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1. Introduction

Let b ∈ BMO(Rn), and T be the Calderón-Zygmund operator. The commutator
[b, T ] generated by b and T is defined by

[b, T ](f)(x) = b(x)T (f)(x) − T (bf)(x).

A classical result of Coifman, Rochberg and Weiss (see [7]) proved that the com-
mutator [b, T ] is bounded on Lp(Rn) (1 < p < ∞). However, it was observed
that [b, T ] is not bounded, in general, from L1(Rn) to L1,∞(Rn). In [19, 20],
the sharp inequalities were obtained for some multilinear commutators of the
Calderón-Zygmund singular integral operators. In [5, 11-15], the boundedness
were obtained for some multilinear commutators of the singular integral oper-
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ators on R
n. In [2-4, 6, 9, 17, 21], the boundedness were obtained for some

multilinear commutators of the singular integral operators on the spaces of ho-
mogeneous type. Our works are motivated by these papers. The main purpose of
this paper is to prove sharp estimates for the multilinear commutator related to
the singular integral operator on the spaces of homogeneous type. As an appli-
cation, we obtain a weighted Lp(p > 1) inequality and an L log L-type estimate
for the commutator.

2. Preliminaries and theorems

Given a set X , a function d : X ×X → R
+ is called a quasi-distance on X if the

following conditions are satisfied:

(i) for every x and y in X , d(x, y) ≥ 0 and d(x, y) = 0 if and only if x = y;

(ii) for every x and y in X , d(x, y) = d(y, x);

(iii) there exists a constant k ≥ 1 such that

d(x, y) ≤ k(d(x, z) + d(z, y)) (1)

for every x, y and z in X .

Let µ be a positive measure on the σ-algebra of subsets of X which contains
the r-balls B(x, r) = {y : d(x, y) < r}. We assume that µ satisfies a doubling
condition, that is, there exists a constant A such that

0 < µ(B(x, 2r)) ≤ Aµ(B(x, r)) < ∞ (2)

holds for all x ∈ X and r > 0.

A structure (X, d, µ), with d and µ as above, is called a space of homogeneous
type. The constants k and A in (1) and (2) will be called the constants of the
space.

Then let us introduce some notations (see [1, 3, 8, 9, 16, 22]). In this paper,
B will denote a ball of X , and for a ball B, let fB = µ(B)−1

∫

B f(x)dµ(x) and
the sharp function of f is defined by

f#(x) = sup
B3x

1

µ(B)

∫

B

|f(y) − fB|dµ(y).

It is well-known that (see [9])

f#(x) ≈ sup
B3x

inf
c∈C

1

µ(B)

∫

B

|f(y) − c|dµ(y).

For 0 < r < ∞ we denote
f#

r = [(|f |r)#]1/r.
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We say that b belongs to BMO(X) if b# belongs to L∞(X) and define ‖b‖BMO =
‖b#‖L∞ .

Let M be the Hardy-Littlewood maximal operator, that is

M(f)(x) = sup
B3x

1

µ(B)

∫

B

|f(y)|dµ(y),

we write Mp(f) = (M(|f |p))1/p for 0 < p < ∞. For k ∈ N we denote by Mk

the operator M iterated k times, i.e., M1(f)(x) = M(f)(x) and Mk(f)(x) =
M(Mk−1(f))(x) for k ≥ 2.

Let Φ be a Young function and Ψ be the complementary associated to Φ. For
a function f , we define the Φ-average by

‖f‖Φ,B = inf







λ > 0 :
1

µ(B)

∫

B

Φ

(

|f(y)|

λ

)

dµ(y) ≤ 1







and the maximal function by

MΦf(x) = sup
x∈B

‖f‖Φ,B.

The main Young function to be used in this paper is Φ(t) = t logr(t + e) and
its complementary Ψ(t) = exp (tr) − 1, and the corresponding Φ-averages and
maximal functions are denoted by ‖ · ‖L(log L)r,B, ML(log L)r and ‖ · ‖expLr,B,
MexpLr . We have the generalized Hölder’s inequality

1

µ(B)

∫

B

|f(y)g(y)|dµ(y) ≤ ‖f‖Φ,B‖g‖Ψ,B

and the following inequality for any r > 0 and m ∈ N :

M(f) ≤ ML(log L)r(f), ML(log L)m(f) ≈ Mm+1(f).

For r ≥ 1 we denote

‖b‖oscexp Lr = sup
B

‖b − bB‖expLr,B.

The space OscexpLr (X) is defined by

Oscexp Lr(X) = {b ∈ L1
loc(X) : ‖b‖Oscexp Lr < ∞}.

It is clear that (see [22])

‖b − b2kB‖expLr,2kB ≤ Ck‖b‖Oscexp Lr .

It is obvious that Oscexp Lr(X) coincides with the BMO(X) space if r = 1. For
rj > 0 and bj ∈ Oscexp Lrj (X) for j = 1 · · ·m, we denote
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1

r
=

1

r1
+ · · · +

1

rm
and ‖~b‖ =

m
∏

j=1

‖bj‖Osc
exp L

rj
.

Given a positive integer m and 1 ≤ j ≤ m, we denote by Cm
j the family of all

finite subsets σ = {σ(1), ···, σ(j)} of {1, ···, m} of j different elements. For σ ∈ Cm
j

set σc = {1, · · ·, m} \ σ. For ~b = (b1, · · ·, bm) and σ = {σ(1), · · ·, σ(j)} ∈ Cm
j , set

~bσ = (bσ(1), · · ·, bσ(j)), bσ = bσ(1) · · ·bσ(j) and ‖~bσ‖Oscexp Lrσ = ‖bσ(1)‖Osc
exp L

rσ(1)
·

· · ‖bσ(j)‖Osc
exp L

rσ(j)
.

Denote the Muckenhoupt weights by Ap for 1 ≤ p < ∞ (see [8]).

We are going to consider the multilinear commutators related to the singular
integral operator defined below.

Definition 2.1. Suppose bj (j = 1, · · · , m) are the fixed locally integrable func-
tions on X . Let T be the singular integral operator

T (f)(x) =

∫

X

K(x, y)f(y)dµ(y),

where K is a locally integrable function on X ×X \ {(x, y) : x = y} and satisfies
the following properties:

(1) |K(x, y)| ≤ C
µ(B(x, d(x, y)))

,

(2) |K(x, y) − K(x, y′)| + |K(y, x) − K(y′, x)| ≤ C
d(y, y′)δ

µ(B(y, d(x, y)))d(x, y)δ ,

when d(x, y) ≥ 2d(y, y′) with some δ ∈ (0, 1].

The multilinear commutator of the singular integral operator is defined by

T~b(f)(x) =

∫

X

m
∏

j=1

(bj(x) − bj(y))K(x, y)f(y)dµ(y).

Note that if b1 = · · · = bm, then T~b is just the mth-order commutator. It is well
known that commutators are of great interest in harmonic analysis and have
been widely studied by many authors (see [1, 2, 4, 6, 10, 18-21]). Our main
purpose is to establish sharp inequality for the multilinear commutator.

The following theorems are our main results:

Theorem 2.2. Let rj ≥ 1 and bj ∈ Oscexp Lrj (X) for j = 1, · · · , m. Denote

1

r
=

1

r1
+ · · · +

1

rm
.

For any 0 < p < q < 1 there exists a constant C > 0 such that, for any

f ∈ C∞
0 (X) and any x̃ ∈ X,
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(T~b(f))#p (x̃) ≤ C



‖~b‖ML(logL)1/r(f)(x̃) +
m
∑

j=1

∑

σ∈Cm
j

Mq(T~bσc
(f))(x̃)



 .

Theorem 2.3. If 1 < p < ∞ and ω ∈ Ap then

‖T~b(f)‖Lp(ω) ≤ C‖~b‖‖f‖Lp(ω).

Theorem 2.4. If ω ∈ A1 then there exists a constant C > 0 such that, for all

λ > 0,

ω({x ∈ X : T~b(f)(x) > λ}) ≤ C

∫

X

Φ

(

‖~b‖|f(x)|

λ

)

ω(x)dµ(x).

3. Proofs of theorems

To prove the theorems, we need the following lemmas.

Lemma 3.1. ([20]) Let rj ≥ 1 for j = 1, · · · , m. Denote

1

r
=

1

r1
+ · · · +

1

rm
.

Then

1

µ(B)

∫

B

|f1(x) · · · fm(x)g(x)|dµ(x)

≤ C‖f‖expLr1 ,B · · · ‖f‖expLrm ,B‖g‖L(log L)1/r,B.

Lemma 3.2. ([17]) Let ω ∈ A1 and 1 < p < ∞. Then T is bounded on Lp(ω)
and weak type of (L1(ω), L1(ω)).

Lemma 3.3. Let (X, d, µ) be a space of homogeneous type. Then there exists a

positive constant C such that the inequality

∫

B

T (f)(x)dµ(x) ≤ Cµ(B)−1

∫

X

f(x)dµ(x)

holds for any ball B.

Proof. By Tonelli’s theorem and the fact that
∫

B K(x, y)dµ(x) ≤ Cµ(B)−1 we
have

∫

B

T (f)(x)dµ(x) =

∫

B

∫

X

K(x, y)f(y)dµ(y)dµ(x)
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=

∫

X

∫

B

K(x, y)f(y)dµ(x)dµ(y)

≤ Cµ(B)−1

∫

X

f(y)dµ(y).

Proof of Theorem 2.2. It suffices to prove that for f ∈ C∞
0 (X) and some constant

C0, the following inequality holds:





1

µ(B)

∫

B

|T~b(f)(x) − C0|
pdµ(x)





1/p

≤ C



‖~b‖ML(logL)1/r(f)(x̃) +

m
∑

j=1

∑

σ∈Cm
j

Mq(T~bσc
(f))(x̃)



 .

Fix a ball B = B(x0, r) and x̃ ∈ B. We first consider the case m=1 . Write, for
f1 = fχ2B and f2 = fχ(2B)c ,

Tb1(f)(x) = (b1(x)−(b1)2B)T (f)(x)−T ((b1−(b1)2B)f1)(x)−T ((b1−(b1)2B)f2)(x).

Let C0 = T (((b1)2B − b1)f2)(x0), then

|Tb1(f)(x) − C0| ≤ |(b1(x) − (b1)2B)T (f)(x)| + |T ((b1)2B − (b1)f1)(x)|

+ |T (((b1)2B − b1)f2)(x) − T (((b1)2B − b1)f2)(x0)|

= I(x) + II(x) + III(x).

For I(x), by Hölder’s inequality with exponent 1/l + 1/l′ = 1 with 1 < l < q/p
and pl = q, we get





1

µ(B)

∫

B

|I(x)|pdµ(x)





1/p

=





1

µ(B)

∫

B

|b1(x) − (b1)2B|p|T (f)(x)|pdµ(x)





1/p

≤ C





1

µ(2B)

∫

2B

|b1(x) − (b1)2B |pl′dµ(x)





1/pl′ 



1

µ(B)

∫

B

|T (f)(x)|pldµ(x)





1/pl

≤ C‖b1‖Oscexp Lr Mpl(T (f))(x̃)

≤ C‖b1‖Oscexp Lr Mq(T (f))(x̃).

For II(x), by Hölder’s inequality, we have
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



1

µ(B)

∫

B

|II(x)|pdµ(x)





1/p

≤
1

µ(B)

∫

B

|II(x)|dµ(x)

≤
1

µ(B)

∫

B

|T ((b1 − (b1)2B)f1)(x)|dµ(x)

≤ Cµ(2B)−2

∫

2B

|b1(x) − (b1)2B||f(x)|dµ(x)

≤ C‖b1 − (b1)2B‖expLr,2B‖f‖L(logL)1/r,2B

≤ C‖b1‖Oscexp Lr ML(log L)1/r(f)(x̃).

For III(x), by the properties of K, the doubling condition of µ, Minkowski’s
inequality and Hölder’s inequality we obtain, for x ∈ B,

C(x) =

∣

∣

∣

∣

∣

∣

∫

X

(K(x, y) − K(x0, y))((b1)2B − b1(y))f2(y)dµ(y)

∣

∣

∣

∣

∣

∣

≤ C

∫

(2B)c

[

|d(x0, x)|

|d(x, y)|

]δ
1

|µ(B(x0, d(x0, y)))|
|(b1)2B − b1(y)||f(y)|dµ(y)

≤ C
∞
∑

k=1

∫

2k+1B\2kB

[

|d(x0, x)|

|d(x, y)|

]δ
1

|µ(B(x0, d(x0, y)))|
|(b1)2B − b1(y)||f(y)|dµ(y)

≤ C

∞
∑

k=1

µ(B)δ

µ(2kB)δ+1

∫

2k+1B

|b1(y) − (b1)2B ||f(y)|dµ(y)

≤ C
∞
∑

k=1

2−k(δ+1)k‖b1‖Oscexp Lr ML(log L)1/r(f)(x̃)

≤ C‖b1‖Oscexp Lr ML(log L)1/r(f)(x̃),

thus




1

µ(B)

∫

B

|III(x)|pdµ(x)





1/p

≤ CML(log L)1/r(f)(x̃).

Now, we consider the case m ≥ 2. We have known that, for ~b = (b1, · · · , bm),

T~b(f)(x)

=

∫

X

[

m
∏

j=1

(bj(x) − bj(y))
]

K(x, y)f(y)dµ(y)

=

∫

X

m
∏

j=1

[(bj(x) − (bj)2B) − (bj(y) − (bj)2B)] K(x, y)f(y)dµ(y)
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=
m
∑

j=0

∑

σ∈Cm
j

(−1)m−j(~b(x) − (~b)2B)σ

∫

X

(~b(y) − (~b)2B)σcK(x, y)f(y)dµ(y)

= (b1(x) − (b1)2B) · · · (bm(x) − (bm)2B)T (f)(x)

+ (−1)mT ((b1 − (b1)2B) · · · (bm − (bm)2B)f)(x)

+

m−1
∑

j=1

∑

σ∈Cm
j

(−1)m−j(~b(x) − (~b)2B)σ

∫

X

(~b(y) − (~b)2B)σcK(x, y)f(y)dµ(y)

= (b1(x) − (b1)2B) · · · (bm(x) − (bm)2B)T (f)(x)

+ (−1)mT ((b1 − (b1)2B) · · · (bm − (bm)2B)f)(x)

+

m−1
∑

j=1

∑

σ∈Cm
j

(−1)m−j(~b(x) − (~b)2B)σT~bσc
(f)(x).

Thus

∣

∣T~b(f)(x) − T ((b1 − (b1)2B) . . . (bm − (bm)2B)f2)(x0)
∣

∣

≤
∣

∣(b1(x) − (b1)2B) . . . (bm(x) − (bm)2B)T (f)(x)
∣

∣

+

m−1
∑

j=1

∑

σ∈Cm
j

∣

∣(~b(x) − (~b)2B)σT~bσc
(f)(x)

∣

∣

+
∣

∣T ((b1 − (b1)2B) . . . (bm − (bm)2B)f1)(x)
∣

∣

+
∣

∣T ((b1 − (b1)2B) . . . (bm − (bm)2B)f2)(x)

− T ((b1 − (b1)2B) . . . (bm − (bm)2B)f2)(x0)
∣

∣

= I1(x) + I2(x) + I3(x) + I4(x).

For I1(x) and I2(x), similar to the proof of the case m = 1, we get





1

µ(B)

∫

B

|I1(x)|pdµ(x)





1/p

≤ CMq(T (f))(x̃)

and




1

µ(B)

∫

B

|I2(x)|pdµ(x)





1/p

≤ C

m−1
∑

j=1

∑

σ∈Cm
j

ML(log L)1/r(f)(x̃).

For I3(x), by Lemma 3.1 and Lemma 3.3, we obtain





1

µ(B)

∫

B

|I3(x)|pdµ(x)





1/p

≤
C

µ(2B)

∫

2B

|b1(x) − (b1)2B · · · |bm(x) − (bm)2B ||f(x)|dµ(x)
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≤ C‖b1 − (b1)2B‖expLr1 ,2B · · · ‖bm − (bm)2B‖expLrm ,2B‖f‖L(logL)1/r,2B

≤ C‖~b‖ML(logL)1/r(f)(x̃).

For I4(x), similar to III(x), we have

I4(x) =

∣

∣

∣

∣

∣

∣

∫

X

m
∏

j=1

(bj(y) − (bj)2B)(K(x, y) − K(x0, y))f2(y)dµ(y)

∣

∣

∣

∣

∣

∣

≤ C

∫

(2B)c

∣

∣

∣

∣

∣

∣

m
∏

j=1

(bj(y) − (bj)2B)

∣

∣

∣

∣

∣

∣

[

|d(x0, x)|

|d(x, y)|

]δ
1

|µ(B(x0, d(x0, y)))|
|f(y)|dµ(y)

≤ C

∞
∑

k=1

∫

2k+1B\2kB

∣

∣

∣

∣

∣

∣

m
∏

j=1

(bj(y) − (bj)2B)

∣

∣

∣

∣

∣

∣

[

|d(x0, x)|

|d(x, y)|

]δ
|f(y)|

|µ(B(x0, d(x0, y)))
dµ(y)

≤ C

∞
∑

k=1

µ(B)δ

µ(2kB)δ+1

∫

2k+1B

∣

∣

∣

∣

∣

∣

m
∏

j=1

(bj(y) − (bj)2B)

∣

∣

∣

∣

∣

∣

|f(y)|dµ(y)

≤ C

∞
∑

k=1

2−k(δ+1)
m
∏

j=1

‖bj − (bj)2k+1B‖expLrj ,2k+1B‖f‖L(logL)1/r,2k+1B

≤ C
∞
∑

k=1

2−k(δ+1)km
m
∏

j=1

‖bj‖Osc
exp L

rj
ML(log L)1/r(f)(x̃)

≤ C‖~b‖ML(logL)1/r(f)(x̃).

This completes the proof of Theorem 2.2.

By using Theorem 2.2 and the boundedness of T , we obtain Theorem 2.3 and
Theorem 2.4.
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18. C. Pérez, Endpoint estimate for commutators of singular integral operators, J.
Func. Anal., 128(1995), 163-185.
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20. C. Pérez and R. Trujillo-Gonzalez, Sharp Weighted estimates for multilinear com-
mutators, J. London Math. Soc., 65(2002), 672-692.

21. G. Pradolini and O. Salinas, Commutators of singular integrals on space of homo-
geneous type, preprint, available at http://math.unl.edu.ar/preprints/.

22. E. M. Stein, Harmonic analysis: real variable methods, orthogonality and oscillatory
integrals, Princeton Univ. Press, Princeton NJ, 1993.


