & Itr(TM)) LS(TM)LS(TM™").  (5)

Let u be a local coordinate neighborhood of M and consider the local quasi-
orthonormal fields of frames of M along M, on u as

(€10 e &, Wotts ooy Wi, N1 oo, Ny X1, oo, X
where {&1,...,&-}, {N1, ..., N;-} are local lightlike bases of
{I'"(RadT M |y, I'(ltr(TM) |u)}
and

{Wr+1a ooy Wn}7 {X’r+1; 7Xm}

are local orthonormal bases of I'(S(TM*) |,) and I'(S(TM) |,) respectively.
For this quasi-orthonormal fields of frames, we have

Theorem 2.1. ([7]) Let (M, g,S(TM),S(TM>)) be an r-lightlike submanifold
of a semi-Riemannian manifold (M, g). Then there exists a complementary vec-
tor bundle ltr(TM) of RadTM in S(TM™*)* and a basis of I'(ltr(TM) |,)
consisting of smooth sections {N;} of S(TM*)* |., where u is a coordinate
neighborhood of M, such that

g(Ni,fj):(Sij7 g(NiaNj)zov Jor any iaj€{172a"77a}7 (6)
where {&1,...,&} is a lightlike basis of I'(Rad(TM)).

Let V be the Levi-Civita connection on M. Then according to the decomposition
(5), the Gauss and Weingarten formulas are given by

VxY =VxY +h(X,)Y), V X,YecI(TM), (7)

VxU=—-ApyX +VxU, ¥V XecI(TM),Uc I'(tr(TM)), (8)

where {VxY, Ay X} and {h(X,Y),VxU} belong to I'(TM) and I'(tr(TM)),
respectively. Here V is a torsion-free linear connection on M, h is a symmetric
bilinear form on I'(T'M) which is called second fundamental form, Ay is a linear
operator on M, known as shape operator.

According to (4), considering the projection morphisms L and S of tr(T'M)
on ltr(TM) and S(T M), respectively then (7) and (8) give

VxY =VxY +bh(X,Y)+ h*(X,Y), (9)

VxU = —AyX + DY U + DU, (10)

where we put 1! (X,Y) = L(h(X,Y)), h*(X,Y) = S(h(X,Y)), D\ U = L(VLU),
D3.U = S(VLU).
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As h! and h® are I'(Itr(TM))-valued and I'(S(TM+*))-valued respectively,
therefore they are called as the lightlike second fundamental form and the screen
second fundamental form on M. In particular

VxN=—-AnyX + VlXN'FDS(Xa N), (11)

VW = —Aw X + VW + DY(X, W), (12)

where X € I'(TM), N € I'(itr(TM)) and W € I'(S(TM)). By using (4)-(5)
and (9)-(12), we obtain

g(hs(X,Y),W)—|—g(Y,Dl(X,W)):g(AwX,Y), (13)
g(h'(X,Y),6) +g(Y, (X, €)) + g(Y, V) = 0, (14)
Q(ANX,N/)+§(N,AN/X) =0, (15)

for any ¢ € I'(RadT M), W € I'(S(TM*)) and N,N’ € I'(ltr(TM)).

Let P be the projection morphism of TM on S(TM). Then using (3), we can
induce some new geometric objects on the screen distribution S(T'M) on M as

VxPY =V%PY + 1*(X,Y), (16)
Vx&=—A{X + VX, (17)

for any X,Y € I'(TM) and § € I'(RadT'M), where {ViPY, A{X} and
{h*(X,Y), VY belong to I'(S(T'M)) and I'(RadT M), respectively. V* and
V*! are linear connections on complementary distributions S(7'M) and RadT M,
respectively. h* and A* are I'(RadT M )-valued and I'(S(T'M))-valued bilinear
forms and called as the second fundamental forms of distributions S(7'M) and
RadT M, respectively.

Next, we recall some basic definitions and results of indefinite Sasakian man-
ifolds. An odd dimensional semi-Riemannian manifold (M, g) is called an e-
contact metric manifold, if there are a (1,1) tensor field ¢, a vector field V,
called characteristic vector field and a 1-form 7 such that

G(PX.0Y) = GX.Y) —en(X)m(Y), F(V.V) =, (18)
$1(X) = —X +(X)V, §(X,V)=en(X), (19)
dn(X,Y) = §(X, 6Y), (20)

for any X,Y € I'(TM), where e = £1 then it follows that
PV =0, (21)

no¢p=0, nV)=1. (22)

Then (¢,V,n,3) is called an e-contact metric structure of M. We say that M
has a normal contact structure if Ny +dn®V = 0, where N, is Nijenhuis tensor
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field of ¢. A normal € -contact metric manifold is called an e-Sasakian manifold
and for this we have B
VxV =9¢X, (23)

(Vx@)Y = —g(X,Y)V + en(Y)X. (24)

3. Genralized Cauchy-Riemann (GC R)-Lightlike Submanifold

Calin[6], proved that if the characteristic vector field V' is tangent to (M, g, S(T'M))
then it belongs to S(T'M). We assume the characteristic vector field V' is tangent
to M throughout this paper.

Definition 3.1. Let (M, g, S(T'M)) be a real lightlike submanifold of an indefi-
nite Sasakian manifold (M, g) then M is called a generalized Cauchy-Riemann
(GC R)-lightlike submanifold if the following conditions are satisfied

(A) There exist two subbundles D; and Dy of Rad(T'M) such that
Rad(TM) = Dy ® D2, ¢(D1) = D1, ¢(D2) C S(TM). (25)
(B) There exist two subbundles Dy and D of S(T'M) such that
S(TM) = {¢Dy ® D} LDy LV, ¢(D)=LLS, (26)

where Dy is an invariant non degenerate distribution on M, {V'} is the one di-
mensional distribution spanned by V and L, S are vector subbundles of ltr(T' M)
and S(TM)*, respectively.

Then the tangent bundle T M of M is decomposed as
TM={DoD®{V}}, D=Rad(TM)® Dyd ¢(D2). (27)
Let @, P1, P> be the projection morphisms on D, ¢S, ¢L respectively, therefore
X=QX+V+PX+PRX, (28)
for X € I'(TM). Applying ¢ to (28), we obtain
pX = fX+wP X +whX, (29)
where fX € I'(D), wP X € I'(S) and wP> X € I'(L), or, we can write (29), as
X = fX +wX, (30)
where fX and wX are the tangential and transversal components of ¢.X, re-
spectively.

Similarly,
oU = BU +CU, U e I'(tr(TM)), (31)
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where BU and CU are the sections of TM and tr(T'M), respectively.
Differentiating (29) and using (11)-(14) and (31), we have

DY(X,wPY) = —V5wPY + wP,VxY — (X, fY) + ChY(X,Y),  (32)

D*(X,wPyY) = —ViwPY + wP,VxY — h*(X, fY) + Ch*(X,Y),  (33)

for all X,Y € I'(TM). By using Sasakian property of V with (9) and (10), we
have the following lemmas.

Lemma 3.2. Let M be a GCR-lightlike submanifold of an indefinite Sasakian
manifold M then we have

(Vxf)Y = Auy X + Bh(X,Y) — g(X,Y)V + en(Y)X, (34)

and
(Viw)Y = Ch(X,Y) — h(X, fY), (35)

where X, Y € I'(TM) and
(Vx )Y =Vx[fY — fVxY, (36)
(Viw)Y = VhwY — wVxY. (37)

Lemma 3.3. Let M be a GCR-lightlike submanifold of an indefinite Sasakian
manifold M then we have

(VxB)U = Acu X — fAuX, (38)
and
(V4O)W = —wApy X — h(X, BU), (39)
where X € I'(TM) and U € I'(tr(TM)) and
(VxB)U = VxBU — BV4U, (40)
(Vi C)U = V&% CU — OV U. (41)

Lemma 3.4. ForY € I'(D) and Z € I'(D), we have g(VxY,Z) = g(f Ay X, Z).

Proof. Using (34), for any Y € I'(D), we have —fVxY = A,y X + Bh(X,Y) —
g(X,Y)V.Let Z € I'(D) then ¢Z € I'(D), therefore g(fVxY,0Z) = —g(Auy X, $Z).
Hence using (18) the assertion follows.

Particularly, let Z € I'(Dg), then the non degeneracy of the distribution Dg

implies that VxY = fA,y X, for any Y € I'(D). [ |

Theorem 3.5. Let M be a GCR-lightlike submanifold of an indefinite Sasakian
manifold M then

(A) The distribution D & {V'} is integrable, if and only if
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MX,fY)=h(Y,fX), VX, YeI'(Da{V}). (42)

(B) The distribution D is integrable, if and only if
ApzU = ApuZ, VZ,U € I'(D). (43)
Proof. Using (32) and (33), we have wPVxY = h(X, fY) — Ch(X,Y), for any
X,Y € I'(De{V}. Here replacing X by Y and subtracting the resulting equation

from this equation, we get w[X,Y] = h(X, fY) — h(Y, fX), which proves (A).
Next, from (34) and (36), we have

—f(VzU) = AwuZ — g(Z,U)V + en(U)Z + Bh(Z,U), (44)

for all Z,U € I'(D). Then, similarly as above, we have
flZ,U] = AgzU — Agu Z, (45)
which completes the proof of (B). [

Theorem 3.6. Let M be a GCR-lightlike submanifold of an indefinite Sasakian
manifold M. Then the distribution D @ {V'} defines a totally geodesic foliation
in M, if and only if, Bh(X,¢Y) =0, for any X, Y € D& {V}.

Proof. Since D = ¢(L_LS), therefore D @ {V} defines a totally geodesic foliation
in M, if and only if

9(VxY,98) = g(VxY,oW) =0, (46)

for any X, Y e (D@ {V}), £ € I'(D2) and W € I'(S).
Using (9) and (24), we have

9(VxY, ¢¢) = —g(VxoY.€) = —g(h' (X, fY),€), (47)
9(VxY, oW) = —g(Vx oY, W) = —g(h*(X, fY),W). (48)
Hence, from (47) and (48) the assertion follows. ]

Theorem 3.7. Let M be a GCR-lightlike submanifold of an indefinite Sasakian
manifold M. Then the distribution D defines a totally geodesic foliation in M , if
and only if, ANX has no component in ¢pS1¢Ds and A,y X has no component

in Dy L Dy, for any X, Y € I'(D) and N € I'(itr(TM)).
Proof. We know that D defines a totally geodesic foliation in M, if and only if

9(VxY,N)=g(VxY,¢pN1) = g(VxY,V) = g(VxY,¢Z) =0, (49)

for X,Y e I'(D), N e I'(ltr(TM)) , Z € I'(Dy) and Ny € I'(L). Using (9) and
(11), we have
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Using (9) , (10) and (24), we obtain

9(VxY,¢N1) = —g(¢VxY,N1) = —g(VxwY, N1) = g(Auy X, N1),  (51)

and
9(VxY,0Z) = —g(¢VxY. Z) = —g(VxwY,Z) = g(Ay X, Z),  (52)
also - .
g(VxY, V) = g(VxY,V) = —g(Y,VxV) = g(Y,¢X) = 0. (53)
Thus from (50)-(53), the result follows. ]

Theorem 3.8. Let M be a GCR-lightlike submanifold of an indefinite Sasakian
manifold M. Then the induced connection V is a metric connection, if and only if

Afe X — VioE € I'(¢pDo 1. Dy), for &€ I'(Dy),
V}¢£+h*(X,¢f) 6F(¢D2J—D1)v fO’f‘ £€F(D2),
hX,¢¢) € I(LLS)" and A;X € I'(DLDyL$Ds),
for & € I'(Rad(TM)) and X € I'(TM).
Proof. For any X € I'(TM) and ¢ € I'Rad(T M), using (24), we have
Vx¢€ = ¢Vx¢, (54)
then using (17) and (19), we obtain
Vx€+ X, §) = —o(Vx & + h(X, ¢€)) — eg(A X, V)V. (55)
Let £ € I'(Dy) then ¢¢ € I'(D4), again using (17) in (55), we obtain
VxE+ (X, €) = —p(—AGe X + VYPE + h(X, ¢€)) — eg(A; X, V)V, (56)
Equating tangential components of the above equation both sides, we get
Vx€ = fALX — fVXGE — Bh(X, ¢€) — eg(AI X, V)V, (57)

therefore Vx¢ € I'(RadT M) if and only if Bh(X,$€) =0, fA5 X — fVieE €
I'(RadT'M) and g(A;X,V) =0 or if and only if

h(X,¢¢) € T(LLS):,  AjX — Vi¢E € I'(¢DayLDy), (58)
and
A{X € I'(DLDoLl¢Ds). (59)

Similarly, let £ € I'(D3) then using (16) in (55) and then compare the tangential
components of the resulting equation, we obtain
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Vx&=—fVx¢¢ — fh(X, ¢§) — Bh(X, ¢¢) — eg(Ac X, V)V, (60)

therefore Vx¢& € I'(RadT M) if and only if Bh(X, ¢¢) =0, fVi ¢+ fh* (X, ) €
I'(RadT'M) and g(A; X, V) =0 or if and only if

h(X,¢€) € T(LLS)Y, Vg€ +h*(X,¢¢) € ['(¢D2 L D) (61)

and
A{X € I'(DLDoL¢Ds). (62)
Hence from (58), (59), (61) and (62) the assertion follows. [ |

4. Totally Contact Umbilical GC R-Lightlike Submanifolds

Definition 4.1. ([14]). If the second fundamental form h of a submanifold tan-
gent to the characteristic vector field V, of an infinite Sasakian manifold M is
of the form

MX,Y) ={g(X,Y) = n(X)n(Y)} o+ n(X)h(Y, V) +n(Y)h(X, V),  (63)

for any X,Y € I'(TM), where « is a vector field transversal to M, then M is
called a totally contact umbilical and totally contact geodesic if a = 0.

The above definition also holds for a lightlike submanifold M. For a totally
contact umbilical lightlike submanifold M, we have

W(X,Y) = {g(X,Y) = n(X)n(Y)}ar +n(X)R (Y, V) + n(Y)R (X, V), (64)
hH(XY) ={g9(X.Y) = n(X)n(Y)}as + n(X)R*(Y, V) + n(Y)h* (X, V), (65)
where oy, € I'(Itr(TM) and ag € I'(S(TM™).

Lemma 4.2. Let M be a GCR-lightlike submanifold of an indefinite Sasakian
manifold M then VxX € I'(D ®{V}), for any X e I'(D @ {V}).

Proof. Since D = ¢(LLS) therefore Vx X € I'(D @ {V'}) if and only if
9(Vx X, 08) = g(Vx X, oW) =0, (66)

for any £ € I'(D2) and W € I'(S). Since M is a totally contact umbilical GC'R-
lightlike submanifold therefore using (7), (9), (24) and (64), we obtain

9(Vx X, ¢€) = WXX ¢€)
Vx¢X — (Vx¢)X,E)
x0X + h* (X, ¢X) + (X, 0X),€)

—4(
vV
+( 9(X, X)V + en(X) X, €)
—4(
—9(X

-9
g
h! (X $X),¢€)

¢pX)g(ar,§)
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[
e

(67)
Also

9(VxX,oW) = g(Vx X, pW)

jen)
—~
D
oo
~

Hence using (67) and (68), the assertion follows. ]

Theorem 4.3. Let M be a totally contact umbilical GC R-lightlike submanifold
of an indefinite Sasakian manifold M then o € I'(LLS).

Proof. Using (33) for X € I'(Dg), we obtain h°(X, fX) = wPiVxX +

Ch*(X, X), further using (65) we get asg(X,¢X) =wPiVxX + g(X, X)Casg.

Using the above lemma, we get g(X, X)Cas = 0, then the non degeneracy of
Dy implies Cas = 0. Hence ag € I'(S).

Similarly by using (32) and (64) we can prove o, € I'(L). Hence o € I'(LLS).

|

Remark 4.4. Since o € I'(LLS) therefore for X € Dy, using (63), we have
hX, X) = g(X, X)a, this implies that h(X, X) € I'(LLS).

Theorem 4.5. Let M be a totally contact umbilical GC R-lightlike submanifold
of an indefinite Sasakian manifold M then ar = 0.

Proof. Since M is a totally contact umbilical GC R-lightlike submanifold then,
by direct calculations, using (9), (10) and (24) and then taking tangential parts
of the resulting equation, we obtain

AyzZ + fNzZ + BhZ,Z) + Bh*(Z,Z) = g(Z, Z)V, (69)
where Z € ¢(S). Hence for ¢ € I'(Dy), we obtain
9(Asz22,68) +g(h'(2,2),€) = 0. (70)
Using (13), we get
9(h*(Z,¢€),02) + g(h'(Z, Z),€) = 0. (71)

Thus, from (64) and (65) we derive g(Z, Z)g(ar,&) = 0 then the non degeneracy
of ¢S implies that o, = 0, which completes the proof. ]
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Lemma 4.6. Let M be a GCR-lightlike submanifold of an indefinite Sasakian
manifold M then Vx¢X = ¢Vx X, for any X € I'(Dy).

Proof. For any X € I'(Dy) using (35) and (37), we have wVxX = h(X, fX) —
Ch(X,X). Since M is totally contact umbilical therefore using (65), we have
wVxX =g(X,¢X)as — Ch(X, X), then using Remark 4.4, we get wVx X = 0.
Hence

VxX e I'(D). (72)

Let X,Y € I'(Dy) then using (24), we have
9(VxoX,Y) = §(Vx9X,Y) = g(¢Vx X,Y), (73)
using (18) and (19), we further have
9(Vx¢X,Y) = —g(VxX,9Y) = —g(VxX,9Y) = g(¢Vx X,Y), (74)

this implies g(Vx¢X — ¢VxX,Y) = 0, then the non degeneracy of the distri-
bution Dy gives the result. ™

Theorem 4.7. Let M be a totally contact umbilical GC R-lightlike submanifold
of an indefinite Sasakian manifold M then ag = 0.

Proof. For W € I'(S(TM+)) and X € I'(Dy), using (24), (63) and Lemma 4.6
we have

I(OVxX,oW) = §(VxdX + g(X, X)V — en(X) X, oW)
VxoX, W)

g(
(
(VxoX, oW) + g(h(X, $X), W)
(
(

I
Q Qi

VyX, W)

o
oS L

(75)
Also using (65), we have

GOV X, W) = g(Vx X, W) = n(¢W)n(¢Vx X)

(VXX + 1% (X, X) +hN(X, X), W)
(VxX, W)+ g(h*(X,X),W)
(X,

X)g(as, W). (76)

Il
QI

g
g

Therefore using (75) and (76), we get g(X, X)g(as, W) = 0, then the non de-
generacy of Dy and S(T'M~) implies that ag = 0. [ |

Theorem 4.8. Let M be a totally contact umbilical GC R-lightlike submanifold
of an indefinite Sasakian manifold M then M is a totally contact geodesic GCR-
lightlike submanifold.
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Proof. From Theorem 4.5 and Theorem 4.7 the result follows. [ ]

Theorem 4.9. Let M be a totally contact umbilical GC R-lightlike submanifold
of an indefinite Sasakian manifold M such that VxV € I'(T M) then the induced
connection V is a metric connection on M.

Proof. Using Theorem 4.5, we have o, = 0. Since VxV € I'(T M) this implies
hY(X,V) = 0 therefore from (64) we get

Rl =0, (77)

then using Theorem 2.2 in [7, page 159], the induced connection V becomes a
metric connection on M. [ ]

Theorem 4.10. Let M be a totally contact umbilical GC R-lightlike submanifold
of an indefinite Sasakian manifold M such that VxV € I'(TM) then M is a
totally geodesic GC R-lightlike submanifold.

Proof. Using Theorem 4.7, we have ag = 0. Since VxV € I'(T'M), this implies
h*(X,V) = 0. Therefore from (65), we obtain

he = 0. (78)

Then using (77) and (78), the assertion follows. ]
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