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Abstract. In this paper, we continue to study the rings satisfying zero insertion prop-
erty for n (abbr., ZI,) and zero products commuting property for n (abbr., ZC,). In
particular, we prove that R satisfies ZI,,(resp., ZCy) if I is a reduced ideal of R and
R/I satisfies ZI,(resp., ZCy), where n is a positive integer. Furthermore, we show
that [[R® S]] satisfies ZI,,(resp., ZCy) if and only if R satisfies Z1I,(resp., ZCy) under
some additional conditions.
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1. Introduction

Throughout this paper, R denotes an associative ring not necessarily with iden-
tity and n is a positive integer. A ring R is called reduced if it has no non-zero
nilpotent elements. It is well known that if R is a reduced ring, then

ab=0=0ba=0 Va,beR.

Cohn [2] called a ring R reversible if this condition holds, while Habeb [4] used
the name zero commutative for this notion. Anderson and Camillo [1] extended
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the class of zero commutative rings to the class of rings satisfying zero products
commuting property for n > 2. A ring R is said to satisfy the zero products com-
muting property (abbr., ZC,,) for n > 2 if for ay,aq,...,a, € R, aias...a, =0
implies ag(1)ag(2)---Ao(n) = 0 for each o € S,,, where S,, denotes the permutation
group on n letters. Every reduced ring satisfies ZC,, for all n > 2 [1, Theorem
1.3], but the converse is not true [1, Example I1.5]. A ring R is called symmetric
if abc = 0 implies acb = 0 for any a,b,c € R. Observe that a reversible ring
coincides with the ring satisfying ZCs. Examples 1(1) of [5] showed that a sym-
metric ring may not be reversible, and a symmetric ring may not satisfy ZCjs,
Example 1(2) of [5] showed that the ring satisfying ZC,, for all n > 4 may not
be symmetric. However, it is noted that if R is a ring with identity, then R is
symmetric if and only if R satisfies ZCj5 if and only if R satisfies ZC,, for all
n > 3.

A ring R is called semicommutative if for each a € R, r(a) = {b € R|ab = 0}
is an ideal of R. Lemma 1.2 of Shin [10] showed that R is semicommutative if
and only if ab = 0 implies aRb = 0 for a,b € R . Habeb [4] used the name zero
insertion for this notion. Hong et al. [5] extended the class of zero insertion ring
to the class of ring satisfying zero insertion property for n > 2. A ring R is said
to satisfy the zero insertion property for n (abbr., Z1I,,) if for a1, as,...,a, € R,
aias...an, = 0 implies a1 Ras R...Ra, = 0. Observe that a semicommutative ring
coincides with the ring satisfying ZI5. Moreover, if R is a ring with identity, then
R is semicommutative if and only if R satisfies ZI,, for some n > 2 if and only
if R satisfies Z1I, for all n > 2. Every ring satisfying ZC,, satisfies ZI, for all
n > 2 by [5, Corollary 7]. In this paper, we continue to study the rings satisfying
Z1,(resp., ZCy) motivated by [5, 8].

2. On rings satisfying ZI,,(resp., ZC},)

Lemma 2.1. [5, Corollary 7(1)] If a ring R satisfies ZC,,, then R satisfies Z 1,
forn > 2.

Lemma 2.2. [1, Theorem 1.1] Let S be a semigroup with 0 and let n > 3. If S
satisfies ZCy,, then S satisfies ZCpi1.

Lemma 2.3. [8, Proposition 3.2] Let S be a torsion-free and cancellative monoid,
< a strict order on S and R be an S-Armendariz ring. If f1, ..., fn € [[RSS]] are
such that f1fo...frn =0, then f1(u1)fo(uz)...frn(un) =0 for all ui,us,...,u, € S.

By [5, Example 13(1)], a ring R does not satisfy ZI,, (resp., ZC,,) for n > 2,
even for nonzero ideal I, R/I and I satisfy ZI, (resp., ZC,). However, for
reduced ideals I we obtain the following results.

Theorem 2.4. Let R be a ring, I an ideal of R and n > 2. If R/I satisfies Z1I,
and I is reduced, then R satisfies Z1,.
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Proof. Let ajas...a, = 0 with a1, as, ..., an, € R. Then we have a1 RasR...Ra, C I
and a,laas...a,—1 = 0 since a,lajas...an_1 C I, (anlajas...a,—1)?> = 0 and I
is reduced. Hence

2
(an—1Ranlajas...an—2)° = an_1R(anlaras...an_sa,—1)Raylajas...apn—2 =0
and so an—1Raplaias...an—o = 0. Further, we get

(an_oRan_1RanIay...an_3)?

= ap—2R(an—1Ranlay...an_3a,—2)Ra,_1Raylas...an_3 =0,

which implies a,,_sRa,_1Ra,layas...a,_3 = 0 since a,,_oRa,,_1 Raylaias...a,_3
C I and I is reduced. Continuing as above, we get a1 RasR...Ra,I = 0. Hence

(a1RazR...Ray,)? C ayRasR...Ra,I =0,

which implies (a1 RagR...Ra,)? = 0, and so a3 RazR...Ra, = 0. Thus R satisfies
Z1,. [ |

Theorem 2.5. Let R be a ring, I an ideal of R and n > 2. If R/ satisfies ZC,,
and I is reduced, then R satisfies ZC,,.

Proof. In fact, it suffices to show that we can interchange two elements a;, a; (i <
j) and still get a zero product. Let aqas...a;...a;...a, = 0 where 1 < i < j < n,
we need @1...0,-1G;Q;41...0;-16;Qj4+1...an, = 0. Since R/T satisfies ZC,,, we have
that a1...a,-16ja;41...0;-16;aj41...a, € I and R/I satisfies ZI,, by Lemma 2.1.
Further, we have that R satisfies Z1I,, by Theorem 2.4. Hence a; ...a;...a;...a, =0,
which implies a1 R...Ra;R...Ra;R...Ra, = 0. That is,

AU ... G AU Up—10p, =0 YV U1, ug, ..., un—1 € R. (1)

We have the following two cases for i, j.

Case 1. j =i+ 1. For ¢ = 1, multiply equation (1) on the left hand side by as,
and set

Ul = asay4...an,

U2 at,

us a405...07,020103,

Ug = A506...07,02010304,

Unp—1 = AnA2a10304...0n—1,

we have (azajasay...a,)" "t = 0, which implies azajazay...a, = 0. For i =n —1,
multiply equation (1) on the right hand side by a,_1, and set

U1 = 0203...0n—20n0n—101,
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U = a3a4...0n—20n0n—-10102,

Unp—3 = An—20p0np—-10a71...0n—3,
Un—2 = Qnp,

Up—1 = @102...0n—-2,

we have (ajas...an_2a,a,_1)" " = 0, which implies a;as...a,_2a,a,_1 = 0. For
1#1landi#n—1, set

U = a203...0;—104+10;0;42...anp0a1,

U2 = a3044...05—104+10;0542...0p,A102,

Ui—2 = Aj—10i4+10iGj4-2...0n A1 ...0;—-2,
Uj—1 = Qj+1,
U; = Aj42...0p,01...Q5—1,
Ui4+1 = Gq,
Ui+2 = Aj43...07,0102...05—10;410;054 2,

Ui43 = Ai4+4.-.0nA1A2...0A5 1054105054205+ 3,

Unp—1 = AnA10A2...0;—1Ai41A;A542...0n—1,

we have (a1as...a;_10;1+10;0;42...a,)" "2 = 0, which implies ajaz...a;_1a;11a;
Ai42...0p7 = 0.
Case 2. j # i+ 1. By using the case 1 again and again, the case is true.

Therefore we have aias...a;...a;...a, = 0 for any 1 <i < j < n. [ ]

Remark 2.6. [6, Theorem 6] and [7, Proposition 1.12] are obtained from The-
orem 2.4 and Theorem 2.5, respectively, when setting n = 2.

An example was given in [5] to show that the conditions ZI,, and ZC, for
n > 2 are not preserved by homomorphic images. But it was shown in [7, Propo-
sition1.14(1)] that for a symmetric ring R if I is an ideal of R that is an anni-
hilator in R then R/I is a reversible ring. More generally we have the following
Proposition 2.7 and Proposition 2.8.

Proposition 2.7. Let R be a ring and I be an ideal of R that is an annihilator
in R. If R satisfies ZI,, for n > 2, then R/I satisfies Z1I,.

Proof. Set I = rr(J) with J C Rand 7 =r + 1 for r € R. Let a1aa...d, =0
then aias...a, € I and so Jajas...a, = 0. Since R satisfies ZI,,, we have that
JaiRasR ... Ray, = 0 by [5, Proposition 4(2)], which implies @1 (R/I)d2(R/I). ..
(R/I)dp = 0. Thus R/I satisfies Z1,. ]
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Proposition 2.8. Let R be a ring and I be an ideal of R that is an annihilator
in R. If R satisfies ZC,, for n > 3, then R/I satisfies ZC,,.

Proof. Set I = rr(J) with J C Rand 7 =r + 1 for r € R. Let a1aa...d, =0
then ajas...a, € I and so Jajas...a, = 0. Since R satisfies ZC,, we
have that R satisfies ZC,,+1 by Lemma 2.2. Hence Jajas...a, = 0 implies
Jay(1)Ao(2) - - - o(ny = 0 by [5, Proposition (2)] and so Gy(1)Ge(2) - - - Go(m) = 0.
Therefore R/I satisfies ZC,,. ]

Let (S, <) be an ordered set. Recall that (S, <) is artinian if every strictly
decreasing sequence of elements of S is finite, and that (S, <) is narrow if every
subset of pairwise order-incomparable elements of S is finite. Let S be a com-
mutative monoid. Unless stated otherwise, the operation of S will be denoted
additively, and the neutral element by 0. The following definition is due to [3].

Let (S, <) be a strictly ordered monoid (that is, (S, <) is an ordered monoid
satisfying the condition that, if s,sl,t € S and s < s,, then s+t < s + t),
and R be a ring. Let [[RSS]] be the set of all maps f : S — R such that
supp(f) = {s € S|f(s) # 0} is artinian and narrow with pointwise addition, and
the operation of convolution

(fo)s) = > flwglv),

(w,v)€X(f.9)

where X,(f,g) = {(u,v) € S x S|s =u+wv, f(u) # 0,g(v) # 0} is a finite set by
Ribenboin [9] for every s € S and f, g € [[RSS]], [[RSS]] becomes a ring, which
is called the generalized power series ring with coefficients in R and exponents
in S.

A monoid S is called torsion-free if the following property holds: if s,t € §
and k£ > 1 are such that ks = kt, then s = t. An element ¢ € S is cancellative
whenever t +s =t + s (with s,sl € S) implies s = s . A monoid S is called
cancellative if every element is cancellative. A ring R is called S-Armendariz if
whenever f,g € [[R¥S]] satisfy fg =0, then f(u)g(v) =0 for each u,v € S.

Similar to [8, Proposition 2.7], we get the following result.

Proposition 2.9. Let (S,<) be a strictly ordered monoid and R be an S-
Armendariz ring. Then [[R%S]] is reversible if and only if R is reversible.

Proof. Suppose that R is reversible and f,g € [[R®'S]] are such that fg = 0.
Since R is S-Armendariz and reversible, we have that g(u)f(v) = 0 for any
u € supp(g) and v € supp(f). Now for any s € S,

@hHs)= > guflv)=0.
(1,0)€Xo (0, )

Thus gf = 0. This shows that [[R%<]] is reversible.

If [[R¥S]] is reversible, then R is reversible since subrings of reversible rings
are also reversible. |
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Based on Proposition 2.9 and Lemma 2.3, we have a more general result as
follows.

Theorem 2.10. Let S be a torsion-free and cancellative monoid, < a strict order
on S and R be an S-Armendariz ring. Then

(1) [[RSS]] satisfies Z1,, if and only if R satisfies ZI,, for n > 3;
(2) [[R®S]] satisfies ZC,y, if and only if R satisfies ZC,, for n > 3.

In particular, [[R%S]] is symmetric if and only if R is symmetric.

Proof. (1) Suppose that R satisfies Z1,, and f1, fa, ..., fa € [[R*S]] are such that
fife...fn, = 0. By Lemma 2.3, we have that fi(u1)f2(u2)...fn(u,) = 0 for any
u; € supp(fi)(i =1,2,...,n), which implies f1(u1)Rf2(uz)R...Rfn(u,) = 0 since
R satisfies ZI,,. Now for any g1, g2, ..., gn—1 € [[R*S]] and any s € S,

(f191f292.--gn—1fn)(s)
= > fi(ui)gi(vi) f2(u2)g2(v2)...gn—1(vn-1) fn(un)

(ulvvl;u27v27~~~7vn71;un)

:O’

where (Ul, V1, U2,V2, ..., Un—1, Un) € Xs(,fl; g1, f2) 92, .-, 9n—1, fﬂ) Thus f191f292
win—1fn = 0. This shows that fi[[RSS]]fo[[RS<]]..[[RSS]]fn = 0. Thus
[[R%S]] satisfies Z1,,.

If [[R¥S]] satisfies Z1,,, then R satisfies ZI,, since subrings of rings satisfying
Z 1, also satisty Z1I,.

(2) Suppose that R satisfies ZC,, and f1, fo,..., fn € [[Rs,g]] are such that
fifa...fn = 0, we next show that f,(1)fs(2)---fo(n) = 0 for any o € S,,. By Lemma
2.3, we have that fq(u1)fa(u2)...fn(u,) = 0 for any u; € supp(f;)(i=1,2,...,n),
which implies

fo'(l) (Ul)f(r(Q) (UQ)"'fU(n) (Un) =0,
for any v; € supp(fr(;)) and any o € S, since R satisfies ZC,,. Now for any
s€S,

(foyfo@Som)(8) = D fo) (1) fo@) (02)oFam)(vn) =0,

(v1,02,000,0n)
where (v1,v2,...,0n) € Xs(fo1), fo2)s--fom)) Thus foq)fo)-- fom) = 0. This
shows that [[RS'S]] satisfies ZC,,.

If [[RS'S]] satisfies ZC,,, then R satisfies ZC,, since subrings of rings satisfying
ZC, also satisty ZC,,. [ ]
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