Vietnam Journal of Mathematics 39:4(2011) 405-423 Vietnam Journal
of

MATHEMATICS
© VAST

A kind of Random Deviation Theorems for
Stochastic Sequence on Random Selection
Systems and Laplace Transforms *

Kangkang Wang

School of Mathematics and Physics, Jiangsu University of Science and
Technology, Zhengjiang 212003, China

Received November 23, 2010
Revised July 05, 2011

Abstract. In this paper, the notion of asymptotic logarithmic likelihood ratio, as
a measure of dissimilarity between the joint distribution density function and the
marginal product density function, is introduced. A kind of strong limit theorems
represented by inequalities for the dependent nonnegative stochastic sequence on the
random selection system are obtained by using the tools of Laplace transform and the
differentiation on a net. The bounds given by the theorems depend on sample points.
Some results obtained are generalized.
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1. Introduction

Let {X,,n > 0} be a sequence of nonnegative integrable random variables de-
fined on the probability space (2, F, P) with the joint distribution density func-
tion:

P(Xo=uz0, -, Xn=2zpn) = f(zo,  ,&n) >0, 2, €5, 0<i<n. (1)

* The author would like to thank the referee for his valuable suggestions. The
work is supported by the Natural Science Fund for Universities of Jiangsu Province
(09KJD110002).
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Let @ be another probability measure on (£2, F), {X,,n > 0} be an indepen-
dent sequence of random variables on the measure ), with the marginal product
density function as follows:

Q(XO =20, ,Xpn = xn) :g(an"' 7xn) = ka(xk)v (2)
k=0

where fi(z)) represents the density function of the random variable X (k =
0,1,2,---).

Definition 1.1. Let f and g be defined as (1) and (2), {a,, n > 0} be a sequence
of nonnegative random variables and a,, T co. Set

h(P|Q) = lim sup S log —f(XO’ o Xn)
a

. 3
n—oo n g(X(Jv ,Xn) ( )

h(P|Q) is called the likelihood ratio of {X,,,n > 0} on P relative to the measure
Q@ with regard to {a,,n > 0}.

In fact, h(P|Q) is also called the limit relative logarithmic likelihood ratio or
asymptotic logarithmic likelihood ratio of { X,,,m > 0} on the measure P relative
to @ with regard to {a,,n > 0}, where log is the natural logarithm. Although
h(P]|Q) is not a proper metric between the probability measures, we nevertheless
think of it as a measure of “dissimilarity” between the joint distribution and the
marginal product distribution of {X,,n > 0}. Obviously, h(P|Q) = 0 if and
only if P = Q. It will be shown in (6) that A(P|Q) > 0 a.s. in any case. Hence,
h(P|Q) can be used as a random measure of the deviation between the true joint
distribution density function f(xg,--,x,), (n > 0) and the reference marginal
product density function [}_, fx(zx), (n > 0). Roughly speaking, this deviation
may be regarded as the case between {X,,,n > 0} under the measure P and the
independent case under the measure Q. The smaller A(P|Q) is, the smaller the
deviation is.

Liu Wen (see [7]) discussed a class of strong deviations for arbitrary stochastic
sequence with respect to the marginal distribution by using generating function
methods, he also studied the above problem by means of Laplace transform (see
[9]). Yang Weiguo and Liu Wen (see [8]) investigated the strong deviation the-
orems for arbitrary information source relative to Markov information source.
Wang Zhongzhi (see [12]) discussed the strong deviation theorems for the random
sum of arbitrary stochastic sequences. Li Gaorong (see [6]) have explored a class
of strong deviation theorems for the continuous stochastic sequence with respect
to the marginal distribution by using the approach of Laplace transform. Wang
Kangkang (see [10, 11]) have recently studied some strong deviation theorems
for the arbitrary information source with respect to the mth-order nonhomoge-
neous Markov information source and some limit properties for nonhomogeneous
Markov chain on the random selection systems.

In this paper, we generalize the research of Li and Wang to the case of the
random sum of dependent nonnegative stochastic sequences on the gambling
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systems, and establish a class of small deviation theorems for arbitrary stochastic
dominated sequences with random bounds for the dependent random variables,
that is, to study the expressions

1 [on] 1 [on]
liminf ————— Yk Xk—E Xk s limsupi Yk Xk—E Xk .
" ZE::"(]) Y, P [ Q( )] - EE::"(]) Y, P [ Q( )]
We provide a lower bound for the liminf and an upper bound for the limsup
in terms of some functions of Laplace transforms of the tail of {X,,,n > 0}, the
differentiation on a net and the so-called asymptotic logarithmic likelihood ratio
defined by (3). As corollaries, some strong limit theorems for the independent
stochastic sequence are obtained and the results of Li (see [6]) are generalized.

Lemma 1.2. Let f and g be two arbitrary probability measures, denote a > 0,
if
lim inf (a_n) >0 P—a.s. (4)

n—oo n<

Then ) X X
lim sup — log —g( 0, Xn)

<0 P-—a.s. )
n—oo On f(X077Xn)_ ( )

Proof. Tt is easy to see that Z,, = g(Xo, -, Xn)/f(Xo, -, X,) is a nonnegative
superior martingale and Ep(Z,) < 1 (see [1]), where Ep denotes the expectation
under the measure P. Hence for all ¢ > 0, we have by Markov’s inequality

- 1. g(Xo, -+, Xn)
> p s i )

n=1
oo 1 oo
= J— > = > n“
ZP{naloans} ZP(loanfn £)
n=1 n=1 (6)
= P (Z, > exp{n®e}) <
; ( {ne}) n; o
< Zexp(—ana) < 0.
n=1

Since € > 0 is arbitrary, by the Borel-Cantelli lemma it follows from (6) that

: 1 g(X07 7Xn)
limsup —log=—=——~"—"—- <0 P —as. 7
n—>oop ne gf(X07 ’Xn) - ( )
Obviously (4) and (7) imply (5). ]

We have by (3), (4) and (5) that

f(X(]v"' ,Xn)

>0 P —a.s. 8
9(Xo, -+, Xn) — ®)

1
h(P|Q) > liminf — log
n—o0 an
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By (2) and (3), we have

B(PIQ) = limsup —— log[f (Xo,- -, X.) / T f(Xe)] (9)
k=0

n—oo Gn(W)

Let {X,,n > 0} be a sequence of random variables, and fx(X), k =
1,2,---,n be the marginal density functions of f(Xo,---,X,). We define the
Laplace transform and the tailed-probability Laplace transform as follows:

“+o0
Wi(s) :/0 e () dwr, (10)

+oo “+oo
Qx(s) :/0 €_Sm/ fr(zp)dxpde. (11)

In order to explain the real meaning of the notion of the random selection,
we consider the following gambling model. Let {X,,,n > 0} be a stochastic se-
quence with the joint distribution (1), and g(z) be a real-valued function defined
on S. Interpret X, as the result of the nth trial, the type of which may change
at each step. Let u,, = Y,,g(X,,) denote the gain of the bettor at the nth trial,
where Y,, represents the bet size, g(X,,) is determined by the gambling rules, and
{Y,,,n > 0} is called a gambling system or a random selection system. The bet-
tor’s strategy is to determine {Y},,n > 1} by the results of the former n—1 trials.
Let the entrance fee that the bettor pays at the nth trial be b,. Also suppose
that by, is independent of X,,_1, X,,_o, -+, X7 asn > 1. Thus > ;_, Yig(Xx)
represents the total gain in the first n trials, Y ;_; by the accumulated entrance
fees, and >, _, [Yig(X))—by] the accumulated net gain. Motivated by the classi-
cal definition of “fairness” of game of chance (see [3]), we introduce the following
definition:

Definition 1.3. The game is said to be fair, if for almost allw € {w: > 7, Vi =
oo}, the accumulated net gain in the first n trials is of smaller order of magnitude
than the accumulated stake Y, _, Y; as n tends to infinity, that is

n

. 1
Jim STV ;::1 [Yig(Xk) —bx] =0 (12)
a.s. on {w: Z:;l Y = oo} (13)

We will establish some strong limit theorems represented by inequalities to gen-
eralize the above equation in the second paragraph.

Definition 1.4. Let {X,,,n > 0} be a sequence of independent nonnegative
random variables on the measure @, then {X,,,n > 0} is said to be stochastically
dominated by a random variable X if there exists a constant D > 0, such that
Yz >0, n>0,
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Q(X, >z) <D -Q(X >x). (14)
and denoted by {X,,,n >0} < X.

Lemma 1.5. ([6]) Let Wi(s) and Qi(s) be defined by (10) and (11), s €
[—s0, So]. Then

Quls) = L) (15)
and
+00 +00 +oo
Qr(0) = fe(zr)degde = Eq(Xy) = [ anfe(zr)deg, k=0,1,2,--- ,n.
[/ /

(16)

2. Main results and their proofs

Theorem 2.1. Let {X,,n > 0} be a sequence of arbitrary random variables
with the joint distribution (1), and {Xn,n > 0} < X on the measure Q. Let
h(P|Q), Wi(s) and Qr(s) be defined as before, {o,,n > 0} be a nondecreasing
nonnegative stochastic sequence,

Eq(X) = / zf(x)dr < co. (17)
0
Let
[U'n]
D(w) = {w : liminf ZYk/n“ >0, h(P|Q) < oo}, (18)
k=0
then
[”n]
lim inf ——— > Yi[Xi — Eq(Xx)] = a(M(P|Q)) P —a.s. w€ D(w), (19)
" k=0 Yk k=0
where
a(z) =sup{p(s,z), 0 <s<sp}, 0 <z < +o0. (20)

[‘771]

1
(s, x) = 1iminfT ZYk[Qk(s) - Qr(0)] - E, 0<s<sg, 0< 2 < Ho0.
T ko Ya k=0 5

a(z) <0, lim a(z) =a(0) =0. (22)

z—0Tt

Here [c] represents the integral part of ¢, Eq the expectation with respect to the
measure (.
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Remark 2.2. In Theorem 2.1, in this case we have

["'n]
log[f(Xo, -+, X[o,.] /H Fe(Xk)]-

1
h(P|Q) = limsup ———
nmoe 30 Vi

Proof of Theorem 2.1. For arbitrary s € [—so, So], denote
Dyyoooz,, = {w: Xy =25, 0< k <n}, z €85.

Then
P(Dyy..x,) = P(Xo =0, -+, Xn = 2pn) = f(zo, -+ ,2n). (23)

Dy, ...qr,, is called an nth-order elementary cylinder. Let IV, be the collection of
nth-order elementary cylinders, N be the collection consisting of ¢, {2, and all
cylinder sets N,,. Define a set function g on N as follows:

n

Yk
1(Dagez,) = H (ﬁ) e fio(ak)
Hk OI/le exp sZwkyk ka (zk).

1(lzy) = Z 1(Dagay)s p(£2) = Z (Lzy), (25)

z1E€S51 zo€E€So

where
Yk = fk—l(xov" : axk—l)v k Z 1.

We have by (24) that

+oo
/ W(Dgq,... z,)dTy
0

+oo M 1 Yk v
[t e

n—1 emSURTx £ () /+oo efsy”m”fn(xn)dx (26)
U=mmn L

+oo eiSyn$nf (x )
— (D / € " Inn) g
M( 0, k) 1) 0 Wn(S)y"
= Do, o )-

When y,, = 0, we get

“+oo
e—Synmnfn (xn)

+oo
Wn(s)y" dxn = 0/ fn(xn)dxn = 1. (27)
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When y,, = 1, we obtain

+oo —synz +oo . W
e fu(xn) _ e fn(a:n)dxn _ ' (5)

Wi(s)on  on ) Was) Wi (s)

=1. (28)

It follows from (24)-(26) that p is a measure on N. Since N is a semi-algebra, u
has a unique extension to the o-field o(N). Let

/’I’ AT X0 T /) wn
) Dmo,.,xn 9

DENn TO “on

where Ip denotes the indicate function of Dy, ..o, , that is

zg-xn

(D x4 ()X (w))

Th(s,w) =
(8w) = P(Dxy(w)Xn(w))

(29)

It is easy to see that {N,,n > 0} is a net relative to (2, A, P), where A denotes
the o-algebra of events on which P is defined. By the differentiation on a net of
Hewitt and Stromberg (see [4], p. 373), there exists A(s) € o(N) with P(A(s)) =
1 such that

Im T, (s,w) =Tw(s,w) < oo P —as. we A(s),

that is
Im T, (s,w) = Too(s,w) <00 P —as. (30)

y (18), (29), (30) and Lemma 1.2, we have

lim sup

n— o0 ZE::"(]] Yk

log T, (5,w) <0 P—as we Dw). (31)

y (23), (24) and (29), (31) can be rewritten as

[on]

. exp(—s Z XiYr) H Je(Xk)

lim sup log <0
neoo ZES”& Yoo | TIKZ Wi(s) FXor Ko
P —as. we Dw), (32)
that is
[on] [on]
Xo,-, X{o
lim sup ———— Z log Wi (s Vi sZXkYk log[W] <0

e Z’“ k=0 [T fu(Xk)

E=0

P —as. we Dw). (33)
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By (18), (31) and (33), we have

["'n]

msu szoyklogwk( )+h(P|Q)

P —as. we€ Dw). (34)

[Un

lim sup ————— $) XYy < limsup
n—oo Z on] Yk 2)

Let 0 < s < s9, dividing two sides of (34) by —s, we have

[‘771]

[”n]
1 1 Y1 h(P
hmmfi E XY > liminf o] E i 1og Wi (s) + (PlQ)
n—oo Zk - n—o00 Zk:n() Yk o —8 —5s

P —as. we Dw). (35)

By (35) and Lemma 1.5, the inequality 1 — 1/2 <logx < x — 1(x > 0) and the
property of the inferior limit

liminf(a, —b,) > d = liminf(a, — ¢,) > liminf(b, — ¢,) + d,

we obtain
1 [U'n]
lim inf o] Yk [Xk — EQ(Xk)]
"m0 Y k=0 Ye k=0
[U'n]
1 1 P
> liminf Y Wil s Wi(s) _ g (x)- M@
n— oo [on] Ys —S S
k=0 1k k=0
[U'n]
-1 P
> liminf —— v =L g x) - MEIQ)
n—oo Zk:n() Yk pard —8 S
[U'n]
1 h(P
= liminf Py s Yi[Qr(s) — Qr(0)] — h(PIQ) P —as. we D(w).
n—oo Zk:n() Yk pard S
(36)
Letting s = 0 in (34), we arrive at
h(P|Q) >0 P —as. we Dw). (37)

Let

[‘771]

1
g( )—hnrr_l}oréfﬁ;)yk[Qk( )_Qk(o)]7 0<5§307 (38)

then by (21) and (38), we have

cp(s,x)zg(s)—%, 0<s<sg, x>0, (39)
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alx) = sup{g(s) — g, 0<s<so}, x>0. (40)
By L’Hospital rule, we have
lim Q(s) = — lim Wy(s) = Eq(Xx).

Obviously g(s) <0, ¢(s,z) <0, hence a(z) < 0.
Let Q(s) denote the Laplace transform of f;oo f(u)du, (u>0)

+o0 +o0
Q(s) = /efsm/f(u)dudx. (41)
0 av

If0<s—t<s<sg, by (11), (14) and (38), we have

0<g(s—1)—g(s)
[‘771]

= liminf ———— 1 ZYk Qr(s —t) — Qr(0)]

DY i kkO

—liminf ———— Yi[Qr(s) — Qr(0)]
n—oo ZE@ W] Yk Z
1 [‘771]
= liminf ———— Z[””] ZYk Qr(s —t) — Qx(0)]
+lmsup ——— >  Yi[Qx(0) — Qx(s)]
T ST
["'n]
< hfl—»Solip Ty ZYk[Qk(S — 1) — Qk(s)]
k=0 1k k=0
1 [Un] + oo +oo
= limsup ———— ZYk / e~ (s / fe(zk)dzpde
n—oo ZE‘::n(]) Yk k=0 |: 0

+oo —+00

- / e " / fk(xk)dxkdx}

0 T

1 [‘Tn] oo ( ) “+o00
_ —(s—t)x _ _—sx
= hrrlrisolip Z[” Ty kZOYk{ / (e e )/x fk(xk)dxkdx}
0
[Un] —+o00 “+o0

< limsup ——— ZY’“ / (e (57t _ gms) / f(u)dudz|,
n—oo Z[ "] Y k k=0 |: 0 :|

(ef(sft)m —e 5T s 0)
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[on] +oo +oo +oo
= h:rlnjolip Z[U Ty kZOYk{ / —(s=t)e I/ fw)dudx — 0/ e I/ f(u)dudx}
< D[Q(s —t) — Q(s)]. (42)

By (42) we know that g(s) is a continuous function with respect to s on the
interval [0, so], hence it is easy to see (s, z) is also a continuous function on
the interval [0, so] with respect to s. Let Q. be a set of rational numbers which
is dense in the interval [0, so]. By (39) and (40), we have for every w € D(w),
N, (w) € Qs (n=1,2,--+) such that

lim (A (w), h(P|Q)) = a(h(P|Q)). (43)

By (36), (38), (39) and (40), we have

liminf — D Vi[Xk — Eq(Xx)] = o(hn(w), h(P|Q)), n=1,2,- -

P —as. we Dw). (44)
By (43) and (44) we have

[Un]
lim inf ————— " Vi[Xi — Eq(Xx)] > a(h(P|Q)) P —as. w e D(w). (45)
DY) ) e
Hence (19) follows from (45).
When 0 < s < s, by (14) and (41), we have

S Yi[Qr(s) — Qr(0)]
’L Yk kZO
[Un] “+o0 400 +00
ZYk /e_sm/fk(xk)dxkdx— / /fk(a:k)dxkdx]
o Vi i 5
[Un] +oo

= %ZYM/ (e7™ -1 /fk zy)dxydz]
SN / e ) / f(wyduda] (e ~1<0)

U'n Yk

+

o\

+o0 00 +00
ZYk /e_‘”’/f(u)dudx—

U /f )dudz)
IL Ykk 0 J

= D[Q(S) - Q(0)]. (46)
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For x > 0, we have that

al@) 2 ¢(vE,1) = 9(VE) = —= 2 DIQWT) = Q)] = V&, n21. (47)
While for z = 0, we have

a(0) > g(v/1/n) = DIQ(\/1/n) = Q(0)], n>1. (48)

Since a(z) < 0 (z > 0), (22) follows from (47) and (48). [ |

Theorem 2.3. Under the assumption of Theorem 2.1, we denote

—+oo

Eq(X) = / xf(z)dr < oo, (49)
0
we get
[‘TW(W)]
lim sup —— > Vi{Xi — Eo(X)} <B(WMPIQ)) P —as. we Dw),
Yo Y k=0
(50)
where
B(z) = inf{w(s x), —s90<s<0}, 0<x<+o0, (51)
P(s, ) = limsup ————— ~ ZYk Qr(s) — Qi(0 )]—E, —50<8<0,0<2x< 400,
n—oo Z nl Y %k ko S
(52)
Ba) > 0; T f(r) = 5(0) =0, (53)
Proof. Let —sp < s < 0, dividing the two sides of (34) by —s, we have
[Un] ["'n]

1 Y log W, h(P
limsupiszYk < hmbup S Z i Log Wi (s) + (PIQ)
nmee Zk on k=0 = k0 Yk k=0 = =

P —as. we Dw). (54)

By (54), Lemma 1.5 and the inequality 1 —1/x <logz <z —1(x > 0), in virtue
of the property of the superior limit

limsup(an, — bn) < d = limsup(a, — ¢,) < limsup(b, — ¢,) + d,

n—oo n—oo n—oo
we have

[‘Tn]

lim sup —==— > Yi[Xi — Eq(Xy)]
n=oe > kto Vi k=0
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< limsup —— Z Yk[IOg f(s) — Eq(Xy)]— h(]j@)
n=ee ) ko Ye k=0
[‘Tn]
. 1 Wi(s) — 1 h(P|Q)
< limsup . [ - Eqg(X )]_7
[Un]
= hmsupﬁ Z [Qr(s) — Qr(0)] — @ P —as. we Dw). (55)

n—oo 370 Yi mo

Let @* be the set of rational numbers in the interval [—sg, 0), by (55), we have

["'n]
limsup ——— >  Yi[Xi — Eq(Xy)]
m su Z[ e kzo k[ Xk Q(Xk
["'n]
< limsup ———— Z [Qr(s) — Qr(0)] — @ P—as.we Dw)Vse Q"

n—oo Z[Un] Yk o

(56)
Let o
1 &
=limsup ——— Y Yi[Qx(s) — Qr(0)], —so<s<0. 57
9(s) im sup ST kZ:O k[Qr(s) = Qr(0)], —s0<s (57)
By (52) and (57), we have
sa)=g(s) =T, —so<s<0, >0, (58)
B(z) = inf{g(s) — f —s9 < 5 <0} (59)

Obviously g(s) > 0,%(s,x) > 0, hence S(z) > 0. By imitating (41) and (42),
we can also know that g¢(s) is a continuous function with respect to s on the
interval [—sg, 0], then it is easy to see that ¢(s,z) is also a continuous function
with respect to s on the interval [—sg,0]. By (51) for each w € D(w), take
An(w) € Q*, (n=1,2,---), such that

lim ¢ (An (w), h(P|Q)) = B(R(P|Q)). (60)

y (56)-(58), it can be obtained that

limsup —————
o S Y

By (60) and (61), we obtain
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[on
limsup Z w[ Xk — Eq(X)] < B(h(P|Q)) P—as. we Dw). (62)

n—oo
k k=

Hence (50) holds from (62). When —so < s < 0, similar to (46) we have

["'n]

Z[”"] Y kZOY’“ Qk(s) = Qr(0)] < DIQ(s) = Q(0)], (™" =1 >0)

P —as. we Dw). (63)

For x > 0, we have

fla) £ 0(vVe,2) = 9(VE) = —= < DIRWD) — Q)] = va.  (64)

While for z = 0, we have
B(0) < g(v/1/n) < DIQ(V1/n) — Q(0)], n > 1. (65)
Noticing that B(xz) > 0 (x > 0), (53) follows from (64) and (65). [ |

Definition 2.4. Let {X,,,n > 0} be a sequence of independent nonnegative
random variables on the measure @, then {X,,,n > 0} is said to be stochastically
dominated in Cesaro sense by a random variable X if there exists a constant
D > 0 such that Vz >0, n > 1,

ZQ (Xp >z) <nD-Q(X > x)
k=1

and denoted by {X,,,n > 0} < X(c).

Theorem 2.5. Let {X,,,n > 0} be a sequence of arbitrary nonnegative random
variables, {on,n > 0}, h(P|Q), Wi(s) and Qi (s) be defined as above. If {X,,,n >
0} < X(¢), Q(s) < oo, then

[on ()]
lim sup Ty > Vi Xk — Eo(X)} <B(WMPIQ)) P —as. we Dw),
" k=0 Tk k=0
(66)
[O'n(w)]

lim inf % 3 V(X - Bo(Xy)} > a(h(PIQ)) P —as. we D),
"0 Ye k=0 (©7)
67

a(z) = sup{DI[Q(s) — Q(0)] — %, 0<s<sg}, 0<a<+o0, (68)

a(z) <0, Hlim a(z) = a(0) = 0. (69)
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B(z) = inf{D[Q(s) — Q(0)] — f —s0<s5<0}, 0<z<+o0. (70)
Bw) 20, lim Ax) = 5(0) =0. (71)

Remark 2.6. The proof of Theorem 2.5 is similar to that of Theorem 2.1 and
Theorem 2.3.

Corollary 2.7. Under the assumption of Theorem 2.5, we have

["'n]

" o Yi k=0
P—a.s. we Dw), (72)
[‘771]
limsup — - — S V(X — EglXil} < DIQ(-1) — Q(0)] + h(PIQ)
k=0 Yk k=0
P —as. we DWw). (73)

Proof. Let s =1, x = h(P|Q) in Theorem 2.5, we have by (68)
a(z) 2 DIQ(1) — Q(0)] — h(P|Q).

Therefore (72) follows from (67) and (68). Let s = —1, x = h(P|Q) in Theorem
2.5, we have by (70) that

Blz) < D[Q(-1) — Q(0)] + h(P|Q).
Similarly (73) follows from (66) and (70). [

Corollary 2.8. Let {X,,,n > 0} be a sequence of independent nonnegative ran-
dom variables with the product density function (2), let

[U'n]
Hw)={w: linminf (Z Yk/na) > 0}. (74)
L — OO kzo

Then
[U'n]
lim —r— > YVi[Xi - Ep(Xi)] =0 P—as. we Hw). (75)
" k=0 Yk k=0
Proof. Letting P = @ in Theorem 2.1, in this case, f(zo, - ,zn) = [] fe(zk)
and Eg = Ep. Therefore, we obtain

1
h(P|Q) = limsup ———
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[on]

. 1
= limsup Py s B log[f(Xo, -+, X[o,]) H fe(Xk)]=0< o0 P—as.
n—eo 300 Ve k=0

(76)

Hence H(w) = D(w) a.s. Corollary 2.8 follows from (19) and (22) of Theorem
2.1, (50) and (53) of Theorem 2.3. ]

If {X,,n > 0} be an mth-order nonhomogeneous Markov information source,
then as n > m,

P(Xn = xn|XO = o, ;Xn—l = xn—l)

- P(Xn - xn|Xn—m =Tp—m," " 7Xn—1 = xn—l)- (77)
Denote
q(io, -+ yim—1) = P(Xo =0, -+ , Xm—1 = im—1), (78)
pn(j|7'17 e ;Zm) = P(Xn = j|Xn—m = 7;17 e 7Xn—1 = Zm) (79)
q(ig, -+ ,im—1) is called the m dimensional initial distribution, p, (jli1, - ,im),
n > m are called the mth-order transition probabilities, and

are called the mth-order transition matrices. In this case,

n

pao, -y an) = ql@o, -+ wm—1) [] orl@rlor—m, - 1) (81)

k=m

Theorem 2.9. Let {X,,n > 0} be an mth-order nonhomogeneous Markov in-
formation source taking values in the set S = {0,1,2,---, N} under the measure
P defined as above, if Q(s) < 0o, {Xn,n >0} < X, let

[Un] . . . +

. 1 Pr(imlio, - - 5 im—1) ] . .

lim sup ———— { - —1| <0 Vig,--im €S5. (82)
n—oo EE,::”(]) Yk Z fk(lm)

k=m

Then

[U'n]
lim S > Vi{Xy - Eq[Xi]} =0 P—as we Hw). (83)
k=0 1k k=0

Proof. By (82), noticing logz <z —1 (z > 0), a < [a]T, we have

f(X07 t 'aX[O'n])

h(P|Q) = limsup
( | ) g(XOa"'yX[an])

n—oo

]

oo logl
k
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[‘771]

p(Xos s Xm—1) TI pe(Xe| Xk—m,- - Xp—1)
= lim sup o] log[ — k=m o] ]
> Yk IT fu(Xk) TI fu(Xe)
k=0 k=0 k=m

IA
B.
w
=

i)

+ log[p(Xo, - s Xm—1) — r[m__1 Fi (X))
2 k= Yk -

+ lim sup —
n—oo Ylonly, "7 2 fe(Xk)
["'n]
X Xy o X
< limsup ——— Z i (Xi| Xi, k—1)
Sy & el X
[on] +
X Xy - - o X
< limsup EN Z {pk( £ Xk k1) 1]
oo 30 Ve fism Fr(X5)

YooY Gi(Xemm) - i, (Xa)x

[‘771]
n—00 Zkzo - 0, im €S

|:pk(im|i0,' yime1) 1]+

[‘771] . . . +
1 m sy bm—
< limsup P ey Z Z [pk(z i - im-1) - 1}
nmee k0 Y kimm ig,rimeS Fulim)
[on] L. . +
. 1 Pr(imlio, - - 5 im—1) }
< lim sup ~ [ . -1 <0
EP ST D) T

P —as. we Hw). (84)
By (8) and (84), we know
hP|Q)=0 P —as we H(w).

Therefore, H(w) = D(w) a.s. Theorem 2.9 follows from (19), (22), (50) and (53).
|

Corollary 2.10. ([6]) Let {X,,,n > 0} be a sequence of arbitrary random vari-
ables with the joint distribution (1), and Eqg(X) < oo, denote

B(w) ={w: h(P|Q) < oo}, (85)
+oo +oo
/ Folww)dan < / Fu)du, (36)

then



A kind of Random Deviation Theorems for Stochastic Sequence... 421

limn inf % > (X — Eq(Xk)} >a(h(P|Q)) P—as. we Bw), (87)
k=0

timsup - Y~ {Xi — Eo(Xu)} < S((PIQ)) P—as. weBlw),  (89)

k=0
where
a(z) =sup{p(s,z), 0<s<sp}, 0<z<+o0, (89)
1 n
©(s,z) = liminf — Z [Qr(s) — Qk(0)] — E, 0<s<sg, 0<z< 400, (90)
n—oo n =0 S

a(z) <0, 11I51+ a(z) = a(0) =0, (91)
Blx) =inf{y(s,x), —so<s<0}, 0<x<+o0, (92)

(s, 2) = limsup % S 1Qk() ~ QuO)] -, —so <5 <0, 0 < < oo, (93)
k=0

n—oo

B(z) >0, lim Bx) = B(0) = 0. (94)

z—0t

Proof. Letting o, (w) =n, Yy =1, k>0, 0 < a < 1, we have

[O'n(w)]
lim inf Z Yk/na = liminf — = liminfn'~® = oc. (95)
n—oo = n—oo N n—oo

Hence B(w) = D(w) a.s. Letting D = 1, {X,,,n > 0} < X implies that (86)
holds. Corollary 2.10 follows from Theorem 2.1 and Theorem 2.3 immediately.

|
Theorem 2.11. Under the assumption of Theorem 2.9, if
- fn(Xn)
lim inf >1 a.s. 96
n—0oo pn(Xn|Xn—m7 cee ;Xn—l) o ( )
then
R
lim — Y (Xi — Eq(Xx)) =0 P—a.s. wéeBw). (97)
Proof. Denote
Ji(Xk)
_ g(X()v"'aXn) _ kl;IO
Ol p(Xoy o Xme1) TT Pe(Xe| Xbmm, -+, Xi—1)
k=m
(98)

we know that for an arbitrary sequence of positive numbers {a,,n > 1},
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liminf {/a, > liminf(a,/an—1). (99)

n—oo n—oo

Therefore, by (96), (98) and (99),

By

and

By

lim inf[R,, (w)]* > lim inf[Ry, (w)/Rn—1(w)]

o fn(Xn)
= lim inf > 1. 100
n—0o0 pn(Xn|anma e 7Xn71) - ( )

(100) we get
1
lim inf — log Ry, (w) > 0 (101)
n

n—oo

f(X()’... ;Xn)

1
h(P = limsup — lo
(PlQ) T R o

n—oo

n—oo

1
= —liminf - logR,(w) <0 P —as. we€ Bw). (102)

(8) and (102), we obtain

h(P|Q)=0 P —as. we Bw). (103)

Analogously, (97) follows from (19), (22), (50) and (53). ]
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