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1. Introduction

In [5], N. Ujevi¢ and A. J. Roberts have derived by finite differences a so called
modified Simpson’s rule as follows

[ r@yde = 2w+ 1670 + 150 - PR ) - £ @) + RO, ()
where f € C*[a, b], and the error term is, to a leading order estimate,
0= ) _ )
R() ~ S [0 (5) - ) (a). )

Here we give a revised version for (2) since the expression in [3]-[5] contained a
misprint.

A simple illustrative example has been given in [5] to show that the modified
Simpson’s rule (1) may be very effective.
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On the other hand, for some integer n > 1, it is not difficult to find the
identity

—1)”/bSn(x)f( )(z) dz

/ Fayde — 2@ + 167 + 7760 + Co L p0) - p0)

(23]
2 (k= 1)k —2)(b— )t atb
> 15(2k + 1)122k—2 I > )

-1 -1
where [n ] denotes the integer part of n?’ f :]a,b] — R with f(»=1

absolutely continuous on [a, b] and S, (z) is the kernel given by

(x—a)” T7b—a)(x—a)"t (b—a)(x—a)"? a+b
50 A Bm—1) " Gm-zp 1€ {a’ T} :
TN o - a@—b (0P — b2 | a+b
nl -1 " Gom_2)  1oE€ ( 2 ’b} '
(4)

From [4] and [5], we see the following theorem holds.

Theorem 1.1. Let f : [a,b] — R be such that F=1 s absolutely continuous
on [a,b] for some n > 1 and there exist constants v, I, € R such that v, <
f™(z) < T, for a.e. x € [a,b]. Then

_ 2
‘/ flo)de - —W( )+ 1670 1 7r ) + : 60a) LF(b) = f(a)]
[*2 1]
b 2k+1 b
- Z 2k T 1))(|22ka2 f(%)(a; )
19\/_(b —a)? B
10125 7 n=2, 5)
253(b — a)* B
< Fn — Tn % W’ n = 37
— 2 (b _ CL)5 .,
14580 ’ n=3a,
(n—2)(n—=4)(b—a)"+!
15(n +1)!12n , 1 >5 and odd.

Remark 1.2. Tt is not difficult to find that the inequality (5) is sharp in the
sense that we can choose a suitable f : [a,b] — R to attain the equality in (5).
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Indeed, for n = 2, we may find a function f such that f’ is absolutely continuous
on [a,b] as

FQ[J?—
Yolr —

FQ[J?—

W2[$ -

FQ[iE—

(23+\/ﬁ)a+(7—\/ﬁ)b]

30 J

(23+\/ﬁ)a+(7—\/ﬁ)b]
30

a<x<

(23+\/_)a+(7 \/_)b

(23+V19)a+(7—V19)b
30 ’

\/_(b a)

(23—v19)a+(7+V19)b ]+
30 15

(23—v19)a+(7+v19)b

(23—v19)a+(7+v19)b
T < 30 )

)

§x<(

(7+3\/E)a+(2373\/ﬁ)b]
30

30 .
+ B=VIDG-a)

7+v19)a+(23—v19)b
30 ’

(7+\/_)a+(23 V19)b

)

(71— \/_)a+(23+\/_)b

and it follows that

f(@) =

For n = 3,

[a,b] as

f(@) =

F27

Y2,

F27

Y2,

F27

<z <b,

<z<
(23—3v19)a+(7+3v19)b ]+ 2\/_(b a) (7 \/_)a+(23+\/_)
30
w e (23—1—\/_)@33—(7 \/—)
(23 +V19)a + (7 — V19)b (23 — V19)a + (7 + V19)b

<z <

(23 — \/E)aggt (7+V19)b

3

_ 0+ V19)a —3#0(23 - \/_)b

(7+v19)a 30(23 —V19)b P V19)a —3#0(23 - \/_)
(7—vV19)a 10(23 +V19)b b %

30

we may find a function f such that f” is absolutely continuous on

and it follows that

4 b 4 b
Iz — “; ), a<z< a; :
4a+b 4da+b a+b
v3(w — 3 ), g ST <——,
F(x—a+b) 3(b—a) a+b a+ 4b
T )%’ T a
a —a a
— I: <z<
v3(x 5 )+ TR 3 <z <),
b
I3, a<z< a;— )
y 4a+b a+b
" . 3 2 )
(@) = a—Eb a+ 4b
F3a 2 5 )
a+ 4b
73, 5 <x<b
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For n = 4, we may find a function f such that f”’ is absolutely continuous on
[a,b] as

2 b 2 b
Iy(z — a;— ), a<z< a;— ,
2a + b 2a + b a+2b
£"(@) = { e - 2E2) ey t®
a+2b b—a a+2b
I _ <z <b
4(£E 3 )+ 3 Y4, 3 ST S0,
and it follows that
2 b
F4, a<zr< a;—,
2 b 2b
FD@) =< 4, L
3 3
2b
Iy, @t <z <b.

For n > 5 and odd, we may find a function f such that f(*~1 is absolutely
continuous on [a, b] as

b b
Fn( _a+ )7 Sx<i7
Fr V(@) = ?
(_a+b) a+b< <
Yn\T B 5 ) STX0,
and it follows that
a-+b
" r,, a<x<T,
@=L
Yns 5 <x<b.

Motivated by [1] and [2], in this paper, we will further derive some sharp
modified Simpson type inequalities which are valid also for a larger class of
functions, i.e., for the functions f for which f( is unbounded on (a,b) but
f™ € Ly[a,b). Applications in numerical integration are also considered.

2. The Results

By elementary calculus, for some n > 1, it is not difficult to get

. 0, n odd,
[ e =1 oy o - e ®)

15(n + 1)12n ) TeveR

and
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/SQ

7
(4n — 64n® + 403n* — 1260n° + 202112 — 1500 + 360)(b — a)>"+! )
225(2n — 3)(4n? — 1)(n!)222" '

Theorem 2.1. Let f : [a,b] — R be such that f=1 s absolutely continuous
on [a,b] for some n > 1 and f™ € Ly[a,b] where n is an odd integer. Then we
have

b—a a + b (b—a)? ,
dx — WW( a) +16f(—=) + 7f ()] + 57 ['(0) = f'(a)]
[“ =
—2)(b—a)?k+! a+b
a Z 15 2k+1)'22k 2 f(%)(T)
_ 1 (b—a)™? [4nS — 64n5 +403n* — 1260n3 + 2021n? — 1500n + 360 o
=15 2mn! (2n —3)(4n? — 1) o(fm),
(8)
where o(-) is defined by
b 2
o) =151~ 5 ([ rar) )
and
b 1
Ifles=[ | rod]. (10)

1
Inequality (8) is sharp in the sense that the constant R cannot be replaced by a

smaller one.

Proof. From (3), (6), (7) and (9), we can easily get

a —0,2
' rayde = 2 p(a) + 165D + 700 + L ) - )
(5= 1]
- b— a)?k+l a+b
-X )
f(n) dx‘
()[f<"( s [ waa

/ S2(x dx 3 / (@) — Fln=1)( [)):ir(n—n(a)]?dx)%
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B [(4716 — 64n° + 403n* — 1260n3 + 202102 — 1500n + 360) (b — a)Q”'H} 3
B 225(2n — 3)(4n2 — 1)(n!)222"
(n—1) b) — (n—1) 2,1
e _ () —f (@)]” 2
< {1713 - }
1 (b—a)'t2 \/ 4n® — 64n° 4 403n* — 126003 + 2021n2 — 1500n + 360

15 27n! (2n — 3)(4n2 — 1)

o(f™).

We now suppose that (8) holds with a constant C' > 0 as

a+b
2

(b= a)*

b —a

| [ @y =t 1r @)+ 105(55 ) + 7] +
(%, _ _ )2kt “

_ Z (k 1)(k 2)(b + f(2k)(%b)‘

k=3

15(2k + 1)122k2

(b—a)™%  [4nS — 64n5 + 403n4 — 12603 + 2021n2 — 15000 + 360
< v o(fm).
< O (2n — 3)(dn2 — 1) o(f)
(11)

We may find a function f : [a,b] — R such that f(»~1) is absolutely continuous
on [a,b] as

(z—a)""  7(b—a)(z—a)"

) L =0 -

if € [a, 2],

£ () = (n+ 1! 30n! 60(n — 1)!
(z—b)"t  Tb—a)(z—b)"  (b—a)(x—b)"t . .
(n+1)! 30n! 60(n — 1)! if 7 € (42, 0].

It follows that

(x—a)" Tb—a)(z—a)"' (b-a)’x—a)"?* . a+b
ROTRY BT T B0m—1! T 60(m—2) ifoela, ==l
(z=b0)" Tb—a)(z—=b""" (b—a)*(z—-b""2 . a+b
W T 30m-D! T 60(n—2) ifoe (=0
(12)

By (3), (4), (6), (7), (9), (10) and (12), it is not difficult to find that the left-hand
side (L.H.S. for short) of the inequality (11) becomes

L.H.5.(11)
(4n5 — 64n5 + 403n* — 126013 + 2021n2 — 1500n + 360)(b — a)2"+!  (13)
B 225(2n — 3)(4n2 — 1)(n!)222n ’

and the right-hand side (R.H.S. for short) of the inequality (11) is

R.H.S.(11)
C(4n5 — 64n5 + 403n* — 126013 + 2021n2 — 1500n + 360)(b — a)2"+1  (14)
15(2n — 3)(4n? — 1)(n!)222n '
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1 1
From (11), (13) and (14), we find that C' > 5 proving that the constant 5 is
the best possible in (8). ]

Theorem 2.2. Let f : [a,b] — R be such that F=1 s absolutely continuous

on [a,b] for somen > 1 and f(™) € Lala,b] where n is an even integer. Then we
have

b?;)“ 7@ + 16750 w770 + L 0 - £ )]
n 1]
(k—2)(b—a)*T" op,a+b
N Z 15 2k+1)|22k 2 FeR( B )

_ (n — iz)gn; 1))!(;)n— a)” [FOD @) — 17D (a)] ‘

s L-a" 2 [4nd — 88n7 + 387nb — 107605 + 1269n* — 242n3 — 199n2 — 364n + 168
— 15 2n(n+1)! (2n —3)(4n% —1)

o(f ).
(15)

1
Inequality (15) is sharp in the sense that the constant T cannot be replaced by

a smaller one.

Proof. From (3), (6), (7) and (9),we can easily get

a—|—b (b—a)?

L[ 0) - 1'(@)]

) +7F(0)] +

b b—a
| f@rde = 252 1@ + 165

(k=1 (k—2)(b—a)®*! (Qk)(a+ b)
15(2k + 112262 2

~ (m=2)n-4)(b—-a)"
15(n 4+ 1)!12»

f(m dx__/bSn(x)da:/bf(")(x)dﬂc‘

—

[P0 @) = 10D @)

b ) O™ (@) — F™ (t)]dxdt’

b—a / / [Sn (@) = 5n(1)] dwdt}%{/j /ab[f(n)(l’)—f(n)(t)]dedt}%
/ S2(x) da — —[/ Sa( da: /a [f(")(x)]de— L[/bf(n)(x)d ]2 3

{ (4n® — 88n" + 387n® — 1076n° + 1269n* — 242n® — 199n* — 364n + 168)(b — a)> ! }%
225(2n — 3)(4n2 — 1)[(n + 1)!]222n

w2z FO700) - f" V(@) 3
x {1513 - L }

I /\
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1 (b— a)"Jr% 4An8 — 88n7 + 387n6 — 1076n° + 1269n* — 242n3 — 199n? — 364n + 168
(2n —3)(4n? — 1)

We now suppose that (15) holds with a constant C' > 0 as

(7@ + 1670 1770+ L ) ()
n 1]
1)(k—=2)(b—a)®**! op,a+b
B Z 15 (2k + 1)122k—2 I )
(=20~ =) 0y oo

<cC

(b—a)"™% [4n® — 88n7 + 387né — 107605 + 126904 — 242n® — 19902 — 364n + 168
27(n +1)! (2n —3)(4n% - 1)

x \Jo(fm).
(16)

We may find a function f : [a,b] — R such that f(*~1 is absolutely continuous
on [a,b] as

(z—a)" Tb—a)(x—a)"  (b—a)*(z—a)"!
(n+1)! 3(271! - )6 60(7} - 1)!
n—2)(n-— —a)"tt a
_ 500§ 1271 if x € [a,

(x—b)" Tt 7(b—a)(x—b" (b—a)*(x—b)"!

fr (@) =

CESV 3o(n! PR 60(n)—+p! +
n—2)(n—4)(b—a)” . a+b
T e e E (50l
It follows that
Tr—a a)(x —a)* ! b—a)(x—a)" 2 . a+b
: n!) % 30()75 )) + 60)(7(1—2)!) if @€ fa, =],
e T e T ath
W T 30— 1) - 60(n — 2)! it o e (0]
(17)

By (3), (4), (6), (7), (9), (10) and (17), it is not difficult to find that the left-hand
side of the inequality (16) becomes
L.H.S.(16)
_ (4n® — 88n" + 387n° — 1076n° + 1269n* — 242n° — 199n> — 364n + 168)(b — a)>" !
N 225(2n — 3)(4n2 — 1)[(n + 1)!]222» '
(18)

and the right-hand side of the inequality (16) is
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R.H.S.(16)

_ C(4n® — 88n" + 387n® — 1076n° + 1269n" — 242n” — 199 — 364n + 168)(b — a)*"*"
15(2n — 3)(4n2 — 1)[(n + 1)1]222» '

(19)

1 1
From (16), (18) and (19), we find that C' > IR proving that the constant i
is the best possible in (15). ]

Corollary 2.3. Let f : [a,b] — R be such that F=1 s absolutely continuous
on [a,b] and f™) € Ly[a,b] where n = 2,3,4,5. Then we have sharp inequalities

[ - 165 v+ L - g
< Cu(b—a)" 3y /a(f),
(20)
where
CQ:WI\/? cgzm, @:ﬁ, cFW%. (21)
Proof. Tt is immediate from Theorem 2.1 and Theorem 2.2. [ |

3. Applications in Numerical Integration

We restrict further considerations to the applications of Corollary 2.3.

Theorem 3.1. Let 1 = {zg = a < x1 < -+ < Xy, = b} be a given subdivision of
the interval [a,b] such that hy = Tiy1 —x; = h = }’_T“ and let the assumptions of
Corollary 2.3 hold. Then for n =2,3,4,5 we have

b b m— 1 ; ;
[ [ 70 ot S 4 165 7 )
b— 2 / / 22
+ 8o (b)—f(a)]\ 22)
< Gulb =™ Sy,
m

where Cp(n = 2,3,4,5) are given in (21).
Proof. From (20) and (21) we obtain

Ti + Tit1

5 )+ 7f(@iy1)]

‘/ T dt——[?f(xl)—i—le(
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+ gl o) — @) 23)

< conm s [ [T @) - () - )]

N

where Cp(n = 2,3,4,5) are given in (21). By summing (23) over ¢ from 0 to
m — 1 and using the generalized triangle inequality, we get

m—1

[ a2k > (1o + 20T + o)
1) - @) (24)
ey S L ]
<o [ [ 7 ) - 1)

3 _/wul(f(n) (1)) dt — %(f’(wm) - f'(f”i))z} 5

i=0 T
- \/ﬁ:Hf(n)H% B bma Z (Tit1) /(ari))Q} 2 (25)
< v Il (f(b)b—f())} SV

Consequently, the inequalities (22) with Cy,(n = 2,3,4,5) given in (21) follow
from (24) and (25). |
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