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1. Introduction

Let b € BMO(R"), and T be the Calderén-Zygmund operator. The commutator
[b, T generated by b and T is defined by

[0, T](f)(x) = b(2)T(f)(x) = T(bf)(x).

A classical result of Coifman, Rochberg and Weiss (see [7]) proved that the com-
mutator [b,T] is bounded on LP(R"™) (1 < p < o0). However, it was observed
that [b,T] is not bounded, in general, from L'(R"™) to LY°°(R™). In [19, 20],
the sharp inequalities were obtained for some multilinear commutators of the
Calderén-Zygmund singular integral operators. In [5, 11-15], the boundedness
were obtained for some multilinear commutators of the singular integral oper-
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ators on R™. In [2-4, 6, 9, 17, 21], the boundedness were obtained for some
multilinear commutators of the singular integral operators on the spaces of ho-
mogeneous type. Our works are motivated by these papers. The main purpose of
this paper is to prove sharp estimates for the multilinear commutator related to
the singular integral operator on the spaces of homogeneous type. As an appli-
cation, we obtain a weighted LP(p > 1) inequality and an L log L-type estimate
for the commutator.

2. Preliminaries and theorems

Given a set X, a function d : X x X — R7 is called a quasi-distance on X if the
following conditions are satisfied:

(i) for every z and y in X, d(z,y) > 0 and d(x,y) = 0 if and only if © = y;
(ii) for every z and y in X, d(z,y) = d(y, x);

(iii) there exists a constant k& > 1 such that

d(x,y) < k(d(x, 2) +d(z,y)) (1)

for every x,y and z in X.

Let p be a positive measure on the o-algebra of subsets of X which contains
the r-balls B(z,r) = {y : d(z,y) < r}. We assume that u satisfies a doubling
condition, that is, there exists a constant A such that

0 < pu(B(z,2r)) < Au(B(z,r)) < 00 (2)

holds for all z € X and r > 0.

A structure (X, d, u), with d and u as above, is called a space of homogeneous
type. The constants k and A in (1) and (2) will be called the constants of the
space.

Then let us introduce some notations (see [1, 3, 8, 9 16 22]) In this paper
B will denote a ball of X, and for a ball B, let fgp = YL f J ) and
the sharp function of f is defined by

FH@) = sup — / F() — f5ldu(y).

Bsz MU

It is well-known that (see [9])

f#(x) ~ sup inf —~ / 1F(y) — cldu(y).

B>z ceC /,I,

For 0 < r < oo we denote

FE =1
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We say that b belongs to BMO(X) if b# belongs to L°°(X) and define ||b|| grro =
[LEallpe

Let M be the Hardy-Littlewood maximal operator, that is

M(f)(w) = sup s /u Yldu(y

x-

we write M,(f) = (M(|f|?))"/? for 0 < p < co. For k € N we denote by M
the operator M iterated k times, i.e., M'(f)(x) = M(f)(x) and M*(f)(x) =
M(M*=1(f))(x) for k > 2.

Let @ be a Young function and ¥ be the complementary associated to @. For
a function f, we define the @-average by

S B B T
1fllo5 = fA>O”“’Z¢< A>du<y><1

and the maximal function by
M f(x) = sup | flla.5
zeB

The main Young function to be used in this paper is @(t) = tlog" (¢t + ¢) and
its complementary ¥(¢) = exp (t") — 1, and the corresponding ®-averages and
maximal functions are denoted by || - [|L(og )85 MLogz)r and || - |lexpz+, B,
Mexp - We have the generalized Holder’s inequality

/u y)ldu(y) <

and the following inequality for any » > 0 and m € N:

M(f) < ML(logL)""(f)a ML(]ogL)"” (f) ~ Mm+1(f)

For r > 1 we denote

[Blloscs v = 5 5 = bl 75

The space Oscexp (X)) is defined by
OCexp 17 (X) = {b € Lipe(X) : bl 0sceny 1r < 00}
It is clear that (see [22])
16— ot pllexp L7265 < CK|lbll0scor, 1+

It is obvious that Oscexp .- (X) coincides with the BMO(X) space if r = 1. For
r; >0 and b; € Osceyp 7 (X) for j =1---m, we denote
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11 1 -
F:HJF"'JFE and |\b||:j1;[1|\bj|\05%mrj.

Given a positive integer m and 1 < j < m, we denote by C'jm the family of all
finite subsets o = {0 (1), -, 0(j)} of {1, ---, m} of j different elements. For o € C}"
set 0¢ = {1,---,m}\ 0. For b= (b1, -, by) and 0 = {o(1),--,0(j)} € C}", set
by = (bo(1)s Do (j))s o = bo() -~ bo(j) and ||5(,||Oscexpma = Hbg(l)HoScexpL%(l) .
oo lose

exp L o) "
Denote the Muckenhoupt weights by A, for 1 < p < oo (see [8]).

We are going to consider the multilinear commutators related to the singular
integral operator defined below.

Definition 2.1. Suppose b; (j = 1,--- ,m) are the fixed locally integrable func-
tions on X. Let T be the singular integral operator

T(f)(x) = / K (2,9) £ (5)du(y),
X

where K is a locally integrable function on X x X \ {(x,y) : = y} and satisfies
the following properties:

C
W K@Y < B d@ )

/ / d(yayl)6
@) |K @) = Ka)) + |K () = Kf2)] < Ot

when d(z,y) > 2d(y,y’) with some ¢ € (0,1].

The multilinear commutator of the singular integral operator is defined by

1)) = |
X

Note that if by = - -+ = b,,,, then T is just the mth-order commutator. It is well
known that commutators are of great interest in harmonic analysis and have
been widely studied by many authors (see [1, 2, 4, 6, 10, 18-21]). Our main
purpose is to establish sharp inequality for the multilinear commutator.

H(bj(x) = bj(y)) K (, y) f(y)dp(y).

Jj=

The following theorems are our main results:
Theorem 2.2. Let r; > 1 and bj € Osceyy, 175 (X) for j =1,---,m. Denote

1 1 1

=4 =

rooor Tm
For any 0 < p < q < 1 there exists a constant C > 0 such that, for any
feC(X) and any 7 € X,
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(To(MNF @) < CIBIMpogry - (H@) +D > My(Ty ())(@) ] -
Jj=1 UEC}"’
Theorem 2.3. If 1 <p < oo and w € A, then

1T oy < CIBINFIl 2o (o)
Theorem 2.4. If w € A; then there exists a constant C > 0 such that, for all
A>0,

w{z e X : Tp(f)(z) > A}) < C/(Z5 <w> w(z)dp(z).
X

3. Proofs of theorems

To prove the theorems, we need the following lemmas.

Lemma 3.1. ([20]) Let r; > 1 for j =1,--- ,m. Denote

1 1 1
=
r 1 Tm

Then
1
mB/Ifl(x) o fm(@)g(2)|dp(x)

< C||f||expL7'1,B T HfHeXPLr"’%BHg”L(logL)l/T,B'

Lemma 3.2. ([17]) Let w € A; and 1 < p < oo. Then T is bounded on LP(w)
and weak type of (L'(w), L' (w)).

Lemma 3.3. Let (X, d, 1) be a space of homogeneous type. Then there exists a
positive constant C' such that the inequality

t/JYfXxﬁhdx)S<hd£ﬂ‘{/ftﬂdu®)
X

B

holds for any ball B.

Proof. By Tonelli’s theorem and the fact that [, K (z,y)du(z) < Cp(B)™! we
have

Lﬂﬁ@@@://MWN@W@W@
B X
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Proof of Theorem 2.2. It suffices to prove that for f € C§°(X) and some constant
Cp, the following inequality holds:

1/p
( / IT(F) () — ColPdy(e >)

(||b||ML(logL 1/r +Z Z M, ( 5:)) .

j=loeCy

Fix a ball B = B(xzg,r) and Z € B. We first consider the case m=1 . Write, for
J1 = fxep and f2 = fx@2B)°,

Ty, (f)(2) = (b1 (2)=(b1)28)T (f)(2) =T ((br—=(b1)28) f1)(2) =T ((br—(b1)2B) f2) (x).
Let C() = T(((bl)gB - bl)fg)(xo), then

Ty, (f)(z) — Col < [(b1(x) — (b1)2B)T(f) ()| + [T ((b1)25 — (b1) f1)(2)]
+[T(((b1)2B — b1) f2)(x) = T(((b1)25 — b1) f2)(z0)|
— (@) + [I(2) + [TI(2).

For I(z), by Holder’s inequality with exponent 1/l 4+ 1/l =1 with 1 <[ < ¢/p
and pl = q, we get

1/p
1 p
(m 5 B/ 1) du(m)

1/p

( / 1b1(2) — (b1)25PIT(f) (@ >|pdu<x>)
1/pl' 1/pl
(23 [ 10160) = G2)2mp e >) (%B) / IT(f)(x)l”ldu(x))

< CHbl||OscexerMpl(T(f))(j)
< Clb1llosce o Mq(T(f)) ().

For II(x), by Holder’s inequality, we have
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1/p
1 p L o du(z
(@ B/ 11() du(m) < 5 [ H@ldn()

B

IA

%)Z|T((bl — (b1)28) f1)(z)|du()

< Cu(2B)? / 1b1(2) — (b1)as || (@) du(z)
2B

< C|lbr = (b1)2Bllexp L 2B fll Log £)1/7 2B

< CHblHOSCexpLTML(logL)l/T(f)(‘i)'

For I1I(x), by the properties of K, the doubling condition of p, Minkowski’s
inequality and Holder’s inequality we obtain, for z € B,

C(w) = / (K (@9) — K (50,5)) (b)o5 — b1(0)) o9 )
C/ i ] B dGeogy] P en ~ Bty
|d(wo, ) ]° 1

= CZ/WB\%B { d(z, )] ] (B aod@o g Pr2e ~ i@l Wlduty)

Z ng(m / 1b1(y) — (b1)2]f (y)ldp(y)

2k+1B

< C Z 27k(6+1)k”b1HOscexp L ML(log L)l/r(f)(fﬁ)

< CHbl ||OSCexp L ML(log L)1/7'(f)(‘%)7

thus

1/p
(ﬁ/Uﬂ(x)V’du(x)) < OMpog £yr/+(f)(Z).
B

Now, we consider the case m > 2. We have known that, for b= (b1, -+ ,bm),

Ty(/)(@)
[105) = b)) K (@ 0)f G)anty)

D*J.

—

—

[T 1, 28) — (0;(y) — (bj)28)] K (2, y) f (y)dp(y)

j=1

X\ x\
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Z “3(5(x) — (B)a5)s / (Bw) — Bas)oe K (2, 9) (9)duy)
=0oc0€ ;’ b
(b () = (b1)2B) -+ (bn(z) — (bm)28)T(f)(x)

+( D™T((br = (b1)28) - - (bm — (bm)2) f)(2)

— (bu(@) — (b1)25) - - (b (&) — (bun)2)T(f)(2)
+ (~1)™T((bs — (51)25) - (b — (bm)25) ) (2)

£33 (V@) — BTy, (D)

| T5(f)(@) = T((b1 = (b1)28) - - - (b — (b )25) f2) (w0
< [(ba(z ) (b1)25) - - (bm () = (b )28)T(f)(2)]

+Z > |(0(@) = (B)28)0T;,, (f)(2))

7j=1 UEC"’
+ |T —(b1)2B) -+ (bm — (bm)QB)fl)(x”
i \T( — (b1)2B) - - - (b — (bn)28) f2)(x)
by

—T((by — (b1)28) - - - (b — (bm)2) f2)(z0)|
= Li(z) + Ix(z) + I3(2) + Li().

For I (z) and Iz(z), similar to the proof of the case m = 1, we get

1/p
1 P T
(EB/WM du(x)) < CMy(T(f)) (%)

1/p
1 m— i
(EB/H?(MMH(@) g Z M 105 11/ (F)(F).

For I5(z), by Lemma 3.1 and Lemma 3.3, we obtain

1/p
1 p
(@ Z I () du(w)>
_.C

B [bm(2) = (bm)28]|f (2)|dp(x)

and
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< Cllbr = (01)2Bllexp 1,28+ [[br — (bm)2Blexp Lrm 2B 1 f | La1og L)1/ 28
< Clbl| ML og £yr/+ () ().

For I,(z), similar to I1I(z), we have

<c [ |10 - @) |

IN

L) = / T165) — (b)) (K (2,) — K (20, 9)) fo () dpa(y)
x 7=1

m

|d<wo,x>|r 1
d(z,y) | [p(B(zo,d(z0,9)))

| |f(y)ldp(y)
(2B)ye |7=1

m

- o |d(wo,2)[1° /()]
CZ!B L1 =020 Tt T ey

— uB)’ =

<0 e [ |10 = Ges)| 17 W)ldnty)
k=1 2k+1 3 Jj=1

< CZ 27k H 165 — (bj)2’€+1B||exp LTJ',2k+1B||f||L(logL)1/'r72k'+lB
k=1 j=1

<0y 27H O T bsllose,, e, Miog 1y (£)(@)

j=1

£
ol
-

< CIbl[ M g1og £y1/+(f)(Z)-

This completes the proof of Theorem 2.2. [ |
By using Theorem 2.2 and the boundedness of T', we obtain Theorem 2.3 and

Theorem 2.4.
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