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Abstract. In this paper, we continue to study the rings satisfying zero insertion prop-

erty for n (abbr., ZIn) and zero products commuting property for n (abbr., ZCn). In

particular, we prove that R satisfies ZIn(resp., ZCn) if I is a reduced ideal of R and

R/I satisfies ZIn(resp., ZCn), where n is a positive integer. Furthermore, we show

that [[RS,6]] satisfies ZIn(resp., ZCn) if and only if R satisfies ZIn(resp., ZCn) under

some additional conditions.
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1. Introduction

Throughout this paper, R denotes an associative ring not necessarily with iden-
tity and n is a positive integer. A ring R is called reduced if it has no non-zero
nilpotent elements. It is well known that if R is a reduced ring, then

ab = 0 ⇒ ba = 0 ∀a, b ∈ R.

Cohn [2] called a ring R reversible if this condition holds, while Habeb [4] used
the name zero commutative for this notion. Anderson and Camillo [1] extended

⋆ Supported by National Natural Science Foundation of China (No. 10961021,
11126295).
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the class of zero commutative rings to the class of rings satisfying zero products
commuting property for n ≥ 2. A ring R is said to satisfy the zero products com-
muting property (abbr., ZCn) for n ≥ 2 if for a1, a2, ..., an ∈ R, a1a2...an = 0
implies aσ(1)aσ(2)...aσ(n) = 0 for each σ ∈ Sn, where Sn denotes the permutation
group on n letters. Every reduced ring satisfies ZCn for all n ≥ 2 [1, Theorem
I.3], but the converse is not true [1, Example II.5]. A ring R is called symmetric
if abc = 0 implies acb = 0 for any a, b, c ∈ R. Observe that a reversible ring
coincides with the ring satisfying ZC2. Examples 1(1) of [5] showed that a sym-
metric ring may not be reversible, and a symmetric ring may not satisfy ZC3,
Example 1(2) of [5] showed that the ring satisfying ZCn for all n ≥ 4 may not
be symmetric. However, it is noted that if R is a ring with identity, then R is
symmetric if and only if R satisfies ZC3 if and only if R satisfies ZCn for all
n ≥ 3.

A ring R is called semicommutative if for each a ∈ R, r(a) = {b ∈ R|ab = 0}
is an ideal of R. Lemma 1.2 of Shin [10] showed that R is semicommutative if
and only if ab = 0 implies aRb = 0 for a, b ∈ R . Habeb [4] used the name zero
insertion for this notion. Hong et al. [5] extended the class of zero insertion ring
to the class of ring satisfying zero insertion property for n ≥ 2. A ring R is said
to satisfy the zero insertion property for n (abbr., ZIn) if for a1, a2, ..., an ∈ R,
a1a2...an = 0 implies a1Ra2R...Ran = 0. Observe that a semicommutative ring
coincides with the ring satisfying ZI2. Moreover, if R is a ring with identity, then
R is semicommutative if and only if R satisfies ZIn for some n ≥ 2 if and only
if R satisfies ZIn for all n ≥ 2. Every ring satisfying ZCn satisfies ZIn for all
n ≥ 2 by [5, Corollary 7]. In this paper, we continue to study the rings satisfying
ZIn(resp., ZCn) motivated by [5, 8].

2. On rings satisfying ZIn(resp., ZCn)

Lemma 2.1. [5, Corollary 7(1)] If a ring R satisfies ZCn, then R satisfies ZIn
for n ≥ 2.

Lemma 2.2. [1, Theorem I.1] Let S be a semigroup with 0 and let n ≥ 3. If S
satisfies ZCn, then S satisfies ZCn+1.

Lemma 2.3. [8, Proposition 3.2] Let S be a torsion-free and cancellative monoid,
≤ a strict order on S and R be an S-Armendariz ring. If f1, ..., fn ∈ [[RS,6]] are
such that f1f2...fn = 0, then f1(u1)f2(u2)...fn(un) = 0 for all u1, u2, ..., un ∈ S.

By [5, Example 13(1)], a ring R does not satisfy ZIn (resp., ZCn) for n ≥ 2,
even for nonzero ideal I, R/I and I satisfy ZIn (resp., ZCn). However, for
reduced ideals I we obtain the following results.

Theorem 2.4. Let R be a ring, I an ideal of R and n ≥ 2. If R/I satisfies ZIn
and I is reduced, then R satisfies ZIn.
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Proof. Let a1a2...an = 0 with a1, a2, ..., an ∈ R. Then we have a1Ra2R...Ran ⊆ I
and anIa1a2...an−1 = 0 since anIa1a2...an−1 ⊆ I, (anIa1a2...an−1)

2 = 0 and I
is reduced. Hence

(an−1RanIa1a2...an−2)
2 = an−1R(anIa1a2...an−2an−1)RanIa1a2...an−2 = 0

and so an−1RanIa1a2...an−2 = 0. Further, we get

(an−2Ran−1RanIa1...an−3)
2

= an−2R(an−1RanIa1...an−3an−2)Ran−1RanIa1...an−3 = 0,

which implies an−2Ran−1RanIa1a2...an−3 = 0 since an−2Ran−1RanIa1a2...an−3

⊆ I and I is reduced. Continuing as above, we get a1Ra2R...RanI = 0. Hence

(a1Ra2R...Ran)
2 ⊆ a1Ra2R...RanI = 0,

which implies (a1Ra2R...Ran)
2 = 0, and so a1Ra2R...Ran = 0. Thus R satisfies

ZIn.

Theorem 2.5. Let R be a ring, I an ideal of R and n ≥ 2. If R/I satisfies ZCn

and I is reduced, then R satisfies ZCn.

Proof. In fact, it suffices to show that we can interchange two elements ai, aj(i <
j) and still get a zero product. Let a1a2...ai...aj ...an = 0 where 1 ≤ i < j ≤ n,
we need a1...ai−1ajai+1...aj−1aiaj+1...an = 0. Since R/I satisfies ZCn, we have
that a1...ai−1ajai+1...aj−1aiaj+1...an ∈ I and R/I satisfies ZIn by Lemma 2.1.
Further, we have that R satisfies ZIn by Theorem 2.4. Hence a1...ai...aj ...an = 0,
which implies a1R...RaiR...RajR...Ran = 0. That is,

a1u1...aiui...ajuj ...un−1an = 0 ∀ u1, u2, ..., un−1 ∈ R. (1)

We have the following two cases for i, j.

Case 1. j = i + 1. For i = 1, multiply equation (1) on the left hand side by a2,
and set

u1 = a3a4...an,

u2 = a1,

u3 = a4a5...ana2a1a3,

u4 = a5a6...ana2a1a3a4,

...

un−1 = ana2a1a3a4...an−1,

we have (a2a1a3a4...an)
n−1 = 0, which implies a2a1a3a4...an = 0. For i = n− 1,

multiply equation (1) on the right hand side by an−1, and set

u1 = a2a3...an−2anan−1a1,
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u2 = a3a4...an−2anan−1a1a2,

...

un−3 = an−2anan−1a1...an−3,

un−2 = an,

un−1 = a1a2...an−2,

we have (a1a2...an−2anan−1)
n−1 = 0, which implies a1a2...an−2anan−1 = 0. For

i 6= 1 and i 6= n− 1, set

u1 = a2a3...ai−1ai+1aiai+2...ana1,

u2 = a3a4...ai−1ai+1aiai+2...ana1a2,

...

ui−2 = ai−1ai+1aiai+2...ana1...ai−2,

ui−1 = ai+1,

ui = ai+2...ana1...ai−1,

ui+1 = ai,

ui+2 = ai+3...ana1a2...ai−1ai+1aiai+2,

ui+3 = ai+4...ana1a2...ai−1ai+1aiai+2ai+3,

...

un−1 = ana1a2...ai−1ai+1aiai+2...an−1,

we have (a1a2...ai−1ai+1aiai+2...an)
n−2 = 0, which implies a1a2...ai−1ai+1ai

ai+2...an = 0.

Case 2. j 6= i+ 1. By using the case 1 again and again, the case is true.

Therefore we have a1a2...aj ...ai...an = 0 for any 1 6 i < j 6 n.

Remark 2.6. [6, Theorem 6] and [7, Proposition 1.12] are obtained from The-
orem 2.4 and Theorem 2.5, respectively, when setting n = 2.

An example was given in [5] to show that the conditions ZIn and ZCn for
n ≥ 2 are not preserved by homomorphic images. But it was shown in [7, Propo-
sition1.14(1)] that for a symmetric ring R if I is an ideal of R that is an anni-
hilator in R then R/I is a reversible ring. More generally we have the following
Proposition 2.7 and Proposition 2.8.

Proposition 2.7. Let R be a ring and I be an ideal of R that is an annihilator
in R. If R satisfies ZIn for n ≥ 2, then R/I satisfies ZIn.

Proof. Set I = rR(J) with J ⊆ R and r̄ = r + I for r ∈ R. Let ā1ā2 . . . ān = 0
then a1a2 . . . an ∈ I and so Ja1a2 . . . an = 0. Since R satisfies ZIn, we have that
Ja1Ra2R . . .Ran = 0 by [5, Proposition 4(2)], which implies ā1(R/I)ā2(R/I) . . .
(R/I)ān = 0. Thus R/I satisfies ZIn.
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Proposition 2.8. Let R be a ring and I be an ideal of R that is an annihilator
in R. If R satisfies ZCn for n ≥ 3, then R/I satisfies ZCn.

Proof. Set I = rR(J) with J ⊆ R and r̄ = r + I for r ∈ R. Let ā1ā2 . . . ān = 0
then a1a2 . . . an ∈ I and so Ja1a2 . . . an = 0. Since R satisfies ZCn, we
have that R satisfies ZCn+1 by Lemma 2.2. Hence Ja1a2 . . . an = 0 implies
Jaσ(1)aσ(2) . . . aσ(n) = 0 by [5, Proposition (2)] and so āσ(1)āσ(2) . . . āσ(n) = 0.
Therefore R/I satisfies ZCn.

Let (S,6) be an ordered set. Recall that (S,6) is artinian if every strictly
decreasing sequence of elements of S is finite, and that (S,6) is narrow if every
subset of pairwise order-incomparable elements of S is finite. Let S be a com-
mutative monoid. Unless stated otherwise, the operation of S will be denoted
additively, and the neutral element by 0. The following definition is due to [3].

Let (S,6) be a strictly ordered monoid (that is, (S,6) is an ordered monoid
satisfying the condition that, if s, s

′

, t ∈ S and s < s
′

, then s + t < s
′

+ t),
and R be a ring. Let [[RS,6]] be the set of all maps f : S → R such that
supp(f) = {s ∈ S|f(s) 6= 0} is artinian and narrow with pointwise addition, and
the operation of convolution

(fg)(s) =
∑

(u,v)∈Xs(f,g)

f(u)g(v),

where Xs(f, g) = {(u, v) ∈ S × S|s = u+ v, f(u) 6= 0, g(v) 6= 0} is a finite set by
Ribenboin [9] for every s ∈ S and f, g ∈ [[RS,6]], [[RS,6]] becomes a ring, which
is called the generalized power series ring with coefficients in R and exponents
in S.

A monoid S is called torsion-free if the following property holds: if s, t ∈ S
and k ≥ 1 are such that ks = kt, then s = t. An element t ∈ S is cancellative
whenever t + s = t + s

′

(with s, s
′

∈ S) implies s = s
′

. A monoid S is called
cancellative if every element is cancellative. A ring R is called S-Armendariz if
whenever f, g ∈ [[RS,6]] satisfy fg = 0, then f(u)g(v) = 0 for each u, v ∈ S.

Similar to [8, Proposition 2.7], we get the following result.

Proposition 2.9. Let (S,≤) be a strictly ordered monoid and R be an S-
Armendariz ring. Then [[RS,6]] is reversible if and only if R is reversible.

Proof. Suppose that R is reversible and f, g ∈ [[RS,6]] are such that fg = 0.
Since R is S-Armendariz and reversible, we have that g(u)f(v) = 0 for any
u ∈ supp(g) and v ∈ supp(f). Now for any s ∈ S,

(gf)(s) =
∑

(u,v)∈Xs(g,f)

g(u)f(v) = 0.

Thus gf = 0. This shows that [[RS,6]] is reversible.

If [[RS,6]] is reversible, then R is reversible since subrings of reversible rings
are also reversible.
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Based on Proposition 2.9 and Lemma 2.3, we have a more general result as
follows.

Theorem 2.10. Let S be a torsion-free and cancellative monoid, ≤ a strict order
on S and R be an S-Armendariz ring. Then

(1) [[RS,6]] satisfies ZIn if and only if R satisfies ZIn for n ≥ 3;

(2) [[RS,6]] satisfies ZCn if and only if R satisfies ZCn for n ≥ 3.

In particular, [[RS,6]] is symmetric if and only if R is symmetric.

Proof. (1) Suppose that R satisfies ZIn and f1, f2, ..., fn ∈ [[RS,6]] are such that
f1f2...fn = 0. By Lemma 2.3, we have that f1(u1)f2(u2)...fn(un) = 0 for any
ui ∈ supp(fi)(i = 1, 2, ..., n), which implies f1(u1)Rf2(u2)R...Rfn(un) = 0 since
R satisfies ZIn. Now for any g1, g2, ..., gn−1 ∈ [[RS,6]] and any s ∈ S,

(f1g1f2g2...gn−1fn)(s)

=
∑

(u1,v1,u2,v2,...,vn−1,un)

f1(u1)g1(v1)f2(u2)g2(v2)...gn−1(vn−1)fn(un)

= 0,

where (u1, v1, u2, v2, ..., vn−1, un) ∈ Xs(f1, g1, f2, g2, ..., gn−1, fn). Thus f1g1f2g2
...gn−1fn = 0. This shows that f1[[R

S,6]]f2[[R
S,6]]...[[RS,6]]fn = 0. Thus

[[RS,6]] satisfies ZIn.

If [[RS,6]] satisfies ZIn, then R satisfies ZIn since subrings of rings satisfying
ZIn also satisfy ZIn.

(2) Suppose that R satisfies ZCn and f1, f2, ..., fn ∈ [[RS,6]] are such that
f1f2...fn = 0, we next show that fσ(1)fσ(2)...fσ(n) = 0 for any σ ∈ Sn. By Lemma
2.3, we have that f1(u1)f2(u2)...fn(un) = 0 for any ui ∈ supp(fi)(i = 1, 2, ..., n),
which implies

fσ(1)(v1)fσ(2)(v2)...fσ(n)(vn) = 0,

for any vi ∈ supp(fσ(i)) and any σ ∈ Sn since R satisfies ZCn. Now for any
s ∈ S,

(fσ(1)fσ(2)...fσ(n))(s) =
∑

(v1,v2,...,vn)

fσ(1)(v1)fσ(2)(v2)...fσ(n)(vn) = 0,

where (v1, v2, ..., vn) ∈ Xs(fσ(1), fσ(2), ...fσ(n)). Thus fσ(1)fσ(2)...fσ(n) = 0. This

shows that [[RS,6]] satisfies ZCn.

If [[RS,6]] satisfies ZCn, then R satisfies ZCn since subrings of rings satisfying
ZCn also satisfy ZCn.
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