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Abstract. In this paper, we consider a class of Liénard type equations with multiple
variable deviating arguments. By making use of the Lyapunov functional approach,
under some suitable conditions, it is guaranteed that solutions of the equations consid-
ered are stable, bounded and uniformly bounded. We give three examples to illustrate
the main results.
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1. Introduction

Liénard type equations appear in a number of physical models and are signifi-
cant in describing fluid mechanical and nonlinear elastic mechanical phenomena.
Hence, there has been a great interest of many researchers to study the dynam-
ical behavior of all kinds of Liénard equations. Especially, several authors have
contributed to the study of stability and boundedness of solutions for Liénard
type equations. In particular, for detailed discussions, we refer the reader to the
books or papers of Ahmad and Rama Mohana Rao [1], Burton [2], Burton and
Hering [3], El'sgol’ts [4], Hale [5], Heidel [6], Kato [7, 8], Krasovskii [9], Liu and
Huang [10, 11], Luk [12], Malyseva [13], Muresan [14], Mustafa and Tung [15],
Népoles Valdés [16], Sugie [17], Sugie and Amano [18], Sugie et al. [19], Tung
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[20-27], C. Tung and E. Tung [28], Ye et al. [29], Yu and Xiao [30], Yu and Zhao
[31], Yoshizawa [32], Zhang [33], Zhou and Xiang [34], Zhou and Jiang [35] and
the references cited therein.

However, to the best of our knowledge, there is no published paper in the liter-
ature related to the stability and boundedness of solutions of Liénard equations
with multiple constant or variable deviating arguments, except that of Tung [25],
Yu and Xiao [30] and Yu and Zhao [31], which are related to the stability and
boundedness of the solutions. Thus, it is worth to continue the investigation of
the topic for Liénard type equations with multiple variable deviating arguments.

In 2009, Yu and Xiao [30] considered the following Liénard type equation with
multiple deviating arguments, 7;(t), (j=1,2,...,m):

2" (8) + fa(e(0) (@ (£)° + fala()a’ (t) + go(t, (1)) + Y g(t, 2(t = 75(t))) = p(2),
j=1

M)
where fi ' R —=R, fo:R—-R, g0 : R" xR =R, g :RT xR = R,...,gm :
R* x R — R are continuous functions, RT = [0, 00), R = (—o00, o0), the delays
7;(t) >0 (j =1,2,...,m) and p(t) are bounded and continuous functions on R+,
and 7;(t) are differentiable.

Define

x

ale) = exp( [ (), ple) = [ aw){fafu) ~ alw)duy = o) 5 + o(o),
0

0

then Equation (1) can be transformed to the system as follows

de(t) 1
at  a(z(?) [—e(z(t) +y ()],
dy(t)

g = @) {~y(t) —lgo(t,z(t)) — p((t))] - Zgj(t,x(t —75(1))) +p(8)}-
(2)

By means of the above acceptations, Yu and Xiao [30] proved the following
theorem.

Theorem 1.1. ([30]) Assume that the following conditions hold:
(C1) There exists a constant d > 1 such that

u

d|u] < sign(u)p(u) = sign(u)/a(s)[fg(s) —a(s)]ds for all u € R;
0

(Ca) For j = 0,1,2,...,m, there exist non-negative constants h, L; and g;
such that for all u € R,
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h = max {sup7;(t)} >0, L; <1,
s (om0 2 0.3

u

l90(t, u) — ()| = |go(u) — /a(s)[f2(5) —a(s)] ds| < Lo [u| + qo,
0
|gj(tau)| < LJ |u| + QJaJ = ]-a27 ey M

(C3) p(t) is bounded on RT = [0, 00).

Then solutions of Equation (1) are uniformly bounded.

In this paper, we consider the following Liénard type equation with multiple
variable deviating arguments, 7;(¢), (j =1,2,...,m) :

2" (t) + f(t, x(t), 2’ ()2 (t) + bo(t)go(x(t)) + Z bj(t)g;(x(t —75(t)))
=e(t,z(t),z(t — (1), .., x(t — T (1)), 2" (), 2" (t — 71 (2)), ..., ' (t — Tia (),
(3)

where 7;(t) are deviating arguments with 0 < 7;(¢) <~;, 7/ (t) < 5, 0 < 8; < 1,
v; and §; are some positive constants and 7; to be chosen later; the primes
in Equation (3) denote differentiation with respect to ¢t € R*, RT = [0,00); f,
bj, g5, (j =0, 1, 2,..,m), and e are continuous functions in their respective
arguments on Rt x R%2, RT, R, m— tuple R*,...,RT, m— tuple R,...,R and
Rt x R?™*+2, respectively, and also depend only on the arguments displayed
explicitly with g;(0) =0, (j =0, 1,2,...,m). The continuity of these functions
is a sufficient condition for existence of the solution of Equation (3) (see [4,
p.14]). It is also assumed as basic that the functions f,g; (j =0,1,2,...,m), and
e satisfy a Lipschitz condition in x, z(t — 71 (¢)), 2(t — 12(t)), ..., 2’ (t — T (¢)). By
this assumption, the uniqueness of solutions of Equation (3) is guaranteed (see
[4, p.15]). The derivatives b (t), b’ (t), % = gj(z), (j = 1,2,...,m), exist and
are continuous, and throughout the paper z(t) and z’'(t) are abbreviated as x
and 7/, respectively.

We write Equation (3) in system form as follows

’
T =Y,

m t

v == Fltmy =3 b0s@) + b0 [ g ()

7=0 j=1 t—71(t)
+ e(ta T, J)(t - Tl(t))a (%) Z‘(t - Tm(t))a Y, y(t - Tl(t))a ey y(t - Tm(t)))
The aim of this paper is to give three results on the stability, boundedness and

uniform boundedness of solutions of Equation (3), respectively. Motivated by Yu
and Xiao [30], we first establish some sufficient conditions which guarantee sta-
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bility of the zero solution of Equation (3), when e(.) = 0. Then we obtain some
sufficient conditions, Theorem 2.3 and Theorem 2.6, which ensure the bounded-
ness and uniform boundedness of all the solutions of Equation (3), when e(.) # 0.

It should be noted that Yu and Xiao [30] discussed uniform boundedness of the
solutions of Equation (1). In addition to uniform boundedness of the solutions,
we also discuss the stability and boundedness of the solutions of Equation (3).
Besides, the author in [25] improved the result obtained by Yu and Zhao [31] for
a different form of Equation (3). Our results will be different from that of Tung
[25], Yu and Xiao [30], Yu and Zhao [31], [1-24, 26-30, 32-35] and the references
thereof. At the end, three examples are constructed to illustrate the theoretical
analysis of this work.

Consider the non-autonomous delay differential system
z=F(t,z),ze =2t +0),—r<0<0,t>0, (5)

where I : RT x Cy — R™ is a continuous mapping, F(¢,0) = 0, and we suppose
that F takes closed bounded sets into bounded sets of R™. Here (C,||.||) is the
Banach space of continuous functions ¢ : [—r,0] — R"™ with supremum norm,
r > 0; Cy is the open H-ball in C;Cy = {¢ € C([-r,0],R™) : ||¢|| < H}. Let
S be the set of ¢ € C such that ||p|| > H. We shall denote by S® the set of all
functions ¢ € C such that |p(0)| > H, where H is large enough.

Theorem 1.2. ([2, 3]) Suppose that there exists a Lyapunov functional V(t, @)
for (5) such that the following conditions are satisfied:

(i) W1(|o(0)]) < V(t, ¢), (where Wi (r) is a wedge) V (¢,0) = 0;

(ii) V(t,9) <0.
Then the zero solution of (5) is stable.

Theorem 1.3. ([32]) Suppose that there exists a continuous Lyapunov func-
tional V (t, ) defined for allt € RY o € S°® which satisfies the following condi-
tions:

(i) a(le(0)]) < VIt 9) < bille0)]) + ba(llell), where a(r),bi(r),ba(r) €
C1I, (CI denotes the families of continuous increasing functions), and are positive
forr > H and a(r) — ba(r) — oo as r — oo;

(i) V(t, ) < 0.
Then the solutions of (5) are uniformly bounded.

2. Main Results

Let e(t,z,x(t — 11(t)), ..o, ®(t — T (1)), ¥, y(t — T1(E))s oy y(t — T (t))) = 0 and

= max ;.
Y 1§j§m%

Our first main result is the following theorem.
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Theorem 2.1. In addition to the basic assumptions imposed on the functions
f,b0,bj5, 90 and g; appearing in Equation (3), we assume that there exist positive
constants ay, o, pj and L such that the following conditions hold:

bo(t) > 1,04(t) <0, f(t,z,y) > ay

0y 2 by(0) 2 1850 < 0, 22D 5 0 I 50 0 s ) (o) < 1,

forallj=1,2,...mteR" z,ycR. If

2a
v < :

m ?

2 JpJ +ZLJPJ

then the zero solution of Equation (3) is stable.

Proof. Define the Lyapunov functional

t xtvyt ij /QJ d8+ y +Z>\ / / deS, (6)
7=0

—ri(t) ths

where A1, Ao, ..., A\, are some positive constants to be chosen later.

Taking into account the assumptions

bj(t) >1
and (@)
gj(x
Jx ZO@,(J?#O), (j—O,l, 7m)a
we obtain
m x m 0 t
V(t,ze,ye) = L + Zb' gj—(s)sds + Z)\' y*(0)dods
) ’ 2 . J s . J
=00 =y ts
Lo . m 0ot
2 2 2
> §Zajx t3Y +Z)\j / /3/ (0)dbds
=0 I=L e ths
so that
V(t, 2, y:) > Di(2? +y?), (7)

1 m
where D; = -min{ " «;,1}.
2 j=0

Thus, one can conclude that there exists a continuous function ¢(s) > 0 with
Wi (|6(0)]) > 0 by choosing W (|¢(0)]) = Dy |$(0)|*, the condition (i) in Theo-
rem 1.2 is satisfied.
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On the other hand, by an easy calculation, the time derivative of the functional
V(t, z¢,y:) along the solutions of (4) gives

d
_V(ta T, yt) = f(ta z, y)y2

dt
+y ) bi(t) g;(x(s))y(s)ds + > b;(t) | gj(s)ds
A 0 fao

t

S A = Y A - o) / ¥ (s)ds.
j=1 j=1

t—7;(t)

By using the assumptions of Theorem 2.1 and the inequality 2 |uv| < u? + v?,
we get the following estimates for the terms included on the right hand side of

(8):

- f(thvy)yQ S _a‘lyQa

x x

o / - / (S)
vit) [ gi(s)ds =S v t) | P sas <o,
t t
y 300 [ s <5 YL + 5> L) [ ve)ds
j=1 s () j=1 J=l1 t—7;(t)
t
1 & 1 &
<5 0Ly + 5> el / y*(s)ds,
=t = en)
S -nw) [ s <= -5 [ e,
J=1 t—7; (t) =1 t—7;(t)

STy <> Nyt <Yyt = (L)Y,
j=1 j=1 j=1

m
where v = 1<mjz£§nvj and L = > A,

Jj=1
In view of the above discussion, we have

GV () < (-T2 NP8 5oLy} [ s

dt :
=t t—7;(t)

where N = > (p;L;).
j=1
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Choose A; as follows

Ljp;

Aj = 7 (G=1,2,..,m).

S 2(1- 5

Hence, the above estimate implies

d
EV(t,xt,yt) < —{a1 —v(L+27'N)}y?
= _(a‘l - MV)y27

where M = L + 271N, the constants L and N are defined above.

Thus, by virtue of (9) for a positive constant «, we obtain

d
Ev(taxtvyt) <-ay*<0

provided that
<cu
TS

183

As a result, subject to the above discussion, one can conclude that the zero

solution of Equation (3) is stable. The proof of Theorem 2.1 is complete.

Example 2.2. Consider the nonlinear differential equation of second order with

two deviating arguments:

o {17 4327 +3(2)) + T 4+ {(1 + )(z® +22)}

14¢2

+ 20t — 71 (1)) + 22(t — 72(t)) = 0,

which is a special case of Equation (3).

We write the above equation in system form as follows

r_
r =Y,

1
f (42 2 2 11
Y (t*+32°+ 3y + Ty — {( +1+t2

t

Az j y(s)ds +2 / y(s)ds.

t*Tl(t) t*‘l‘z(t)
Hence, we have
ft,z,y) =t + 322+ 32 + 7> 7 = ay,

2t
<0,t>0,

1
bo(t) =1+ —75 > 1, by(t) = Threr S

1442~

go(z)

go(x)=x3+2x,go(0)=(), :x2+222=a0,

Y23 + 22)}
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M) 5 5= 0, gi(e) = 2.lg} (@) = 2= L,

(e =20, 02000 =0, 2D 22—y, @) =2, bl =2 = L,
If

7<a1 =) = B) ,0< B <1, 0< By <1,

M~ 2= (B +B2) +2(1— B1)(1 — o)

then all the assumptions of Theorem 2.1 hold. Therefore, the zero solution of
the above equation is stable.

Let e(t,z, x(t — 11(2)), ..., x(t — Tm(¥)), y, y(t — T1(2)), ..., y(t — T (t))) # 0. The
second main result of this paper is the following theorem.

Theorem 2.3. We assume that all the assumptions of Theorem 2.1 and the
following assumptions

|€(t,$,$(t —T1 (t))v "'7x(t - Tm(t))vya y(t - Tl(t))a B y(t - Tm(t)))| < |p(t)| )

[1lds <o

0

hold. If
20,1

v <

m ?

m L;p;
Z =5 T 2 Lip
j=1 j=1

then for any solution x of Equation (3), there exists a positive constant K such
that

|z < VK, |2'| < VK
for allt >ty > 0.

Proof. Taking into account the assumptions of Theorem 2.3, it is easy to see that
d

—V(t

dt ( y Tty yt)

< —ay? +ye(t,z, ot — 71 (1), s 2t — T (1)), y(t — 71(1)), - y(t — T (1))

By using the assumptions of Theorem 2.3 and the estimates |y| < 1+ y? and y?
< DUV (t, @4, y1), we have

d
EV“’ Tt Yt)

< |y| |€(t, Z, {E(t - Tl(t))’ ...,{E(t - Tm(t))’ yvy(t - Tl(t))v "~7y(t - Tm(t))”
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< (1497 Ip(t)]
< )]+ DTV (2, me) [p(t)] - (10)

¢
Integrating both sides of (10) over [0, ], using the assumption [ |p(s)|ds < oo
0

and the Gronwall-Bellman inequality, (see Ahmad and Rao [1]), it follows that

V(t,ze, yr) < {V(0,20,y0) + A} exp(DflA) < 00, (11)

where A = [ |p(s)|ds.
0

In view of (7) and (11), one can conclude that all solutions of Equation (3) are
bounded. The proof of Theorem 2.3 is complete. [ |

Example 2.4. Consider the differential equation of second order with two de-
viating arguments:

o 4+ {t? + 327 + 3(2))? + T’ + {(1 + )(2® 4 2x)}

1+¢2
+2z(t — 1 (t)) + 2z(t — 12(t))

_ 2 +sint + cost

12422+ 22— Te®) R 22+ 22— ()]

which is a special case of Equation (3).
It follows that

4

le(t, 2oyt = (), -yt = 2(D))] < 5 = PO

Hence, we get

o0 o0 4
/|p(s)|d8:/1+—82ds:27r<oo.
0 0

In view of the discussion made above and that in Example 2.2, it can be seen that
all the assumptions of Theorem 2.3 hold. Thus, we conclude that all solutions
of the above equation are bounded.

Remark 2.5. To the best of our observations from the literature, we did not
find any work on the stability and boundedness of the solutions of Liénard type
equations with multiple variable deviating arguments, which uses Lyapunov’s
functional approach (see Krasovskii [9]), except that in [25]. That is to say that
Theorems 2.1 and 2.3 raise two new results in the literature related to the sta-
bility and boundedness of solutions of Liénard type equations with multiple
variable deviating arguments. This fact is a new improvement on the topic. It
also follows that our assumptions are very elegant and understandable and their
applicability can be easily verified.



186 Cemil Tung

The last main result of this paper is given by the following theorem.

Theorem 2.6. In addition to the assumptions of Theorem 2.3, except

gja(;x) > aj, (z#0),

we suppose that
zg;j(xz) >0, (z #0), /gj )ds — +00 as |z| — o0, (j =0,1,2,...,m).
0

If

20,1

> T+ Zl Ljp;
i=

Jj=1

v <

)

then solutions of Equation (3) are uniformly bounded.

Proof. Define the Lyapunov functional

Vit 2 ) = exp(—2 / )Y b(0) [ g5(s)ds
j=0 0

t

+ y+1+ZA /O/ (0)dOds}

—7;(t) t+s

so that
o0 0t
exp(—2/|p(s)|ds /gJ )ds + y —l—l—i—Z)\ / /y2(9)d9ds}
0 - =Ly rhs
0t

0

= —n(t) ths

Taking into account the assumption
x
/gj(s)ds — +ooas |z — o0, (=0, 1,2,...,m),
0

and the last estimate, one can conclude that condition (i) of Theorem 1.3 holds.

By using the Lyapunov functional Vi(t, z,y:), the system (4) and the as-
sumptions of Theorem 2.6, the time derivative of Vi (t, z¢,y:) can be estimated
as follows:
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d
dV(t ze,ye) < — 2 |p(t)| exp(— /|p ) ds){ /gj
J_ 0
0 t

1 2 % 2
+3Y F14+) N / /y (0)dfds}

= ) s
t t
~ ay? exp(—2 / Ip(s)|ds) + exp(—2 / 1p(s)| ds)
0

x ye(t,z, x(t — 711(t)), oy 2t — T (8)), Y, y(t — 71(1)), s y(t — Tin (1))
< —2|p(t)] exp( 2/|p )| ds){ b»(t)/gj(s)ds—i—%y?—i—l}
0 J=0 0

~ P exp(-2 / [p(s)|ds) + exp(~2 / 1p(5)| ds) p(t)]
0 0

t

T4 [p(t)] exp(—2 / 1p(s)] ds)
0

<~ aytexp(-2 [ Ip(s)|ds) <0
0
In view of the discussion made in the proof of Theorem 2.6, one can conclude

that all solutions of Equation (3) are uniformly bounded. The proof of Theorem
2.6 is complete. [ ]

Example 2.7. As a special case of Equation (3), we consider the nonlinear dif-
ferential equation of second order with two deviating arguments:

o {14327 4+ 3(2) 2+ T+ {(

e Y(z® + 22)}

+22(t — 1 (1) + 22(t — 72(8))
1
I+ 22t 22t —m) F 22+ + 2t —T2(D)

We write the above equation in system form as follows

r_
r =Y,

/

y = —(t2—|—3x2+3y2+7)y—{(1+

t

t
—4x + 2/ y(s)ds + 2 y(s)ds
t Tl(t)

t*TQ(t)
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1
L+ +22+ 422t — () + y2 + ... + ¥2(t — 2(1))

+
Hence, it follows that

go(z) = 2° + 2z, go(0) =0,
zgo(r) = x* +22% > 0, (x #0),

/go(s)ds = /(53 +2s)ds = % + 2% = 400 as |z| — oo,
0 0

91(z) =2z, g1(0) =0, zg1(x) =227 > 0, (z #0),
/gl(s)ds = /2sds =22 — 400 as |z| — oo,

0 0

ga(x) =2z, g2(0) =0, zga(x) = 22% > 0, (x #0),

/gg(s)ds = /2sds =22 — 400 as |z| — oco.
0 0

In view of the discussion made above and that in Examples 2.2 and 2.4, it can
be seen that all the assumptions of Theorem 2.6 hold. The above estimates show
that all solutions of the equation considered are uniformly bounded.

Remark 2.8. When we take into account the assumptions of Theorem 1.1 and
Theorem 2.6, it can be seen that our assumptions are completely different from
those of Yu and Xiao [30]. The applicability of the assumptions of Theorem 2.6 to
Liénard type equations with multiple variable deviating arguments can be easily
observed. The procedure here used in the proof of Theorem 2.6 is completely
different from that used in [30]. Theorem 2.6 also establishes a complementary
result for the Liénard equation considered in [9].

3. Conclusion

Liénard type equations with multiple variable deviating arguments are consid-
ered. The stability, boundedness and uniform boundedness of solutions of these
equations are investigated for some specific cases determined. In proving our
results, we employ the Lyapunov functional approach by defining two new Lya-
punov functionals. Three examples are also constructed to illustrate our theo-
retical findings.
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