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1. Introduction

In the paper [3], the pseudo-differential operator of the form

(Au)(x) := S−1[a(k)û(k)](x) :=

∞∑

k=0

a(k)û(k)ψk(x), (1)

was investigated and it was applied for solving dual series equations. Here
{ψk(x)}∞k=0 is an orthonormal sequence of functions in L2, û(k) = (u, ψk) de-

notes the value of the generalized function u on the function ψk(x) , a(k) is a
known function and is called the symbol of the operator Au.

The purpose of the present work is to see the feasibility of extending the
approach in [3] for vector-pseudodifferetial oprators involving orthogonal expan-
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sions of generalized functions and their applications to systems of dual series
equations.

The paper is divided into five sections and organized as follows. In Sections 2
we recall some definitions and results from the theory of orthonormal series ex-
pansions for generalized functions [10]. In Sections 3 and 4 we construct Sobolev
spaces for the investigation of the pseudo-differential operators of the form

(Au)(x) = S−1[A(k)û(k)](x), (2)

where u = u(x) and û(k) = S[u](k) are n-vectors, A(k) is a n-square matrix. In
Section 5 we present these results for investigation on the sovability of systems of
dual series equations. Section 6 deals with the solvability of some mixed boundary
value problems for the harmonic and biharmonic equations.

2. Integral transform of generalized functions

Following the Zemanian’s idea, we consider the Hilbert space L2(J) with the
scalar product and norm

(u, v) =

∫

J

u(x)v(x)dx, ‖u‖ =
√

(u, u),

where J is an open interval in R. Consider the operator N introduced by Zema-
nian in [10, Chapter 9], with a complete orthonormal system of smooth eigen-
functions {ψk} ⊂ L2(J), where D(N ) is the domain of N , D(N ) ⊂ L2(J). Each
ϕ ∈ L2(J) can be expressed as

ϕ =
∑

k

(ϕ, ψk)ψk,

where the series converges in L2(J). Throughout the paper N will be a differ-
ential expression of the form

N = θm(x)(−D)nm ...e(−D)n2θ1(x)(−D)n1θ0(x),

where D = d/dx, nk are positives integers and θk are smooth functions on J.
Also,

N = θm(x)(−D)nm ...(−D)n2θ1(x)(−D)n1θ0(x),

where θk(x) denotes the complex-conjugate of the function θk(x). Let {λ}∞k=0 be
the real eigenvalues corresponding to the eigenfunctions {ψk}∞k=0 ⊂ D(N ) such
that λk = 0(kq), k → ∞, q > 0 and

Nψk = λkψk, k = 0, 1, . . . .

We shall take the domain D(N ) of the operator N to be
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D(N ) := {ϕ ∈ C∞(J) : Nnϕ ∈ L2(J), (Nnϕ, ψk) = (ϕ,Nnψk)∀k, n = 0, 1, . . .},

where N 0 is the identity operator on L2(J).

Definition 2.1. ([10]) Denote by A the space of test functions ϕ(x) such that

1) ϕ(x) ∈ C∞(J);

2) ∀m = 0, 1, 2 · · · : αm(ϕ) := ‖Nmϕ‖ <∞;

3) (Nmϕ, ψk) = (ϕ,Nmψk).

The sequence{ϕk(x)}∞k=0 of functions from A is called convergent in A to zero
if αm(ϕk) → 0 as k → ∞ ∀m = 0, 1, 2, . . .

Obviously, A is a linear space and ψk(x) ∈ A ∀k. In [10] it was shown that A is
a complete space and C∞

o (J) ⊂ A ⊂ L2(J), where C∞
o (J) is the set of infinitely

differentiable functions with compact support in J.

Theorem 2.2. ([10]) If ϕ ∈ A then

ϕ(x) =

∞∑

k=0

(ϕ, ψ)ψk(x),

where the series converges in A.

Definition 2.3. ([10]) A generalized function is called any continuous linear
functional on the space A. We denote by A′ the set of all generalized functions
on A and by (f, ϕ) = 〈f, ϕ〉 the value of the generalized function f ∈ A′ on the
test function ϕ ∈ A.

The space A′ is complete and L2(J) ⊂ A′ ⊂ D′(J ), where D′(J ) is the space
of distributions on J (see [10]). Hence every function f(x) ∈ L2(J) determines
a regular functional f by the formula

(f, ϕ) =

∫

J

f(x)ϕ(x)dx, ϕ ∈ A ⊂ L2(J). (3)

Theorem 2.4. ([10]) Each f ∈ A′ can be expressed as

f =

∞∑

k=0

(f, ψk)ψk(x), (4)

where the series converges in A′.

Definition 2.5. ([10]) We consider the orthonormal expansion (4) as the in-
verse formula, defining a certain integral transformation of genertalized func-
tions, which is given by the formula

f̂(k) := S[f ](k) := (f, ψk), f ∈ A′, k = 0, 1, 2, . . . (5)
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The inverse mapping S−1 is given by formula (4) and it may be represented in
the form

S−1[f̂(k)](x) :=
∞∑

k=0

f̂(k)ψk(x) = f. (6)

Note that for f ∈ L2(J) formula (5) is of the form

f̂(k) =

∫

J

f(x)ψk(x)dx.

3. Sobolev spaces

First, we recall some defitions and propositions on Sobolev spaces related to
orthogonal expansions of generalized functions in the space A′ from [3].

Definition 3.1. ([3]) Let s be a real number. Denote by hs = hs(J) the set of
generalized functions f ∈ A′ such that

‖f‖2
s :=

∞∑

k=0

(1 + |k|)2s|f̂(k)|2 <∞, (7)

where f̂(k) = S[f ](k). The scalar product in hs is defined by the formula

(f, g)s :=

∞∑

k=0

(1 + |k|)2sf̂(k)ĝ(k). (8)

Theorem 3.2. ([3]) Let hs,∗ be the conjugate space of the space hs. Then hs,∗

is isomorphic to the space h−s. Besides, the value of a functional f ∈ h−s on an
element u ∈ hs can be given by the formula

(u, f)0 =

∞∑

n=0

û(n)f̂(n), (9)

where f̂(n) = S[f ](n) = (f, ψn), û(n) = S[u](n) = (u, ψn).

In virtue of Theorem 3.2, we put hs,∗ ' h−s.

Definition 3.3. Let α be a real number. Denote by σα the class of functions
a(k) satisfying the condition

|a(k)| 6 C(1 + k)α ∀k = 0, 1, 2, ... (10)

where C is a positive constant. We shall say that the function a(k) belongs to
the class σα

o if a(k) ∈ σα and a(k) ≥ 0. Finally, the function a(k) belongs to the
class σα

+ if C1(1 + k)α 6 a(k) 6 C2(1 + k)α ∀k = 0, 1, . . . , where C1 and C2

are positive constants.
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Theorem 3.4. ([3]) Assume that a(k) ∈ σα, u ∈ hs, û(k) = S[u](k). Then the
pseudo-differential operator

A[u](x) := S−1[a(k)û(k)](x) :=
∞∑

k=0

a(k)û(k)ψk(x) (11)

is bounded from hs into hs−α. If a(k) ∈ σ−β, where β > 1/2, then the operator
A is completely continuous in hs.

Let Ω be a certain interval of J . Let us introduce the following definitions.

Definition 3.5. ([3]) Denote by hs
o(Ω) the space defined as the closure of the

set C∞
o (Ω) of infinitely differentiable functions with compact supports in Ω

with respect to the norm (7). The norm in hs
◦(Ω) is defined by the same (7).

The symbol hs
oo(Ω) denotes the set of functions belonging to hs(J) with support

contained in Ω.

It is clear that hs
o(Ω) ⊂ hs

oo(Ω).

Definition 3.6. ([3]) The space hs(Ω) is defined as the set of generalized func-
tions f from D′(Ω) having extensions lf ∈ hs. The norm in hs(Ω) is defined by
the formula

‖f‖hs(Ω) := inf
l
‖lf‖s, (12)

where the infimum is taken over all possible extentions lf ∈ hs.

Theorem 3.7. ([3]) Let u ∈ hs
◦(Ω), f ∈ h−s(Ω) and lf be an extension of the

function f belonging to h−s(Ω). Then the series

[u, f ] := (u, lf)0 :=

∞∑

n=0

S[u](n)S[lf ](n) (13)

does not depends on the choice of the extension lf . Therefore this series defines
a linear continuous functional on hs

◦(Ω). Conversely, for every linear continuous
functional φ(u) on hs

◦(Ω) there exists an element f ∈ h−s(Ω) such that Φ(u) =
[u, f ] and ‖φ‖ = ‖f‖h−s(Ω).

Let hs,∗
◦ (Ω) be the conjugate space of the space hs

◦(Ω). In virtue of Theorem 3.7
we put hs,∗

◦ (Ω) ' h−s(Ω). We now construct similar spaces for vector-functions.
We shall use bold letters for denoting vector-values and matrices.

Definition 3.8. Let X be a linear topological space. We denote the direct prod-
uct of n elements X by Xn. A topology in Xn is given by the usual topology of
the direct product. Denote by u a vector of the form u = (u1, u2, ...., un), and

An = A×A...×A, A′n = A′ ×A′...×A′.

For the vectors u ∈ A′n, w ∈ An we put
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(u,w) =
n∑

j=1

(uj , wj). (14)

For a vector u ∈ A′n we write

û(k) = S[u](k) := ((u1, ψk), (u2, ψk), . . . , (un, ψk))T (15)

and

u(x) = S−1[û](x) :=
( ∞∑

k=0

û1(k)ψk(x), . . . ,

∞∑

k=0

ûn(k)ψk(x)
)T

. (16)

Definition 3.9. Let hsj , h
sj
o (Ω), h

sj
oo(Ω), hsj (Ω) be the Sobolev spaces, where

j = 1, 2, . . . , n; Ω is a certain set of the interval in J. We put

~s = (s1, s2, . . . , sn), hs̃ = hs1 × hs2 × · · · × hsn ,

hs̃
o(Ω) = hs1

o (Ω) × hs2

o (Ω) × · · · × hsn
o (Ω),

hs̃
oo(Ω) = hs1

oo(Ω) × hs2

oo(Ω) × · · · × hsn
oo (Ω),

hs̃(Ω) = hs1(Ω) × hs2(Ω) × · · · × hsn(Ω).

The scalar product and the norm in hs̃, hs̃
o(Ω) and hs̃

oo(Ω) are given by the
formulas

(u,v)~s =

n∑

j=1

(uj , vj)sj , ||u||~s =
( n∑

j=1

||uj ||
2
sj

)1/2

, (17)

where ‖uj‖sj and (uj , vj)sj are given by the formulas (7) and (8) respectively.
The norm in hs̃(Ω) is defined by the equality

‖u‖hs̃(Ω) :=
( n∑

j=1

‖uj‖
2
hsj (Ω)

)1/2

, (18)

where ~s = (s1, s2, . . . , sn), sj ∈ R (j = 1, 2, . . . , n).

Theorem 3.10. Let h~s,∗(J) be the dual space of the space h~s(J). Then h~s,∗(J)
is isomorphic to the space h−~s(J). Moreover, the value of a functional f ∈ h−~s(J)
on an element u ∈ h~s(J) is given by

(f ,u)o =

n∑

j=1

∞∑

k=0

f̂j(k)ûj(k), (19)

where ûj(k) = S[uj](k), f̂j(k) = S[fj ](k).

Proof. Due to Riesz theorem, for any functional Φ(u),u ∈ h~s(J), there ex-
ists an element v ∈ h~s(J), such that Φ(u) = (v,u)~s and its norm ‖Φ‖ =
sup‖u‖~s=1 |Φ(u)| equals ‖v‖~s. Denote
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f̂(k) = [f̂1(k), . . . , f̂n(k)] := [(1 + |k|)2s1 v̂1(k), . . . , (1 + |k|)2sn v̂n(k)]. (20)

We have

∞∑

k=0

(1 + |k|)−2sj |f̂j(k)|
2 =

∞∑

k=0

(1 + |k|)2sj |v̂j(k)|
2(j = 1, 2, . . . , n).

Therefore f := S−1 [̂f ] ∈ h−~s(J), ‖f‖−~s = ‖v‖~s = ‖Φ‖ and (v,u)~s = (f ,u)o,
where

(f ,u)o =

n∑

j=1

∞∑

k=0

f̂j(k)ûj(k).

By this, (20) establishes an isomorphism between h~s,∗(J) and h−~s(J). Besides,
the value of a functional f ∈ h−~s(J) on an element u ∈ h~s(J) is given by the
formula (19). The proof of Theorem 3.10 is complete.

Theorem 3.11. Let Ω ⊂ J, u ∈ h~s(Ω), f ∈ h−~s(Ω) and lf ∈ h−~s(J) be an
extension of f from Ω to J. Then

[f ,u] := (lf ,u)o :=

n∑

j=1

∞∑

k=0

l̂jfj(k)ûj(k) (21)

does not depend on the choice of the extension lf . Therefore this formula defines
a linear continuous functional on h~s

o(Ω). Conversely, for every linear continuous
functional Φ(u) on h~s

o(Ω), there exists an element f ∈ h−~s(Ω) such that Φ(u) =
[u, f ] and ‖Φ‖ = ‖f‖h−~s(Ω).

Proof. Let l′f be another extension of f . Then we have lf − l′f = 0 on Ω, i.e.

(lf − l′f ,w)o = 0 ∀w ∈ (C∞
o (Ω))n. (22)

Since (C∞
o (Ω))n is dense in h~s

o(Ω), from (22) it follows that

(lf − l′f ,u)o = 0 ∀u ∈ h~s
o(Ω).

This implies (l′f ,u)o = (lf ,u)o. Therefore the sum in (21) does not depend on
the choice of the extension lf . By (21),

|(lf ,u)o| 6 ‖u‖~s.‖lf‖−~s.

Since (lf ,u)o does not depend on the choice of lf

|(lf ,u)o| 6 ‖u‖~s inf
l

‖lf‖−~s = ‖u‖~s.‖f‖h−~s(Ω). (23)

Therefore, each f ∈ h−~s(Ω) gives a continuous functional on h~s
o(Ω) by the

formula (21). Let Φ(u) be a linear continuous functional on h~s
o(Ω). The space

h~s
o(Ω) ⊂ h~s(J) is a Hilbert space with respect to the scalar product (17). There-

fore due to Riesz theorem there exists a function vector v ∈ h~s
o(Ω) such that
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Φ(u) = (v,u)s. We put f̂o(k) = [(1 + |k|)2s1 v̂1(k), ...., (1 + |k|)2sn v̂n(k)], fo =
S−1 [̂fo]. Then fo ∈ h−~s(J), pfo = f ∈ h−~s(Ω), where p denotes the re-
striction operator to Ω. We have Φ(u) = (v,u)~s = (fo,u)o and ||Φ|| =
||v||~s = ||fo||−~s ≥ ||f ||h−~s(Ω). On the other hand, in virtue of (23) we have
||Φ|| = sup||u||~s61 |Φ(u)| 6 ||f ||h−~s(Ω). Thus, ||Φ|| = ||f ||h−~s(Ω). The proof is
complete.

4. Vector-pseudodifferential operators

Consider the vector-pseudodifferential operator of the form

(Au)(x) := S−1[A(k)û(k)](x), k = 0, 1, . . . ;x ∈ J ⊂ R, (24)

where A(k) = ‖aij(k)‖n×n is a square matrix of order n, u = (u1, u2, . . . , un)T

is a vector, transposed to the line vector (u1, u2, ..., un), and û(k) := S[u] =
(S[u1], S[u2], . . . , S[un])T . We introduce the following classes.

Definition 4.1. Let A(k) = ‖aij(k)‖n×n, k = 0, 1, 2, . . . be a square matrix of
order n, αj , βij ∈ R (i, j = 1, 2, . . . , n). Denote by ~α = (α1, α2, . . . , αn) and by
Σ~α the class of matrices A(k) = ‖aij(k)‖n×n, such that

aii(k) ∈ σαi , aij(k) ∈ σαij , αij 6
1

2
(αi + αj). (25)

We say that the matrix A(k) belongs to the class Σ~α
+ if A(k) ∈ Σ~α and it is

Hermitian, i.e. (A(k))T = A(k), and it satisfies the condition

wTAw ≥ C1

n∑

j=1

(1 + |k|)αj |wj |
2 ∀w = (w1, w2, . . . , wn)T ∈ Cn, (26)

where C1 is some positive constant. Finally, we say that the matrix A(k) ∈ Σ~α

belongs to the class Σ~α
o if it is positive-definite for almost every k = 0, 1, 2, . . .

Theorem 4.2. Let A(k) = A+(k) belong to the class Σ~α
+. Then the scalar prod-

uct and the norm in h~α/2(J) may be defined by the formulas

(u,v)A+ ,~α/2 =

∞∑

k=0

S[vT ](k)A+(k)S[u](k), (27)

‖u‖A+,~α/2 =
( ∞∑

k=0

S[uT ](ξ)A+(k)S[u](k)
)1/2

. (28)

Proof. Using Cauchy-Schwarz inequality we have

w(k)
T
Aw(k) 6 C2

n∑

j=1

(1 + k)αj |wj(k)|
2 k = 0, 1, 2, . . . , (29)
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where C2 is a positive constant. In (25) and (29) replacing wj(k) with ûj(k) =
S[uj](k) and w(k) with S[u](k), and summing over k = 0, 1, 2, ..., we have

C1

n∑

j=1

∞∑

k=0

(1 + |k|)αj |S[uj ](k)|
2

6

∞∑

k=0

S[uT ](k)A+(k)S[u](k)

6 C2

n∑

j=1

∞∑

k=0

(1 + |k|)αj |S[uj](k)|
2. (30)

Due to (7) and (17), from (30) we derive (28). It is clear that the sum (27)
defines a scalar product in h~α/2(J).

Theorem 4.3. Let A(k) ∈ Σ~α, u ∈ h~s(J), where

~s = ~α/2 ± ~ε, ~ε = (ε, ε, . . . , ε), ε ≥ 0. (31)

Then the pseudo-differential operator Au defined by the formula

(Au)(x) := S−1[A(k)û(k)](x), x ∈ J (32)

is bounded from h~s(J) into h~s−~α(J). If A(k) ∈ Σ−~β(~β = (β1, β2, . . . , βn),

βi >
1

2
; i = 1, 2, . . . , n), then the operator A is completely continuous in h~s(J).

Proof. Let v(x) = (Au)(x) := S−1[A(k)û(k)](x). Hence

v̂(k) := A(k)û(k). (33)

We shall consider an m-component of the vector (33). We have

v̂m(k) =

n∑

i=1

ami(k)ûi(k), (m = 1, 2, . . . , n), (k = 0, 1, 2, . . . ). (34)

Multiplying by (1 + k)sm−αm both parts of (34), we obtain

(1 + k)sm−αm v̂m(k) =

n∑

i=1

(1 + k)sm−αmami(k)ûi(k).

=

n∑

i=1

[ami(k)(1 + k)sm−αm(1 + k)−si ][(1 + k)si ûi(k)]. (35)

Applying Cauchy-Schwarz inequlity to the equality (35), we receive

(1 + k)2(sm−αm)|v̂m(k)|2 6

n∑

i=1

|ami(k)|
2(1 + k)2(sm−αm−si)

n∑

j=1

(1 + k)2si |ûi(k)|
2. (36)
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We have
|ami(k)| 6 C(1 + k)αm/2+αi/2 ∀k = 0, 1, . . . .

Thanks to (31), we get

n∑

i=1

|ami(k)|
2(1 + k)2(sm−αm−si) 6 C ∀k = 0, 1, 2, . . . (37)

From (36), (37) we get

‖vm‖2
sm−αm

6 C

n∑

i=1

‖ui‖
2
si
, (m = 1, 2, . . . , n),v(x) = (Au)(x) ∈ h~s−~α(J).

Now we assume that αi = −βi, βi > 1/2 (i = 1, 2, . . . , n). In this case we

have h~s−~α(J) = h~s+~β(J) ⊂ h~s(J). Let δij be the Kronecker symbol. We rewite
(34) in the form

v̂m(k) =
∞∑

j=0

n∑

i=1

ami(j)ûi(j)δkj m = 1, 2, . . . , n. (38)

Multiply by (1 + k)sm both parts of (38) and introduce notations

fm(k) = (1 + k)sm v̂m(k), gm(k) = (1 + k)sm ûm(k).

fm = {fm(k)}∞k=0, gm = {gm(k)}∞k=0 m = 1, 2, . . . , n.

Obviously, for each m = 1, 2, . . . , n, gm ∈ l2. We show that fm ∈ l2 too. Indeed,
we have

‖fm‖2
l2 =

∞∑

k=0

(1 + k)2sm |v̂m(k)|2 =

∞∑

k=0

(1 + k)2αm |(1 + k)sm−αm v̂m(k)|2.

Since αm = −βm, βm > 1/2 > 0, (1 + k)2αm 6 1. Thus ‖fm‖2
l2

6 ‖vm‖2
−αm/2 <

+∞. We have

fm(k) =

n∑

i=1

∞∑

j=0

ami(j)gi(j)δkj
(1 + k)sm

(1 + j)si
. (39)

Applying Cauchy- Schwarz inequality to (39) we have

‖fm‖2
l2 6 n

n∑

i=1

‖gi‖
2
l2

∞∑

k=0

|ami(k)|
2(1 + k)2(sm−si). (40)

We show that
∞∑

k=0

|ami(k)|
2(1 + k)2(sm−si) < +∞.
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Indeed, we have

∞∑

k=0

|ami(k)|
2(1 + k)2(sm−si) 6

∞∑

k=0

C(1 + k)αm+αi(1 + k)2(sm−si) =

C
∞∑

k=0

(1 + k)2αm = C
∞∑

k=0

(1 + k)−2βm = C
∞∑

k=0

1

(1 + k)2βm
< +∞.

Thus, for each m ∈ {1, 2, . . . , n}, (39) defines a certain linear continuous
operator Lm : fm = Lmgm from l2 into l2. In virtue of Theorem 3.4 the operator
Lm is completely continuous. We can rewrite (39) in the following vector-form.
We introduce notations

f(k) = (f1(k), f2(k), . . . , fn(k))T , g(k) = (g1(k), g2(k), . . . , gn(k))T ,

f = {f(k)}∞k=0 = ({f1(k)}
∞
k=0, {f2(k)}

∞
k=0, . . . , {fn(k)}∞k=0)

T ,

g = {g(k)}∞k=0 = ({g1(k)}
∞
k=0, {g2(k)}

∞
k=0, . . . , {gn(k)}∞k=0)

T ,

l2 = ln2 = l2 × l2 × · · · × l2, bmi(k, j) = ami(j)
(1 + k)sm

(1 + j)si
,

B(k, j) = ‖bmi(k, j)‖n×n is a square matrix of order n.

Then (39) has the vector - form

f(k) =

∞∑

j=0

B(k, j)g(j)δkj . (41)

Thus (41) defines a linear continuous operator L : f = Lg from l2 into l2. Now
we show that the operator L is completely continuous in l2. Indeed, let {gp} =
[{{g1p(k)}∞k=0}p, {{g2p(k)}∞k=0}p, . . . , {{gnp(k)}∞k=0}p]

T be a bounded sequence
in l2. Then, for each m = 1, 2, . . . , n, {{gmp(k)}

∞
k=0}p is a bounded sequence in

l2. Then we have

∞∑

k=0

(1 + k)2sm |ûmp(k)|
2 =

∞∑

k=0

|gmp(k)|
2

6 Cm ∀p = 1, 2, . . .

Thus the sequence {ump(x)}p is bounded in hsm(J). Then there exists a subse-
quence {{fmp′(k)}∞k=0}p′ converging in l2, therefore there exists a subsequence
{{v̂mp′(k)}k}′p = {{(1 + k)−smfmp(k)}k}p′ converging in l2. This means that
one has found a subsequence {vmp′(x)}p′ converging in hsm(J). Thus there ex-
ists the subsequence {vp′(x)}p′ = {(Aup′)(x)}p′ converging in h~s(J). The proof
of Theorem 4.3 is complete.

Theorem 4.4. Assume that B(k) ∈ Σ2~s−~β(~β = (β, β, ..., β), β > 1/2; i =
1, 2, . . . , n)),u ∈ h~s

o and p is the restriction operator to Ω ⊂ J. Then the pseudo-
differential operator B defined by the formula
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(Bu)(x) = pS−1[B(k)û(k)](x), û(k) = S[u](k)

is completely continuous from h~s
o(Ω) into h−~s(Ω).

Proof. Applying Theorem 4.3 with ~α = 2~s − ~β, ~ε = ~β/2 we can show that the

operator B is continuous from h~s
o(Ω) ⊂ h~s(J) into h−~s+~β(Ω) = ph−~s+~β(J). We

put

B̃[u](x) = pS−1[B(k)û(k)](x), x ∈ J,

v = pJ−~sB̃[u], Lv = plv,

where J−~s denotes the embedding operator to h−~s(J), l and p are the extension
and the restriction operators respectively. We have L[v] = B[u], besides, the

operator L is bounded from h−~s(Ω) into h−~s+~β(Ω). Let loL[f ] be a certain
continuous extention of L[f ]. Denote by Λ~β the pseudo-differential operator of

the form (24) with the matrix-symbol Λ(k) = ||λij(k) = (1 + k)β ||n×n, (~β =
(β, β, . . . , β)). We have

L[v] = pΛ−~βΛ~βloL[v]. (42)

On the right-hand side of (42), L is bounded from h−~s(Ω) into h−~s+~β(Ω), lo

is bounded from h−~s+~β(Ω) into h−~s+~β(J), Λ~β is bounded from h−~s+~β(J) into

h−~s(J). In virtue of Theorem 4.3, the operator Λ−~β is completely continuous in

h−~s(J). Finally, the operator p is continuous from h−~s(J) into h−~s(Ω). Thus the
operator L is completely continuous. Since L[v] = B[u], B also is a completely
continuous operator from h~s

o(Ω) into h−~s(Ω).

The proof is complete.

5. Solvability of systems of dual equations

5.1. Formulation of the problem. In this section we shall investigate a system
of dual equations in the form

{
pS−1[A(k)û(k)](x) = f(x), x ∈ Ω ⊂ J,

p′S−1[û(k)](x) = g(x), x ∈ Ω′ := J \Ω,
(43)

where Ω is a certain interval in J, û(k) = [û1(k), û2(k), . . . , ûn(k)]T is a vector
function to be found, f(x) = (f1(x), f2(x), . . . , fn(x))T ∈ (D′(Ω))n, g(x) =
(g1(x), g2(x), . . . , gn(x))T ∈ (D′(Ω′))n are given vectors of distributions on Ω
and Ω′ respectively, A(k) = ‖aij(k)‖n×n is a given square matrix and is called
the symbol of the system (43), p and p′ are restriction operators to Ω and
Ω′ respectively. The operator S−1 is understood in the sense of generalized
functions. The dual series equations of type (43) are generalizations of some
equations which are usually encountered in mixed boundary value problems of
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mathematical and contact problems of elasticity, for example [2, 6-9].

Note that the theory of dual series equations recently has become very devel-
oped and is the subject of numerous investigations. Formal analytical methods
for finding solutions to dual equations have been studied by many authors, but
much less attention has been paid to solvability question of these equations. Some
results on the solvability and validation of solutions of dual series equations were
considered in [1, 3-5].

5.2. Uniqueness theorem. We shall consider the system of dual integral equa-
tions (43) under the following conditions

{
A(k) ∈ Σ~α

o , and A(k) is positive-definite for almost k ∈ N,

f(x) ∈ h−~α/2(Ω), g(x) ∈ h~α/2(Ω′)
(44)

and shall find the vector û(k) in the form û(k) = S[u](k), where u ∈ h~α/2(J).

Theorem 5.1 (Uniqueness). Suppose that the assumptions (44) are fulfilled.
Then, if the system (43) has a solution u(x) = S−1[û](x) ∈ h~α/2(J) then it is
unique.

Proof. To prove this theorem it suffices to show that the homogeneous system

{
pS−1[A(k)û(k)](x) = 0, x ∈ Ω,

p′u(x) = p′S−1[û(k)](x) = 0, x ∈ Ω′ := J \Ω,

has only the trivial solution. The last system may be rewritten as

(Au)(x) = 0, x ∈ Ω, (45)

where
(Au)(x) = pS−1[A(k)û(k)](x), x ∈ Ω. (46)

Since Au ∈ h−~α/2(Ω) ' (h
~α/2
o (Ω))∗ (see Theorem 3.11), from (21) we have

[Au,u] =

∞∑

k=0

ûT (k).S{lpS−1[Aû]}(k).

Due to Theorem 3.11, the last sum does not depend upon the choice of
lpS−1[Aû], we can take the extension in the form

lpS−1[Aû] = S−1[Aû].

Hence we have

[Au,u] =

∞∑

k=0

ûT (k).A(k).û(k). (47)

Then from (45), (46) and (47) we get
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[Au,u] =
∞∑

k=0

ûT (k).A(k).û(k) = 0. (48)

Since A(k) ∈ Σ~α
o , û

T (k).A(k).û(k) ≥ 0 for almost every k ∈ N. Then from (48)
it follows that û(k) ≡ 0,u(x) ≡ 0. The proof of Theorem 5.1 is complete.

Lemma 5.2. The system of dual series equations (43) is equivalent to the fol-
lowing system

pS−1[A(k)v̂(k)](x) = f(x) − pS−1[A(k)l̂′g(k)](x), x ∈ Ω, (49)

where v = S−1[v̂] ∈ h
~α/2
o (Ω) satisfies the relation

v + l′g = u ∈ h~α/2(J) (50)

(l′g being an arbitrary extension of the generalized vector-function g from Ω′

into J).

Proof. Assume that u ∈ h~α/2(J) satisfies the system of dual equations (43) and
l′g ∈ h~α/2(J) is an arbitrary extension of g ∈ h~α/2(Ω′). Taking v = u− l′g, we

get v ∈ h
~α/2
o (Ω). Putting (50) into (43) we have (49). The right-hand side of

(49) belongs to h−~α/2(Ω) in view of Theorem 4.3.

Conversely, assume that v ∈ h
~α/2
o (Ω) satisfies the equation (49). Then obvi-

ously, the vector-function u defined by (50) belongs to h~α(J). We shall prove
that this function satisfies the system of dual equations (43) in the sense of dis-
tributions. Indeed, by transfering the second term in the right-hand side of (49)
to the left-hand side and using (50) we obtain the first equality in (43). Further,
from (50) the second equality of this system of dual equations follows.

Denote
h(x) = f(x) − pS−1[A(k)l̂′g(k)](x). (51)

Using (46), (51) we rewrite (49) in the form

(Av)(x) = h(x), x ∈ Ω. (52)

Our purpose now is to establish the existence of the solution of the system (52)

in the space h
~α/2
o (Ω). We shall consider the following cases.

5.3. The case A(k) ∈ Σ~α
+. In this case due to Theorem 4.2 the scalar product

and the norm in h~α/2(J) can be defined by the formulas (27) and (28)

(v,w)A+,α̃/2 =

∞∑

k=0

S[wT ](k)A+(k)F [v](k),

‖v‖A+,α̃/2 =
( ∞∑

k=0

S[vT ](k)A+(k)S[v](k)
)1/2

,
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respectively. We shall also write A+v instead of Av.

Theorem 5.3 (Existence). If h ∈ h−~α/2(Ω), A(k) = A+(k) ∈ Σ~α
+, then the

system (52) has a unique solution v ∈ h
~α/2
o (Ω).

Proof. By an argument similar to that used in the proof of Theorem 3.11 we
have

[A+v,w] =

∞∑

k=0

S[wT ](k)A+(k)S[v](k) = (v,w)A+,α̃/2

for arbitrary vector-functions v and w belonging to h
~α/2
o (Ω), where [A+v,w]

is defined by the formula (21). Therefore if v ∈ h
~α/2
o (Ω) satisfies (52), then the

following equality holds

(v,w)A+,α̃/2 = [h,w], ∀w ∈ h~α/2
o (Ω). (53)

We shall demonstrate that if (53) holds for any w ∈ H~α
o (Ω), then the vector-

function v will satisfy the system of equations (52) in the sense of generalized
functions on Ω. In fact, noting that (53) holds for w = ϕ ∈ (C∞

o (Ω))n and using
the formula

∞∑

k=0

f̂(k)ϕ̂(k)d = 〈f, ϕ〉 = (f, ϕ),

we get

[h,ϕ] =

∞∑

k=0

l̂h(k)ϕ̂(ξ) = 〈lh,ϕ〉 = (lh,ϕ),

(v,ϕ)A+,α̃/2 =

∞∑

k=0

S[ϕT ](k)A+(k)S[v](k)

=

∞∑

k=0

S[ϕT ](k)SS−1[A+v̂](k) = (S−1[A+v̂],ϕ).

Hence, from (53) we have

(S−1[A+v̂],ϕ) = (lh,ϕ), ∀ϕ ∈ (C∞
o (Ω))n,

i.e.
pS−1[A+v̂](x) = plh(x) = h(x), x ∈ Ω.

We now return to the relation (53). Since [h,w] is a linear continuous functional

on the Hilbert space h
~α/2
o (Ω), then by virtue of Riesz theorem there exists a

unique element vo ∈ h
~α/2
o (Ω) such that

[h,w] = (vo,w)
A+,~α/2, w ∈ h~α/2

o (Ω),

and moreover, there holds the estimation
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‖vo‖A+,~α/2 6 C‖h‖h−~α/2(Ω), (54)

where C is a positive constant.

Since (53) is equivalent to (52), the system (52) has a unique solution v = vo ∈

h
~α/2
o (Ω), and this completes the proof of Theorem 5.3.

Remark 5.4. It is easy to see that the inverse operator A−1
+ from h−~α(Ω) into

h~α
o (Ω) is bounded.

This affirmation follows from Theorem 5.3 and the inequality (54).

Remark 5.5. The solution u of the system of the dual integral equations (43)
expressed in terms of the solution v of the system (52) by the formula (50) does
not depend on the choice of the extension lg.

This fact follows from the uniqueness of the solution of the system of dual equa-
tions (43). Hence we can choose an extension lg such that

‖lg‖~α/2 6 2‖g‖h~α/2(Ω′).

In this case, from (50), (51) and (54) it is easy to obtain the following estimate

‖u‖~α/2 6 C(‖f‖h−~α/2(Ω) + ‖g‖h~α/2(Ω′)), (55)

where C = const > 0. Therefore the solution of the system of dual equations (43)
depends continuously upon the vector-functions given on the right-hand side of
this system.

Hence the following theorem has been proved.

Theorem 5.6 (Existence). Let A(k) ∈ Σ~α
+, f ∈ h−~α/2(Ω), g ∈ h~α/2(Ω′).

Then the system of dual integral equations (43) has a unique solution u =
S−1[û] ∈ h~α/2(J) satisfying estimation (55).

5.4. The case A(k) ∈ Σ~α
o . We assume in addition that the set Ω is bounded

and there exists a square matrix A+(k) ∈ Σ~α
+ such that

B(k) := A(k) − A+(k) ∈ Σ~α−~β , (56)

where ~β = (β, β, . . . , β) ∈ Rn, β > 0. Now we represent the operator A defined
by (46) in the form A = A+ +B, where

A+v = pS−1[A+v̂], Bv = pS−1[Bv̂], v̂ = S[v]. (57)

Theorem 5.7 (Existence). Under conditions (44) and (56), for every f ∈
h−~α/2(Ω), g ∈ h~α/2(Ω′) the system of dual equations (43) has a unique solution
u = S−1[û] ∈ h~α/2(J).
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Proof. According to Lemma 5.2 the system of dual equations (43) is equivalent
to system (52). In virtue of Remark 5.4, the operator A−1

+ is bounded from

h−~α/2(Ω) into h
~α/2
o (Ω) and due to Theorem 4.3, the operator B defined by (57)

is completely continuous from h
~α/2
o (Ω) into h−~α/2(Ω). In this case we represent

system (52) in the form
A+v +Bv = h.

Hence we have
v +A−1

+ Bv = A−1
+ h. (58)

Thus the operator A−1
+ B is completely continuous. It follows that system (58)

is Fredholm. Due to the uniqueness of its solution (Theorem 5.1) it follows that

this system has a unique solution v ∈ h
~α/2
o . Therefore, in this case, system (43)

has a unique solution u ∈ h~α/2(J). The proof is complete.

6. Applications

6.1. A mixed boundary value problem for the harmonic equation.
Consider the following problem: find a solution of the Laplace equation

∂2Φ

∂x2
+
∂2Φ

∂y2
= 0, (0 < x < l, 0 < y < h) (59)

subject to the boundary conditions

Φ(0, y) = Φ(l, y) = 0, 0 < y < h, (60)




−Φ(x, 0) = f1(x), x ∈ (0, a),
∂Φ

∂y
(x, 0) = g1(x), x ∈ (a, l),

(61)





∂Φ

∂y
(x, h) = f2(x), x ∈ (0, a),

Φ(x, h) = g2(x), x ∈ (a, l),
(62)

where f1, f2, g1, g2 are given functions.

We put ψk(x) =

√
2

l
sin

kπx

l
. It is clear that the functions ψk(x) generate an

orthonormal sequence in L2(0, l). Let A′ = A′(ψk(x)) be the space of generalized
functions generated by the functions ψk(x). For a generalized function f ∈ A′

we put

f̂(k) := S[f ](k) := (f, ψk), (63)

f(x) = S−1[f̂ ](x) =

∞∑

k=1

f̂(k)ψk(x). (64)
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Problem (59)-(62) is reduced to the following system of dual integral equations

{
pS−1[A(ξ)û(ξ)](x) = f(x), x ∈ Ω := (0, a),

p′S−1[û(ξ)](x) = g(x), x ∈ Ω′ := (a, l),
(65)

where
f(x) = (f1(x), f2(x))

T , g(x) = (g1(x), g2(x))
T ,

u = (u1, u2)
T = (

∂Φ

∂y
(x, 0), Φ(x, h))T ,

û(ξ) = S[u] = (û1(ξ), û2(ξ))T,

A(ξ) =




tanh(kh)

ξ
−

1

cosh(kh)
1

cosh(kh)
ξ tanh(kh)


 ,

p and p′ denote resriction operators to Ω and Ω′ respectively. Denote

~α = (α1, α2)
T = (−1, 1)T

and introduce the matrices

A+(k) =

(
tanh(kh)

k
0

0 k coth(kh)

)
,

B(k) = A(k) − A+(k) =




0
−1

cosh(kh)
1

cosh(kh)

−k

sinh(kh) cosh(kh)


 .

We have

tanh(kh)

k
∈ σ−1

+ , k coth(kh) ∈ σ1
+ A+(k) ∈ Σ~α

+, ~α = (−1, 1)T .

It is not difficult to show that

A(k) ∈ Σ~α
o , B(k) ∈ Σ−~β, ~β = (β, β)T , β > 1.

Due to Theorem 5.7 we have the following result:

Theorem 6.1. For every f(x) ∈ h−~α/2(0, a), g(x) ∈ h~α/2(a, l), the system of
dual equations (65) has a unique solution u = S−1[û] ∈ h~α/2, i.e.

u1(x) =
∂Φ

∂y
(x, 0) ∈ h−1/2(0, l), u2(x) = Φ(x, h) ∈ H1/2(0, l).

6.2. A mixed boundary value problem for the biharmonic equation.
We study the solution Φ(x, y) of a boundary value problem for the biharmonic
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equation

∆2Φ(x, y) =
∂4Φ

∂x4
+ 2

∂4Φ

∂x2∂
+
∂4Φ

∂y4
= 0 (66)

in the rectangle
Π = {(x, y) : 0 < x < l, 0 < y < h}

with boundary conditions

Φ(0, y) = Φxx(0, y) = 0, 0 < y < h, (67)

Φ(l, y) = Φxx(l, y) = 0, 0 < y < h. (68)

Φ(x, 0) = 0, Φ(x, h) = 0, −∞ < x <∞. (69)

{
−Φy(x, 0) = f1(x), −a < x < a,

Φyy(x, 0) + νΦxx(x, 0) = g1(x), |x| > a,
(70)

{
Φy(x, h) = f2(x), −a < x < a,

Φyy(x, h) + νΦxx(x, h) = g2(x), |x| > a,
(71)

where 0 < ν < 1.

The solution of (66) is given in the form

Φ(x, y) =

∞∑

k=1

Φ̂(k, y)ψk(x), (72)

where ψk(x) =

√
2

l
sin

kπx

l
and

Φ̂(k, y) = Ak cosh(ky) +Bky cosh(ky) + Ck sinh(ky) +Dky sinh(ky). (73)

Here Ak, Bk, Ck, Dk are arbitrary coefficients. We see that the function Φ(x, y)
determined by the formula (73) satisfies the boundary conditions (67) and (68)
for arbitrary coefficients Ak, Bk, Ck, Dk. We put

û1(k) = Φ̂yy(k, 0) + νΦ̂xx(k, 0), (74)

û2(k) = Φ̂yy(k, h) + νΦ̂xx(k, h). (75)

Thus we have

Ak = 0, Dk =
û1(k)

2k
,

Ck = −
û1(k)

2k
.

h

sinh2(kh)
−
û2(k)

2k
.
h cosh(kh)

sinh2(kh)
,

Bk =
û1(k)

2k

[ 1 − sinh2(kh)

sinh(kh) cosh(kh)

]
+

û2(k)

2k sinh(kh)
.
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Satisfying the boundary conditions (70) and (71) we have the following system
of dual series equations

{
pS−1[A(k)û(k)](x) = f(x), x ∈ Ω := (0, a),

p′S−1[û(k)](x) = g(x), x ∈ Ω′ := (a, l),
(76)

where
f(x) = (f1(x), f2(x))

T , g(x) = (g1(x), g2(x))
T ,

u = (u1, u2)
T = (Φyy(x, 0) + νΦxx(x, 0), Φyy(x, h) + νΦxx(x, h))T ,

û(k) = S[u](k) = (û1(k), û2(k))
T ,

A(k) =

(
a11(k) a12(k)

a21(k) a22(k)

)

a11(k) =
1

2k

[ −1 + sinh2(kh)

sinh(kh) cosh(kh)
+

kh

sinh2(kh)

]
,

a12(k) = −
1

2k
.
sinh(kh) − kh

sinh2(kh)
,

a21(k) =
1

2k

[
−
kh cosh(kh)

sinh2(kh)
+

cosh(kh) + 2kh sinh(kh)

sinh(kh) cosh(kh)

]
,

a22(k) =
1

2k
.
sinh(kh) cosh(kh) − kh

sinh2(kh)
.

Proposition 6.2. The matrix A(k) is a positive-definite matrix for all k =
1, 2, ...

Proof. Indeed, putting kh = t we have

2ka11 =
−1 + sinh2 t

sinh t cosh t
+

t

sinh2 t
=

sinh3 t− sinh t+ t cosh t

sinh2 t cosh t
.

f(t) := sinh3 t− sinh t+ t cosh t, f(0) = 0,

f ′(t) = 3 sinh2 t cosh t−cosh t+cosh t+t sinh t = 3 sinh2 t cosh t+t sinh t > 0, ∀t > 0.

Hence a11(k) > 0. It is clear that a22(k) > 0,−a12(k) < 0 ∀k = 1, 2, ... So
a11(k)a22(k) > 0. We have

2ka21(k) =
sinh t cosh t+ 2t sinh2 t− t cosh2 t

sinh2 t cosh t
=

=
sinh t cosh t+ t sinh2 t− t(cosh2 t− sinh2 t)

sinh2 t cosh t
=

=
(sinh t cosh t− t) + t sinh2 t

sinh2 t cosh t
> 0.

So we have
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∆1 = a11(k) > 0,

∆2 = a11(k)a22(k) − a12(k)a21(k) > 0.

The proposition is proved.

According to Proposition 6.2, A(k) ∈ Σ~α/2
o , ~α = (−1,−1)T . Then, due to

Theorem 5.1, the dual series equations (76) has at most one solution in the
space h~α/2(0.l), ~α = (−1,−1)T .

Next, we introduce the matrices

A+(k) =

(
a11 0
0 a22

)
, B(k) = A(k) − A+(k).

It is not difficult to show that

A(k) ∈ Σ~α
+, ~α = (−1,−1)T ; B(k) ∈ Σ−~β , ~β = (β, β)T , β > 1.

Theorem 6.3. For every f(x) ∈ h−~α/2(0, a), g(x) ∈ h~α/2(a, l)(~α = (−1,−1)T ),
the system of dual equations (76) has a unique solution u = S−1[û] ∈ h~α/2, i.e.

u1(x) = Φyy(x, 0) + νΦxx(x, 0) ∈ h−1/2(0, l),

u2(x) = Φyy(x, h) + νΦxx(x, h) ∈ h−1/2(0, l).

Acknowledgement. The authors would like to thank the referee for valuable
comments and suggestions for the original manuscript.

References

1. R. B. Kelman, Convergence of solution to classic dual trigonometric equations, J.
Integral Equations, 6 (1)(1984), 51-61.

2. P. Malits, Dual and triple Fourier-Bessel series equations, Comp. Math. Appl., 48(5-
6) (2004), 823- 831.

3. Nguyen Van Ngoc, Pseudo-differential operators related to orthonormal expansions
of generalized functions and application to dual series equations, Acta Math. Viet-
nam., 32(1)(2007), 1-14.

4. Nguyen Van Ngoc, Some problems in the theory of paired series equations, Ukrain.
Math. J, 35(5)(1983), 651-644.

5. Nguyen Van Ngoc, Some results on the series equations, Acta Math. Vienamica,
7(1) (1982), 107-116.

6. Takeshi Kiyono and Masaaki Shimasaki, On the solution of Laplace’s Equation by
certain dual series equations, SIAM J. Appl. Math., 21(2) (1971), 245-257.

7. Yu.I. Travkin, Solution of mixed elasticity theory problems in terms of dual trigono-
metric series, Int. Appl. Mech., 13 (6), 551-559 (translated from Prikhladnaya
Mekhanika, 13 (6) (1977), 27-37).

8. Ia. S. Ufliand, Method of Dual Equations in Problems of Mathematical Physics,
Nauka, Leningrad, 1977 (in Russian).

9. Yos Sompornjaroensuk and Kraiwood Kiattikolmol, Dual-series equations formula-
tion for static deformation of plates with a partial internal line support, Theoret.
Appl. Mech., 34(3) (2007), 221 - 248.



464 Nguyen Van Ngoc

10. A. H. Zemanian, Generalized Integral Transformations, Nauka, Moscow, 1974 (Rus-
sian translat.).


