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1. Introduction

In the paper [3], the pseudo-differential operator of the form

oo

(Au)(z) := S~ [a(k)a(k)](2) = Y a(k)a(k)e(z), (1)

k=0

was investigated and it was applied for solving dual series equations. Here
{¢r(x)}32, is an orthonormal sequence of functions in L?, @(k) = (u,)y) de-
notes the value of the generalized function u on the function ¥ (z) , a(k) is a
known function and is called the symbol of the operator Au.

The purpose of the present work is to see the feasibility of extending the
approach in [3] for vector-pseudodifferetial oprators involving orthogonal expan-
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sions of generalized functions and their applications to systems of dual series
equations.

The paper is divided into five sections and organized as follows. In Sections 2
we recall some definitions and results from the theory of orthonormal series ex-
pansions for generalized functions [10]. In Sections 3 and 4 we construct Sobolev
spaces for the investigation of the pseudo-differential operators of the form

(Au)(z) = STHA(R)T(K)) (), (2)

where u = u(z) and u(k) = S[u](k) are n-vectors, A (k) is a n-square matrix. In
Section 5 we present these results for investigation on the sovability of systems of
dual series equations. Section 6 deals with the solvability of some mixed boundary
value problems for the harmonic and biharmonic equations.

2. Integral transform of generalized functions

Following the Zemanian’s idea, we consider the Hilbert space L?(.J) with the
scalar product and norm

(u,0) = /J w(@p@de, |ul] = /ww),

where J is an open interval in R. Consider the operator A/ introduced by Zema-
nian in [10, Chapter 9], with a complete orthonormal system of smooth eigen-
functions {¢x} C L?(J), where D(N) is the domain of N, D(N') C L?(J). Each
¢ € L?(J) can be expressed as

o= (o k),
p

where the series converges in L?(J). Throughout the paper N will be a differ-
ential expression of the form

N =0 (2)(=D)n,,-.e(=D)"61(z)(—=D)"* 0o (),

lm *

where D = d/dz,n), are positives integers and 6y are smooth functions on J.
Also,

N =0y (2)(=D)n,,..(=D)"01(x)(=D)" bo(z),

where 0 (z) denotes the complex-conjugate of the function 0y (x). Let {\}2, be
the real eigenvalues corresponding to the eigenfunctions {¢}32, C D(N) such
that A, = 0(k9),k — co0,q¢ > 0 and

Ny = X, k=0,1,....

We shall take the domain D(N) of the operator N to be
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D(N) :={p € C>®(J) : N"p € L*(J), N0, ¥) = (o, N"p)Vk,n = 0,1,...},
where A0 is the identity operator on L?(J).

Definition 2.1. ([10]) Denote by A the space of test functions ¢(z) such that
D) p(x) € C=(J);

The sequence{py(x)}72, of functions from A is called convergent in A to zero
if am(pr) = 0ask —oc0Vm=0,1,2,...

Obviously, A is a linear space and ¢y (x) € A Vk. In [10] it was shown that A is
a complete space and C°(.J) C A C L?(J), where C°(J) is the set of infinitely
differentiable functions with compact support in J.

Theorem 2.2. ([10]) If ¢ € A then

p(@) = (0, )P (2),

k=0

where the series converges in A.

Definition 2.3. ([10]) A generalized function is called any continuous linear
functional on the space A. We denote by A’ the set of all generalized functions
on A and by (f,¢) = (f,P) the value of the generalized function f € A’ on the
test function @ € A.

The space A’ is complete and L?*(J) C A’ C D'(J), where D'(J) is the space

of distributions on J (see [10]). Hence every function f(x) € L?(J) determines
a regular functional f by the formula

(f.0) = / @)@z, o AcIA(J). (3)

Theorem 2.4. ([10]) Each f € A’ can be expressed as

M

~
Il

0

where the series converges in A’.

Definition 2.5. ([10]) We consider the orthonormal expansion (4) as the in-
verse formula, defining a certain integral transformation of genertalized func-
tions, which is given by the formula

k) = S[f)(k) == (£, 4), FeA, k=0,1,2,... (5)



446 Nguyen Van Ngoc

The inverse mapping S~ is given by formula (4) and it may be represented in

the form -
Z Flk)yn (= (6)

Note that for f € L?(.J) formula (5) is of the form
/ f(@)r(x)

3. Sobolev spaces

First, we recall some defitions and propositions on Sobolev spaces related to
orthogonal expansions of generalized functions in the space A’ from [3].

Definition 3.1. ([3]) Let s be a real number. Denote by h* = h*(J) the set of
generalized functions f € A’ such that

oo

12 = Do+ KD (R)]” < oo, (7)

k=0

where f(k) = S[f](k). The scalar product in h* is defined by the formula

= (14 [k)* (k)3 (k). (8)
k=0

Theorem 3.2. ([3]) Let h®* be the conjugate space of the space h®. Then h®*
1s isomorphic to the space h™*. Besides, the value of a functional f € h™° on an
element u € h® can be given by the formula

oo
—~

(u, flo = i(n) Fl), (9)

n=0

where f(n) = S[f)(n) = (f,¢n),@(n) = S[u](n) = (u, ).
In virtue of Theorem 3.2, we put h®* ~ h™%.

Definition 3.3. Let « be a real number. Denote by ¢ the class of functions
a(k) satisfying the condition

la(k)] < C(1+ k)™ Vk=0,1,2, ... (10)

where C is a positive constant. We shall say that the function a(k) belongs to
the class 0 if a(k) € 0® and a(k) > 0. Finally, the function a(k) belongs to the
class 0¢ if C1(1 +k)* < a(k) < Co(1 + k) Vk =0,1,..., where C; and Cy
are positive constants.
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Theorem 3.4. ([3]) Assume that a(k) € o“,u € h®,u(k) = S[u](k). Then the
pseudo-differential operator

Alu)(z) = S~ Ha(k)a(k)](z) =) a(k)u(k)er(x) (11)
k=0

is bounded from h® into h*=°. If a(k) € 0%, where 8 > 1/2, then the operator
A is completely continuous in h*.

Let {2 be a certain interval of J. Let us introduce the following definitions.

Definition 3.5. ([3]) Denote by hZ(£2) the space defined as the closure of the
set C2°(§2) of infinitely differentiable functions with compact supports in {2
with respect to the norm (7). The norm in h$(f2) is defined by the same (7).
The symbol k3 (§2) denotes the set of functions belonging to h*(J) with support
contained in 2.

It is clear that h5(£2) C h3,(£2).

Definition 3.6. ([3]) The space h®({2) is defined as the set of generalized func-
tions f from D’(§2) having extensions [f € h®. The norm in h*({2) is defined by
the formula

£ llne ) = mEILf s, (12)

where the infimum is taken over all possible extentions [ f € h*.

Theorem 3.7. ([3]) Let u € hi($2),f € h™5(£2) and lf be an extension of the
function f belonging to h=*({2). Then the series

oo

[, f] = (u,1f)o ==Y _ S[u](n)S[Lf](n) (13)

n=0

does not depends on the choice of the extension Lf. Therefore this series defines
a linear continuous functional on h3($2). Conversely, for every linear continuous
functional ¢(u) on hi(§2) there exists an element f € h™°(§2) such that ¢(u) =

[u, f] and ||| = ||f||hfs(n)-

Let h5™(£2) be the conjugate space of the space hé($2). In virtue of Theorem 3.7
we put hy™(£2) = h™*(§2). We now construct similar spaces for vector-functions.
We shall use bold letters for denoting vector-values and matrices.

Definition 3.8. Let X be a linear topological space. We denote the direct prod-
uct of n elements X by X"™. A topology in X" is given by the usual topology of
the direct product. Denote by u a vector of the form u = (u1, us, ...., u,), and

A" =Ax A x A A"=AxA..xA.

For the vectors u € A, w € A™ we put
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(u,w) = (uj,w)). (14)

i=1
n .
For a vector u € A’ we write

ﬁ(k) = S[ll](k) = ((U17¢k)7 (u27wk)7 SRR (unywk))T (15)

and
o0 o0 T
u(e) = 57 @) = (L mkee), . Y ankn@) . (16)
k=0 k=0

Definition 3.9. Let h%i, he’ (£2), hob(£2), h% (£2) be the Sobolev spaces, where
j=1,2,...,n; §2is a certain set of the interval in J. We put

§=1(81,82,...,8,), h®=h"" xXh% x .- xR

%o (02) = ht (£2) x B2 (2) x -+ x hi (2),
%00 (02) = R34 (£2) X h32(£2) x -+ x hig (£2),
h3(2) = h*1(2) x h*2(2) x --- x h*" ().
The scalar product and the norm in h®%, h%,(2) and h%,,(f2) are given by the

formulas
(V)s =Y (g v)es Il = (X lhul2) (17)
j=1

Jj=1

where ||u;]|s; and (uj,v;)s; are given by the formulas (7) and (8) respectively.
The norm in h3(£2) is defined by the equality

lallnscoy == (3 il ) (18)
j=1

where 8= (s1,82,...,8,),5; €ER (j =1,2,...,n).

Theorem 3.10. Let h%*(J) be the dual space of the space h®(J). Then h%*(J)
is isomorphic to the space h=3(J). Moreover, the value of a functional f € h=%(.J)
on an element u € h¥(J) is given by

n

(f7 u)o = ZZ

j=1k=0

———

fi(k)u;(k), (19)

where @; (k) = Slug](k), f;(k) = S[f;](k).

Proof. Due to Riesz theorem, for any functional ®(u),u € h¥(J), there ex-
ists an element v € h¥(J), such that #(u) = (v,u)z and its norm |®| =
SUpP|y.=1 |P(u)| equals [|v||z. Denote
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o~ o~

E(k) = [fu(k), - FuR)] = [+ [K)* 81 (k), ..., (14 [K])** B, (k)]. (20)

We have

oo

Do RD T FR)P =Y+ KD [0 (k)G =1,2,...n).
k=0

k=0

Therefore f := S_l[/f\] c h=%(J), |f|l_s = ||[vls = |®| and (v,u)s = (f,u),,

where
oo
> Fiky

1 k=0

(f,u), =

j=
By this, (20) establishes an isomorphism between h®*(.J) and h=%(J). Besides,
the value of a functional f € h=%(J) on an element u € h¥(J) is given by the
formula (19). The proof of Theorem 3.10 is complete. |

Theorem 3.11. Let 2 C J, u € h¥(2), £ € h=%(2) and If € h=3(J) be an
extension of £ from (2 to J. Then

[fu] == (f,w)o =D > Lf;

j=1 k=0

Lifi(k (21)

does not depend on the choice of the extension 1f. Therefore this formula defines
a linear continuous functional on h3(£2). Conversely, for every linear continuous
functional ®(u) on hi(£2), there exists an element £ € h=5(0) such that ®(u) =
[u, f] and [|@[| = [|f]|ln-#(0)-

Proof. Let 'f be another extension of f. Then we have If —1I'f =0 on (2, i.e.
(If —1'f,w), =0 VYw e (C°(0))". (22)
Since (C°(£2))™ is dense in h(£2), from (22) it follows that
(f —1'f,u), =0 Yu e hi(0).

This implies (I'f,u), = (If,u),. Therefore the sum in (21) does not depend on
the choice of the extension If. By (21),

|(If, w)o| < [lulls[[1E]] 5.
Since (1f,u), does not depend on the choice of 1f

(U, w)o| < [lullsimf (1] -5 = [[ulls[[f]n-s2)- (23)

Therefore, each f € h™%(f2) gives a continuous functional on h(£2) by the
formula (21). Let @(u) be a linear continuous functional on h3(£2). The space
h3(£2) c h¥(J) is a Hilbert space with respect to the scalar product (17). There-
fore due to Riesz theorem there exists a function vector v € h¥(£2) such that
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®(u) = (v,u),. We put f,(k) = [(1 4 [k])> D1 (k), ..., (1 + [k 2 n (k)], £, =
S—f,]. Then f, € h=3(J), pf, = £ € h=5(£2), where p denotes the re-
(u

striction operator to {2. We have #(u) = (v,u); = (f,,u), and ||| =

[[Vlls = |lfoll-5 = |[flln-7()- On the other hand, in virtue of (23) we have
121] = supyjugcs [B@)] < [Fll-r(e Thus, [8]] = [|flln-+(c)- The proof is
complete. [ ]

4. Vector-pseudodifferential operators

Consider the vector-pseudodifferential operator of the form

(Au)(z) := STHA(K)G(K)](z), k=0,1,...;2€ JCR, (24)
where A(k) = ||ai;(k)||nxn 1S a square matrix of order n, u = (u1,us,... )T
is a vector, transposed to the line vector (uq,us,...,u,), and u(k) := Su] =
(S[u1], S[ual, . .., S[u,])T. We introduce the following classes.

Definition 4.1. Let A(k) = ||a;j(k)||lnxn, k£ =0,1,2,... be a square matrix of
order n, aj,B3;; € R (i,j =1,2,...,n). Denote by & = (a1, a2, ..., a,) and by
X% the class of matrices A (k) = [lai; (k) |lnxn, such that

(o; + aj). (25)

N =

a“‘(k) c 0.047:’ aij(k) c (J'Ol’:j7 Qg <

We say that the matrix A(k) belongs to the class Z‘i if A(k) € X% and it is
Hermitian, i.e. (A(k))T = A(k), and it satisfies the condition

WAW > C1 Y (1+ k)% [w;[? Yw = (w1, wa,...,w,)T €C",  (26)
j=1
where (' is some positive constant. Finally, we say that the matrix A(k) € e
belongs to the class X¢ if it is positive-definite for almost every k =0,1,2, ...

Theorem 4.2. Let A(k) = Ay (k) belong to the class Z"f_. Then the scalar prod-
uct and the norm in h%/%(.J) may be defined by the formulas

(0. V)a, a2 = 3 SITTRIA(R)STul (k). (27)
k=0
ulla, e = (3 SI@ALRSEK) (28)
k=0

Proof. Using Cauchy-Schwarz inequality we have

wik) A <O (1+k)wik)]* k=0,1,2,..., (29)
Jj=1
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where Cy is a positive constant. In (25) and (29) replacing w;(k) with 4;(k) =
S[u;](k) and w(k) with S[u](k), and summing over k = 0,1,2, ..., we have

OSSO ) ST () < S ST (A (k) S[u (k)
7j=1k=0 k=0
<Co Y Y (L4 ()™ [S[uy) (k). (30)
1 k=0

j=
Due to (7) and (17), from (30) we derive (28). It is clear that the sum (27)
defines a scalar product in h%/2(.J).

~—
|

Theorem 4.3. Let A(k) € X%, u € h¥(J), where

§=aj2+¢e &=(ege,...,),e > 0. (31)
Then the pseudo-differential operator Au defined by the formula

(Au)(z) = S AKER)(), @€ (32)

is bounded from h¥(J) into W5=%(J). If A(k) € Z'*g(ﬂ_' = (B1,082,---,0n),
Bi > =;i=1,2,...,n), then the operator A is completely continuous in h¥(.J).

Proof. Let v(z) = (Au)(z) := STA(k)u(k)](z). Hence
v(k) := A(k)a(k). (33)

We shall consider an m-component of the vector (33). We have
= ami(k)ui(k), (m=1,2,...,n), (k=0,1,2,...).  (34)

Multiplying by (1 + k)*~%m both parts of (34), we obtain

n

(L4 k) T (k) = (14 k)" i ()i (k).
i=1
= [ami(k)(1 + k>~ (14 k)~ [(1 + k)* @ (k). (35)
i=1
Applying Cauchy-Schwarz inequlity to the equality (35), we receive

(14 )2en =) G () <

Z iR+ B2 =en s (1 4 e

Jj=1

i (k). (36)
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We have
lami(k)| < C(1+ k)om/2%e/2 yp =0,1,....

Thanks to (31), we get

n

D ami(k)P(1+ k)2 emmom=s) < C Yk =0,1,2,... (37)
=1

From (36), (37) we get
[vml?, e, <C D lluallZ,, (m=1,2,....n),v(z) = (Au)(z) € B*(J).

Now we assume that o; = —08;, 6; > 1/2 (i = 1,2,...,n). In this case we

have h®=%(.J) = h§+5(.]) C h%(J). Let &;; be the Kronecker symbol. We rewite
(34) in the form

izn:a (4)0k; m=1,2,...,n. (38)

7=0 i=1
Multiply by (1 4+ k)* both parts of (38) and introduce notations
fm(k) = 1+ k)" Un (), gm(k) = (1+ k)" U (k).

fm = {fm(F)}iZ0s gm = {gm(F)}iZo m=1,2,...,n

Obviously, for each m = 1,2, ..., n, g, € lo. We show that f,, € ls too. Indeed,
we have

o0 o0

||fm||l22 = Z(l + k)2s"’|@\m(k)|2 _ Z(l + k)ZamKl + k)Snz*OtnLi}\m(k)'Z.

k=0 k=0

Since ay = —Bm, B > 1/2 > 0, (1 + k)2%m < 1. Thus ||fm||122 < ||vm||27am/2 <

+00. We have
(1+ k)
Z Z ami gv 5kj 751 (39)
== (1+7)

Applying Cauchy- Schwarz inequality to (39) we have

£, < "Z||9z||z22|amz (1 + k)2Cm s, (40)

We show that
2:|am7 2(1 + k)2(6m=5) < 400,
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Indeed, we have

o0

me 2(1 4 k)2 =20 < Zc (1 + k)omTei(1 4 )2em=si) =

oo

1

20m __ —2Bm _
CY (1+k) CZ (1+k) CZ (R < +oo.
k=0 k=0 k=0
Thus, for each m € {1,2,...,n}, (39) defines a certain linear continuous

operator L., : fpn = Lpygm from [ into 5. In virtue of Theorem 3.4 the operator
L, is completely continuous. We can rewrite (39) in the following vector-form.
We introduce notations

f(k) = (fl(k)7 fQ(k)a BN} fn(k))Ta g(k) = (gl(k)aQQ(k)a s 7gn(k))T7
= {£(k)}720 = {F1(k)}220, {S2(k)}RZ0s-- s {fn(R)}R0) T
g = {8(k)}220 = ({91(k) 170, {92(k)}2Z0, -, {9n(k)}2Z0)T,

. L (L4 k)sm
Lo =15 =1ls xlo x - X2, bi(k,J) = ami(j)~7—~
; (ki) = ami
B(k,j) = ||bmi(k, j)|lnxn 18 & square matrix of order n.

Then (39) has the vector - form

iB (7)0k;- (41)

j=0

Thus (41) defines a linear continuous operator L : f = Lg from 15 into 15. Now
we show that the operator L is completely continuous in lp. Indeed, let {g,} =
{91010 s {020 (B} 0 b > {{gmp ()10 )T e a bounded sequence
in 1. Then, for each m = 1,2,...,7n, {{gmp(k)}720}p is a bounded sequence in
l5. Then we have

D (L k)P [ () Z|gmp P<Cn Vp=12,...
k=0

Thus the sequence {tm,p(z)}, is bounded in A®"(J). Then there exists a subse-
quence {{fmp (k)}32 o} converging in la, therefore there exists a subsequence
HOmp ()i}, = {{(1 + k)= finp(Kk) }r}pr converging in Ip. This means that
one has found a subsequence {vy,, (¢)}, converging in h*m(J). Thus there ex-
ists the subsequence {v, ()}, = {(Au, )(z)}, converging in h¥(J). The proof
of Theorem 4.3 is complete. [ ]

Theorem 4.4. Assume that B(k) € 225:5(5 = (8,8,...,0), 8 > 1/2; i =
1,2,...,n)),u € h? and p is the restriction operator to §2 C J. Then the pseudo-
differential operator B defined by the formula
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(Bu)(z) = pS™ [B(k)u(k)](z), a(k)= S[ul(k)
is completely continuous from h3(£2) into h=5(12).

Proof. Applying Theorem 4.3 with & = 25 — 3, &= 5/2 we can show that the
operator B is continuous from h¥(£2) C h¥(.J) into h=5+7(§2) = ph=5+5(.J). We
put

g[u](a:) = pSTHB(k)u(k)|(z), =€ J,
v = pJ,gE[u], Lv = plv,

where J_z denotes the embedding operator to h™%(.J),1 and p are the extension
and the restriction operators respectively. We have L[v] = B[u], besides, the

operator L is bounded from h~%(2) into h*§+5((2). Let I,L[f] be a certain
continuous extention of L[f]. Denote by Aﬁ the pseudo-differential operator of
the form (24) with the matrix-symbol A(k) = ||Aij (k) = (1 + k)?||nxn, (G =

(8,8,...,8)). We have
L[V] = pA—BABZOL[V]' (42)

On the right-hand side of (42), L is bounded from h=%(§2) into h*ﬂg(ﬂ)7 lo
is bounded from h=5+7(£2) into h=55(.J), Aj is bounded from h=5*74(J) into

h=?(.J). In virtue of Theorem 4.3, the operator A _ i is completely continuous in

h=%(J). Finally, the operator p is continuous from h=%(.J) into h=%(§2). Thus the
operator L is completely continuous. Since L[v] = B[u], B also is a completely
continuous operator from h¥(§2) into h=%(2).

The proof is complete. [ |

5. Solvability of systems of dual equations

5.1. Formulation of the problem. In this section we shall investigate a system
of dual equations in the form

pSTHA(k)a(k))(z) = f(x), x€CJ, (43)
PSR () = gla), z€ =T\,
where (2 is a certain interval in J, (k) = [y (k), t2(k), ..., 4, (k)]T is a vector

function to be found, f(z) = (f1(2), f2(),..., fu(z)T € (D'(2)", glx) =
(g1(2), g2(x), ..., gn(x))T € (D'(2'))" are given vectors of distributions on (2
and 2" respectively, A(k) = ||a;;(k)||nxn is & given square matrix and is called
the symbol of the system (43), p and p’ are restriction operators to {2 and
2 respectively. The operator S~! is understood in the sense of generalized
functions. The dual series equations of type (43) are generalizations of some
equations which are usually encountered in mixed boundary value problems of
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mathematical and contact problems of elasticity, for example [2, 6-9].

Note that the theory of dual series equations recently has become very devel-
oped and is the subject of numerous investigations. Formal analytical methods
for finding solutions to dual equations have been studied by many authors, but
much less attention has been paid to solvability question of these equations. Some

results on the solvability and validation of solutions of dual series equations were
considered in [1, 3-5].

5.2. Uniqueness theorem. We shall consider the system of dual integral equa-

tions (43) under the following conditions

f(z) € h=9/2(2), g(x) € h%/2(") (44)

{A(k‘) € X% and A(k) is positive-definite for almost k € N,
and shall find the vector (k) in the form (k) = S[u](k), where u € h%/2(.J).
Theorem 5.1 (Uniqueness). Suppose that the assumptions (44) are fulfilled.
Then, if the system (43) has a solution u(z) = S~ [U](x) € h%/2(J) then it is
unique.

Proof. To prove this theorem it suffices to show that the homogeneous system

{ Ak
pu(r) =

has only the trivial solution. The last system may be rewritten as

Ju(k)j(z) =0, xze€£,
pSTHUR)(x) =0, we =T\,

(Au)(z) =0, =z €, (45)
where
(Au)(x) = pS~HA(k)u(k)](z), x€ . (46)
Since Au € h=%/2() ~ (hf/Q(Q))* (see Theorem 3.11), from (21) we have

oo

[Au,u] =) 07 (k).S{IpS~ ' [AG]}(k).

k=0

Due to Theorem 3.11, the last sum does not depend upon the choice of
IpS~1[A1], we can take the extension in the form

IpS~[AG] = ST[Ad].
Hence we have

[Au, u] Z ul(k (k). (47)

Then from (45), (46) and (47) we get
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[Au, u] Z ul(k (k) = 0. (48)

) > 0 for almost every k& € N. Then from (48)

Since A(k) € X9, aT (k).A(k).u(k
= 0. The proof of Theorem 5.1 is complete. [ |

it follows that u(k) = 0, u(x)

Lemma 5.2. The system of dual series equations (43) is equivalent to the fol-
lowing system

pSTUAR(R)](@) = £(x) — pSTARTEE)(), z€ 2, (49)
where v = S"1[v] € hf/Q((Z) satisfies the relation
v+1lg=ueh¥%()) (50)

(U'g being an arbitrary extension of the generalized vector-function g from
into J ).

Proof. Assume that u € h%/2(.J) satisfies the system of dual equations (43) and
I'g € h%/2(J) is an arbitrary extension of g € h®/2(£2'). Taking v = u —'g, we
get v € hf/z(Q). Putting (50) into (43) we have (49). The right-hand side of
(49) belongs to h=%/2(£2) in view of Theorem 4.3.

Conversely, assume that v € hg/ *(£2) satisfies the equation (49). Then obvi-
ously, the vector-function u defined by (50) belongs to h¥(J). We shall prove
that this function satisfies the system of dual equations (43) in the sense of dis-
tributions. Indeed, by transfering the second term in the right-hand side of (49)
to the left-hand side and using (50) we obtain the first equality in (43). Further,

from (50) the second equality of this system of dual equations follows. [ |
Denote .
h(z) = f(z) — pST A (K)Vg(k)](2)- (51)

Using (46), (51) we rewrite (49) in the form
(Av)(z) = h(z), =x€ . (52)

Our purpose now is to establish the existence of the solution of the system (52)
in the space hg/ 2((2). We shall consider the following cases.

5.3. The case A(k) € Z"f_. In this case due to Theorem 4.2 the scalar product
and the norm in h%/2(.J) can be defined by the formulas (27) and (28)

(v, W)a, a2 = SWTI(k) Ay (k)F[v](k),
k=0

¥las a2 = (3 SWTTHRAL RSV
k=0
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respectively. We shall also write A v instead of Av.
Theorem 5.3 (Existence). If h € h=%/2(2), A(k) = A, (k) € X, then the

system (52) has a unique solution v € hf/Q(.Q).

Proof. By an argument similar to that used in the proof of Theorem 3.11 we
have

[M]8

[Ayv,w] = SwT] (k)AL (k)S[v](k) = (V,W)A+,&/2

b
Il

0

for arbitrary vector-functions v and w belonging to hy/ %(£2), where [Ayv, w)

is defined by the formula (21). Therefore if v € hf/z(!?) satisfies (52), then the
following equality holds

(v,w)a. a/2 = [h,w], Vw €hi/?(0). (53)

We shall demonstrate that if (53) holds for any w € HS(£2), then the vector-
function v will satisfy the system of equations (52) in the sense of generalized
functions on 2. In fact, noting that (53) holds for w = ¢ € (C$°(§2))™ and using
the formula

> F(R)@R)d = (£.) = (£,%),

k=0

we get

Hence, from (53) we have
(ST A49],9) = (Ih, ), Vg € (C(2))",

N pSTHA V](z) = plh(z) = h(z), =€ 2.

We now return to the relation (53). Since [h, w] is a linear continuous functional
on the Hilbert space hg/ 2((2), then by virtue of Riesz theorem there exists a
unique element v, € hg/ *(£2) such that

[h7 W] = (VO7W)A+,62/2’ W E ho&/Q(‘Q)7

and moreover, there holds the estimation
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[Volla,.a/2 < Clhlln-a/2(0)s (54)

where C' is a positive constant.
Since (53) is equivalent to (52), the system (52) has a unique solution v = v, €
hg/Q(.Q)7 and this completes the proof of Theorem 5.3. |

Remark 5.4. It is easy to see that the inverse operator A;l from h=%(£2) into
h&(£2) is bounded.

This affirmation follows from Theorem 5.3 and the inequality (54).

Remark 5.5. The solution u of the system of the dual integral equations (43)
expressed in terms of the solution v of the system (52) by the formula (50) does
not depend on the choice of the extension lg.

This fact follows from the uniqueness of the solution of the system of dual equa-
tions (43). Hence we can choose an extension lg such that

Nella/e < 2llgllnaracan-
In this case, from (50), (51) and (54) it is easy to obtain the following estimate

[ullasz < CUIflln-ar2() + l8llner2(0r)), (55)

where C' = const > 0. Therefore the solution of the system of dual equations (43)
depends continuously upon the vector-functions given on the right-hand side of
this system.

Hence the following theorem has been proved.

Theorem 5.6 (Existence). Let A(k) € X¢, f € h=9/2(2), g € h¥/2(2").
Then the system of dual integral equations (43) has a unique solution u =
S—1[1] € h¥/2(J) satisfying estimation (55).

5.4. The case A(k) € ¥7. We assume in addition that the set 2 is bounded
and there exists a square matrix A (k) € X'¢ such that

B(k) :== A(k) — A, (k) € X97F, (56)

where § = (8,8,...,8) € R", 8> 0. Now we represent the operator A defined
by (46) in the form A = Ay + B, where

Ayv =pSTlALV], Bv=pST'Bv], V=29 (57)
Theorem 5.7 (Existence). Under conditions (44) and (56), for every f €

h=%/2(02), g € h%/2(§2') the system of dual equations (43) has a unique solution
u = S"1al € h¥/2(J).
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Proof. According to Lemma 5.2 the system of dual equations (43) is equivalent
to system (52). In virtue of Remark 5.4, the operator A;l is bounded from
h=%/2(£2) into h:f/Q((z) and due to Theorem 4.3, the operator B defined by (57)

is completely continuous from hy/ () into h=9/2(£2). In this case we represent
system (52) in the form
Aiv+ Bv=h.

Hence we have
v+ A7'Bv=A'h. (58)

Thus the operator AjrlB is completely continuous. It follows that system (58)
is Fredholm. Due to the uniqueness of its solution (Theorem 5.1) it follows that
this system has a unique solution v € hf/ 2, Therefore, in this case, system (43)
has a unique solution u € ha/Q(J). The proof is complete. [ ]

6. Applications

6.1. A mixed boundary value problem for the harmonic equation.
Consider the following problem: find a solution of the Laplace equation

2o 00 _

8x2+8y2 0, O<z<l,0<y<h) (59)

subject to the boundary conditions
P(0,y) =P(L,y) =0, 0 <y<h, (60)

5;(33,0) = fl(x)v z € (O,CL), 61
oy @0 =a@), z€ @), o

@({E, h) = 92(55)7 T € (av l)7

(62)

where f1, f2, g1, g2 are given functions.

2 .k
We put ¢ (z) = \/;sin %x It is clear that the functions ¢y (z) generate an

orthonormal sequence in Lo(0,1). Let A" = A’ (¢ (x)) be the space of generalized
functions generated by the functions ¢y(x). For a generalized function f € A’
we put

f(k) = SUfI(R) := (£, ¥n), (63)

oo

f@) =57 flz) =Y Fk)pn(x). (64)
k=1
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Problem (59)-(62) is reduced to the following system of dual integral equations

(65)

{ps—l[A@ﬁ(g)} v) =f(z), x€2:=(0,a)
pS-1aE))(e) = glx),  z e = (al),

where

f(z) = (f(z), f2(2))7,  g(2) = (91(2), 92())",

u(¢) = Su] = (@1(€),w2(6)",
tanh(kh) 1
Ag) = 13 cosh(kh)

1
cosh (k) & tanh(kh)

3

p and p’ denote resriction operators to {2 and {2’ respectively. Denote

a= (al,ag)T = (-1, 1)T

tanh(kh) 0
A k = Tk )
+) < ]8 k coth(k‘h))

and introduce the matrices

-1
Bl -Al - Ab-| coshih)
cosh(kh) sinh(kh) cosh(kh)
We have
tanh(kh) 1

T €0y, keoth(kh) € ol Ai(k)eX{, a=(-1,1)T.

It is not difficult to show that
Ak) e X3, By e X, F=(8,8)7, #>1
Due to Theorem 5.7 we have the following result:

Theorem 6.1. For every f(x) € h=%/2(0,a), g(x) € h®2(a,l), the system of
dual equations (65) has a unique solution u = S™1[] € h%/? j.e.

up () = Z—j(x,O) e h=12(0,1), wua(x) = d(x, h) € H/?(0,1).

6.2. A mixed boundary value problem for the biharmonic equation.
We study the solution &(z,y) of a boundary value problem for the biharmonic
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equation
0*e e 0o
A%P 2——+ — =
(z,y) = 9T + 9229 + e 0 (66)
in the rectangle
II={(z,y):0<z<l,0<y<h}
with boundary conditions

®(0,y) = P (0,y) =0, 0 <y <h, (67)

O(l,y) = Pra(l,y) =0, 0 <y <h. (68)
&(x,0) =0, P(x,h) =0, —o0 <z < o0. (69)

—&y(2,0) = fi(z), —a<z<a, (70)
yy(xao) + VQSTT(an) = gl(x)a |Z‘| > a,

éy(x7h):f2(x)’ _a’<x<a’7 (71)
qﬁyy(xvh) + V@xw(xa h) = QQ(x)ﬂ |{E| >a

where 0 < v < 1.
The solution of (66) is given in the form
=" Bk, y)n(x (72)
k=1
2
where ¥y () = \/;sin klﬂ and
ysi - (73)

®(k,y) = Ay, cosh(ky) + By cosh(ky) + Cj, sinh(ky) + Dyy sinh(ky)

Here Ay, By, Ck, Dy, are arbitrary coefficients. We see that the function @(x,y)

determined by the formula (73) satisfies the boundary conditions (67) and (68)
for arbitrary coeflicients Ay, By, Ck, Di. We put

1 (k) = By (k,0) + 1P (K, 0), (74)

Z (75)

)

Thus we have
A, =0, Di= ok
oo @) b (k) heosh(kh)
T2k sinh®(kh) 2k sinh(kh)

ua(k)

B _ﬁl(k)[ 1 — sinh?(kh) }
¥~ 72k Lsinh(kh)cosh(kh)) ' 2ksinh(kh)
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Satisfying the boundary conditions (70) and (71) we have the following system
of dual series equations

{psl[Aw)a(kn(m)

f(z), z € 2:=(0,a),

g(z), = e 2 = (al), (76)

p'STHE(K)](2)

where

f(z) = (f(2), f2(2))", g(@) = (91(2), g2(x))",
u = (ur,u2)’ = (Dyy(x,0) + vPyy(x,0), Pyy(z, h) + Py (x, 1)),

(k) = S[u] (k) = (a1 (k), a2 (k))"

a a
A(k) = (ai )

) aza(k
1 1 —1+sinh®(kh) kh
k)= —
an (k) 2k {sinh(k‘h) cosh(kh) + sinhQ(kh)}’
1 sinh(kh) — kh
k = ——
arz(k) 2k" sinh?(kh)
1 khcosh(kh)  cosh(kh) + 2kh sinh(kh)
an(k) = o[ - Tt T 4 S ]
2k sinh®(kh) sinh(kh) cosh(kh)
() — - SOD(ER) cosh(kh) — k.

2k sinh?(kh)

Proposition 6.2. The matriz A(k) is a positive-definite matriz for all k =
1,2, ..

Proof. Indeed, putting kh = t we have

—1 +sinh?¢ t sinh® ¢ — sinh ¢ + ¢ cosh t
2kai1 = — + — 5 =
sinh t cosh ¢ sinh” ¢ sinh? ¢ cosh

f(t) :=sinh®¢t — sinh t 4+ tcosht, f(0)=0
f'(t) = 3sinh® t cosh t—cosh t+cosh t+tsinh t = 3 sinh? ¢ cosh t+tsinh t > 0, V¢ > 0.
Hence aq1(k) > 0. It is clear that age(k) > 0,—a2(k) < 0 Vk = 1,2,... So
a11(k)azz(k) > 0. We have

Seann (k) sinh ¢ cosht + 2¢sinh? ¢ — ¢ cosh? ¢
a = —
>t sinh? ¢ cosh

sinht cosht + t sinh® ¢ — t(cosh® t — sinh? t)

B sinh? ¢ cosh ¢ B
(sinhtcosht — t) + tsinh? ¢t

= > 0.
sinh? ¢ cosh

So we have



Vector-Pseudodifferential Operators... 463

Al = au(/f) > 0,
Ay = an(k;)agg(k) — alg(k)agl(k) > 0.
The proposition is proved. [ ]

According to Proposition 6.2, A(k) € Z‘f/Q,d' = (=1,-1)". Then, due to
Theorem 5.1, the dual series equations (76) has at most one solution in the
space h%/2(0.1),a = (-1, -1)7.

Next, we introduce the matrices

At = ("0 0 ) B = A - A0,

It is not difficult to show that
Ak)eZ%, d=(-1,-1)7; By e %, F=(5.87.5> 1.

Theorem 6.3. For every f(x) € h=9/2(0,a), g(x) € h%/?(a,l)(d@ = (—1,-1)7),
the system of dual equations (76) has a unique solution u = S~1[Q] € h/2 j.e.

uy () = Dy (2,0) 4 vP,y (x,0) € h™12(0,1),
ug(x) = Pyy(z, h) + vPyy(x, h) € h_l/Q(O, 1).
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