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1. Introduction

Ifp>1, 1—1———1 Qn, by > 0 such that 0 < 3 ° (P < oo and 0 < 7
0o, then the famous Hardy-Hilbert’s inequality (see [1]) is given by

sz+n+1 blnﬂ'/p <Z“p>;<§_o: ?z)E’ (1)

m=0n=0

nOn

and an equivalent form (see [7]) is

Z <Z m) <\wem) Z” @)
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where the constant factors 7/ sin(r/p) and [r/sin(w/p)]” are the best possible.
In particular, when p = ¢ = 2, we have the Hilbert’s double series theorem(see
[1]), which states that: If an,b > 0 such that 0 < 72 a2 < 0o and 0 <
S0 b2 < oo, then

ZZm+n+1 w(X_%aiZ_%bi) , 3)

m=0n=
where the constant factor 7 is the best possible. These inequalities are important
in analysis and its applications (see Mitrinovié et al. [4]).

In the year 1999, by introducing a parameter A\ and the B function, Yang
and Debnath [7] gave a generalization of (1) as: If p > 1,= —|— = =1,2—

min{p,q} < A < 2, ap,b, > 0 such that 0 < ano (n+ %)1 ’\afl < oo and
0<3 0t (n + %)17)\ b2 < 00, then

S5 {3 (o) S () )

n=0
(4)

where the constant factor ky(p) = B (’H'—?)_Q, %) is the best possible.

In the year 2002, by introducing parameters A, B and A, Yang [8] gave a
generalization of (3) as: If 0 < A,B <1, 0 < A <2, an,b, > 0 such that

0<Yy(n+ ﬁ)l_A a2 <ooand 0< Y>> (n+ %)14\ b2 < oo, then

o0

mE:Z Am+Bn—|—1)

0n=0

< (33) {2

Nl=

2 () )

) is the best possible.

Z<n+i>l

n=0

where the constant factor WB (;‘, 5

In the year 2003, Yang [9] gave further generalization of (1) as: If p > 1, %—i—% =
1,0 < A < min{p, ¢}, an, b, > 0 such that 0 < >0 (n+ %)(pil)(li)\) abl < oo
and 0 < Y07 (n+ %)(q D= bl < oo, then

ZZ m—|—n—|—1

mOnO

1 1
A 00 1 (p—1)(1—=X) P 00 1 (g—1)(1—=X) q
<B|-,— E n—|——> a?) g <n—|——) bl o,
<p q) {n—O ( 2 n=0 2 l

(6)
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where the constant factor B (— —) is the best possible.
In the year 2005, Yang and Rassias [10] gave a generalization of (3) which is
not a generalization of (1) as: If p > 1, %—l—% =1, 0 < XA <min{p,q}, an,bp >0

such that 0 < 30 (n+ 1)~ - )‘ap <ooand0< > (n+%)q717>\b%,<oo,
then

A
=0n=0 (m +nt 1)

3

oo pl 1 o1 )
DG CY T B

where the constant factor B (A A) is the best possible. In particular for A =1,
we have the inequality

N

m=0n=0 n=0
(8)

and the constant factor 7/sin(w/p) is the best possible. This is a new general-
ization of (3) in (p, q)-parameter from, which is different from (3). Hence (7) is
a generalization of (3), but not a generalization of (1).

In this paper, using the four parameters A, B, « and 3, we give a generaliza-
tion of (3), with a best constant factor, which is a more generalized inequality
and from which all of the above inequalities are obtained by specialising the pa-
rameters. As application, we give the equivalent inequality and certain particular
results.

2. Some lemmas

In this section we shall prove lemmas, which play crucial roles in proving our
main results. We need the formula of the f—function (cf. Wang et al. [5]),

B(p,q) = /OOO mtlﬂdt = B(g,p) 9)

and the following inequality, which is derived from Euler-Maclaurin summation
formula (see [3, 6]).

If f has its first four derivatives on (0,00) such that (—1)¥f®*)(z) >0 and
lim f®)(z) =0, fork =0,1,2,3,4, then

[e%S) 1 1 ,
< /0 J@)dz +51(0) = == /'(0). (10)
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Lemma 2.1. Let 0 < A, B,«, f < 1 and for all m € Ny, R, is defined by

1 AT 1
Ry == ——uld
B(Am + %)a/o rupers’ )
g (1-p)B 27 _ _(a+p)B27”°
3 (Am + 1)2+8  6(Am + 1) 8+’

Then R,, > 0 for all m € Ny.

Proof. Integrating by parts, we obtain

1
SAmTT 1
B=1q
/o rwert
:l (2Am—|—1) +0¢+ﬁ/2‘4’”+1 1 WP
B 20tB(Am + 1)o+8 1+ u)a+ﬁ+1
98 1\ ¢ o+ B 2Am+1
2 (A -
> ﬁ(Am+1)a+ﬂ < m+ 2> + ﬁ (1 + a+ﬂ+1 /

2Am+1
98

B NN a+p 2-A-1
 B(Am 4 1)ets <Am+5> NGRS (Am+1“+ﬂ+1( )

Then, by (11), we have

! (1-p)B 277 1 B (a+p)27F71
o {B—ﬁ T3 ](Amﬂ)“*ﬁ +[Bﬁ(6+ 1) _} (Am+1)o+A+1"
(12)
Since 0 < B <1and 0 < g8 <1, we have
1, -8B 1 | 1-8_3-38+8°-8_(B-1+2
Bp 3 153 3 38 33
and
1 B _3-BB+1)B> __ 3-2 1 -

BB(B+1) 3  3BB(B+1) ~—3BB(B+1) 3BBR(B+1)

Again A > 0 gives ﬁ‘“ > 0, for every m € Ny. Hence, by (12), we get R, >0
for all m € Ny. The lemma is proved. [ ]

Lemma 2.2. For0 < A, B, «, 8 < 1, define the weight coefficients w(A, B, «, B,n)
and w(B, A, B,a,n) as

1

[e's) B—1
1
w(A’B’a’ﬁ’m):Z:O(Am—an—kl)a*ﬂ (Bn+ 5) , me&Ng  (13)
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o] a—1
w(B,A,ﬁ,a,n):m_o (Am+B:1+1)a+ﬁ (Am—i—%) , n€Npy.
Then 1
w(A, B,a, ,m) < WB(O[,B);
w(B,A,B,a,n) < %B(a,ﬁ).
A(Bn+1%)

Proof. For m € Ny, define the function f,,(x) by

1 ot
B — .
(Am—i—Bx—i—l)a*B( a:—|—2> , = €[0,00)

Then f,,(x) satisfies the conditions of (10) as follows:
Setting g(u) = W, for u € {Wl,-kl’ oo), we obtain

fm(x) =

(=1)*¢®(u) > 0 and ¢g®(c0) =0, for k=0,1,2,3,4.

Then for 0 < 5 < 1, we have

35

(14)

d* d*
(—1)km (9(w)u”~1) >0 and Tk (9(w)u’ ™) |ymoe = 0, for k=0,1,2,3,4.
Since fp,(z) = W g(u) uP~1, where u = f:jr%%v we have
2
1 k
F() = e (o).

Hence (—1)*f*)(x) >0 and li_>m f®(z) =0, for k=0,1,2,3,4.
Now by (10), we have

= > 1 1
S fnln) < / F(2)d 4 5 fn(0) = 5 F1n(0):
n=0 0
Setting u = f::r%l, we have
2
,fm / ﬁ 1d’U,
/ Am+ e 1+u“”3
Am ]_
= B 2 o Wuﬂfldu .
Am + 3 (14 wu)

Also
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21-p
(Am + 1)o7
(a+B)B2'=F  (B—-1)B2>78

Jm(O) = = 1o T~ (Am 4 1)o7

Hence by (13), (17) and using Lemma 2.1, we obtain

w(A,B, o, 8, m) = me(n)
n=0

1
- B(Am—f—%)a
U
B(Am—f—%)a

B(a,B) — Ry,
B(a,B) .

This gives (15). Similarly, we get (16). The lemma is proved. [

Lemma2.3.Letp>1,% %—1 If 0<AB,a,6<1 and 0<e < B,
then

Z . mZ::Onz:;) (Am + Bn + 1)o+0 ( l—atg )1—B+g

mtgg) T (n+ g

1 2¢ € €
>-——-+——0B - B—-1—=0(1).
e A »BPa <a+ q v q) 0

(18)

Proof. For 0 < A,B,a,8 <1 and 0 < e < ¢f3, we have

oo 00 m+1 pn+1 1 1 1 .
> Z Z/ /n (Ax + By + 1)("+ﬁ( 1—a+= 1 \1-B+E Tay

m=0n=0""™M x+ ﬁ) (y+ ﬁ)
/OO E Almotsy Bl-8+5
= —— ——dxdy
00 (Az+ )T (14 fi’—ﬁ)aw (Az+3)"""" (By+ )7
P

£ £ o0 1 o0 1 1
= Al—‘”‘EBl_BJFE/ - / ———dy |dx.
o(Az+1) T O(H sz) T (By+1) s

Ax+1
For z € (0, 00), setting ¢t = +1 , we have
0 I B e

Al o+t £ Bl B—i—s %) %) tﬁ_a_l
/ 1+6d / oz+ﬁdt
0 o (1+41¢)
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Al-ots gl=8+3 /°° 1 /2A}c+1 Pt il g
— ———=dt| dx
B o (Az+1)"" o (1+¢)*?

=1 — 1y (say). (19)

By (9), we get

AlfaJr%BlfBJr% 00 1 00 tﬁféfl
Il = / 1+5d / 7a+ﬁdt
B 0o (Az+3) o (1+1)

1 9¢
=—-——>——=DB Oé-l——, -—— .
€ A* ¥ BT ( q P Q)

Al atg B1 B+5 0 2A3:+1 tﬂ_§_1
I, = / 1+s / Wdt dx
0 0 (1+7)

Al a+£ Bl B+5 00 2A3:+1 c
- / T / =5 1at | d
% 0

+
A1 ati pl- B*qZE*ﬁ 1 —p-3-1
dx

Also

0

B (5 —c
a—3 BPh- € €
b (ﬁ -3) (ﬁ +5)
= 0(1).
Hence by (19), we obtain (18). The lemma is proved. [ |

3. Main result

In this section, we shall establish a generalization of inequality (1) that general-
izes the inequalities given in [7]-[10] and the constant factor obtained is the best
possible. The equivalent form of the inequality is also obtained.

Theorem 3.1. Letp > 1, %—l—% =1.If0< A B,a,5 <1 and ay,b, > 0 satisfy

0< >y (n+ ﬁ)p(ka)fl ab < oo and 0 < > (n+ %)q(lfﬁ)fl bd < oo,
then

Z Z Am + Bn + 1)a+ﬁ (20)

1 1
B(Oé,ﬂ) e 1 p(l—a)—1 P > 1 q(1-B)—1 a
< 1aps {Z(n—kﬂ) al) Z n—i—ﬁ oI 5
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where the constant factor i(fé%) is the best possible.

Proof. By Holder’s inequality and (13), (14), we have

— Ambn
Z Z (Am + Bn + 1)ot8

m=0n=0
S 1 (Brey) T | flameyT,
oo iz (Am o+ Bt 1)ot0 (Am + %) - (Bn+%)% "
oo [ oo . N 1\ -Da—a) Y7
<{mz S (e y) ] () afn}
oo [ oo ) a-1 1\ @ Da-5) Y7
Z:O 2+ (Am+ Bn + 107 (Am+2) <B”+§> bg}

o0 1\ -Da=a) Y7
= Zw(A,B,a,B,m) (Am—|— §> ab,

m=0
o0 N\ @Da=p) Y
B, A B - bd .
X nz:;)w( , ,ﬁ,a,n)( n—|—2) 4
Hence by (15) and (16), we get (20).
For 0 < & < ¢, setting a, = (n + ﬁ)ailf% and b, = (n+ %)'Bflf%, we have

oo 1 p(l—a)—1 ) 0 1 —1—¢

n=0 n=0

—1—¢
(24 1+€+Z/ (;C—I——) dx

o0 1 —1—¢
= (24)'*° / —
(24) 7" + ; (a:—i— 2A> dz

- % (24)° (24 + 1).

Similarly, we have

(1(1—5)_1~ 1
— b < = (2B)° (2B 1).
§<n+23> "<s( ¥ (2Be 4+ 1)
Hence we obtain

oo 1 p(l—a)—1
- AP
Z (n—|— 2A> ay,

n=0

——
"3 =
——
(]
/N
3
_|_
M|>—k
oyl
N———
=}
=
=
=
S
B
——
Ql
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Q=

< % (24)7 (2B)7 (24 + 1)7 (2Be + 1) (21)

If the constant factor i(fBﬁﬁ) in (20) is not the best possible, then there exists a
positive constant K such that K < i(fé@ and (20) still remains valid if i(féi)
is replaced by K. In particular by (18) and (21), we have

2¢ € 3
277?73<“+‘5‘5>‘“””

Emzz:z Am—|—Bn—|—1)"+ﬂ mbn

0 1 p(l—a)—1 % e 1 q(1-p5)—1 %
<eK Z (n+ ﬂ) ab <n+ @) bl
0 0

n=

< K (24)7 (2B)i (24 +1)7 (2B + 1)1 .

Qe 3

Then i(fé%) < K as € — 0. This contradiction shows that the constant factor

i(fBBﬁ) in (20) is the best possible. This proves the theorem. [ |

Corollary 3.2. If p > 1,%4—%: 1,0<AB<C0<a,pB<1and an,b, >0

satisfy 0 < 307 o (n+ %)puf&)il ab < oo and0 < Y (n+ %)q(liﬁ)il bl <
oo, then

0o 0o 7 [eS) C p(l—a)—1 %
IDI DS () @
== Am+Bn+C) 9B — 24
00 q(1-p)—-1 2
X {Z (n—i— %) b%} ,

n=0

(22)

B(a,f8)

where the constant factor YL

1s the best possible.

Theorem 3.3. Let p > 1,%—}—% =1.If0< A, B, a, <1 and a, > 0 satisfy

0< S0 (n+ )"
(20) as follows:

2 (’“L@) [Z Am+Bn+1)a+ﬂ

n=0
1 p(l—a)—1
R P
{ 1557 ] ( + QA) @n >

p
where the constant factor [i(fé@} is the best possible.

ab < oo, then we obtain the equivalent inequality of

p

(23)
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_ p—1
Proof. Setting b, = (n+ %)pﬂ ! [Zf:;:o W’W , we obtain from
(20) that
0 1 q(1-p)—-1
— pe
0<3 (n + 23) :
00 1 pB—1 [ oo . p
::E:(” __) > : B
—~ 2B = (Am+ Bn + 1)o7t
oo oo am
= bn
nz::o 'n"LZ:O (Am + Bn + 1)ot5
N L £ (Am+Bn+ 1)ot8
1 1
B(Oé ) ) 1 p(l—a)—1 P s 1 q(1-8)—1 q
< ? i p i be .
= "A°B? {nz_:o (n+ 2A> n n;() " 3B "
(24)
Thus
o 1 q(1-p8)—1 P
— pe
o< |2 (n+ 55) :
1
00 1 pB—1 [ oo a Py 5w
= — m 25
L D 2
1
B(Oé,ﬁ) o 1 p(l—a)—1 ) P
< Ao BB {2:0<n+ﬂ) ap, < 0.

It follows that (24) takes the form of strict inequality by using (20), so does (25).
Hence we get (23).

On the other hand, if (23) holds, then by Holder’s inequality, we have

m=0n=0
o0 B-1 oo 1-p
1 P A 1\»
= P P — b,n
] <”+ 2B> mg@ (Am + Bn + 1)a+/3] (’“L 23) ]

Hence by (23), (20) yields. Thus it follows that (20) and (23) are equivalent.
Since the constant factor in (20) is the best possible, hence the constant factor
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in (23) is the best possible. The theorem is proved. ]

Corollary 3.4. pr>1,1—17—|—%:1, 0<A B<C,0<a, p<1land a, >0
satisfy 0 < 307 ) (n+ %)p(l_a)_l

o] C pB—1 o] a
S(vr3m)  |X mrmero

n=0
Blo )]~ (O
e S ()
n=0

A*B
P
where the constant factor {M} is the best possible.

ab < oo then

p

AnBﬁ

4. Some particular results

In this section, we shall derive some particular inequalities, by considering dif-
ferent values of the parameters a and f3.

Setting « = § = 1 in Theorem 3.1 and Theorem 3.3, we get the following
inequalities.
Theorem 4.1. If p > 1,% —|—% = 1,0 < A/ B <1 and an,b, > 0 satisfy

0< >, (n+ ﬁ)ﬂ a? < oo and 0 < > 07 (n+ %)71 bl < oo, then the
following two equivalent inequalities hold

e e] ee] 1 [e’e] 1 —1 % [e’e] 1 —1
Sy e i {3 () {3 (vr55)

—~
[\JH/_»D/IP—‘

0 1 p—1 0 A p 1 e e] 1 —1
_ d _ P
S (o) S | <mrn () @

(28)
where the constant factors (AB)~! and (AB)™P are the best possible.

Setting o = %, 8= % in Theorem 3.1 and Theorem 3.3, we get the following
inequalities.

Theorem 4.2. Ifp > 1, l %:1 0<A,B<1 O<)\<min{p,q} and an, by, >
0 satisfy 0 < Z(n+2A)p7)\

then the followmg two equivalent inequalities hold

qg—X—1
) b < oo,

al < oo and 0<Z(n+
n=0
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{i (n+ %)H_lbz}q; (29)

n=0
o0 A(p—1)—1 o0 P
1 am
P e T
1 A AT S a3
< Bl -, - n—l——) ab
[AZBQ (p Q)] ;_%( 24

P
where the constant factors —1— B(A A) and [ - B(%, %)} are the best
Ba

possible.

Remark 4.3. For p=¢=2, (29) reduces to (5) and for A= B=1, it reduces to
(7). Hence it is a generalization of (3) and (8), but not a generalization of (1).

Setting o = %, 8= % in Theorem 3.1 and Theorem 3.3, we get the following
inequalities.

Theorem44[fp>1l+l=10<AB<10</\<min{pq}andan,
by > 0 satisfy O<E(n+2A)(p D(1-X) aP < oo and0<2(n+23)(q 1(1- A)bq
=0

< oo, then the followmg two equivalent inequalities hold

co 0o 1 P oo (p—1)(1—=X) %
(22 - P
ZZ Am+Bn+1) RETT (p’q) Z(n+2A> o

m=0n=0 n=0

- L\ -0 7
- q .
X Z(n+2B) bl 5

n=0
(31)

oo 1 A—1 e’} am
S (e gs) |3
1 = (P=1)(1-3)
< |3 ab,
w2 (53 2 m)

n=0

(32)

p
where the constant factors L B(A A) and L B(A, A) are the best
AdBP AdBP L

possible.

Remark 4.5. For A = B = 1, (31) reduces to (6) and for p = ¢ = 2, (31)
reduces to (5). Hence it is a generalization of (1).

Setting o = p+2_2,6 = q+;‘_2 in Theorem 3.1 and Theorem 3.3, we get the
following inequalities.
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Theorem 4.6. If p > 1,%—}—% =1,0< A B<1,2—min{p,q} <X <2 and

ny by > 0 satisfy 0<> 07 (n + ﬁ)l_A al <oo and 0<y 0" (n + ﬁ)l_A b1 <
00, then the following two equivalent inequalities hold

oo 0o oo 1 1—X % [e%s) 1 1—X\ %
S i< { X (nrgs) o) {3 (ra5) )

=0 n=
(33)
00 1 (p—1)(A—=1) [ oo a P 00 1-X
_ m p _ p
S(vas) | G| <OrX (vray) @
(34)

where C, = A BT B (er;*Q, q+272) and the constant factors C1 and

[C1]" are the best possible.

Remark 4.7. For A = B = 1, (33) reduces to (4) and for p = ¢ = 2, (33)
reduces to (5). Hence it is a generalization of (1).

Setting o = q+2_2,6 = p+;_2 in Theorem 3.1 and Theorem 3.3, we get the
following inequalities.
Theorem 4.8. If p > 1,% + % =1,0< AB <1, 2—min{p,q} < A <
2 and an,b, > 0 satisfy 0 < Y7, (n+ﬁ)(p71)(27>\)71

>0 (n—|— %)(q_l)@_)\)_l bl <oo, then the following two equivalent inequalities
hold

ab < oo and 0 <

m=0n=0
35
{i( 1\ = DE=Y) } )
X n—i——) bl o
part 2B
0 1 p+A—3 0 a p
Z n+ -5 -
m n
> (n+35) AT
> 1\ -DE-N-1 (36)
<[Ca" ) <n + —) ar,
— 24

where Cy = AT BT B (’”P#, W%) and the constant factors Co and

[Cs]? are the best possible.

Remark 4.9. For p=¢=2, (35) reduces to (5) and for A=B=)=1, it reduces to
(8). Hence it is a generalization of (3) and (8), but not a generalization of (1).
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Setting o = 251 + p,ﬂ 1 —|— = in Theorem 3.1 and Theorem 3.3, we get
the following mequahtles

Theorem 4.10. If p > 1,5 + ¢ = 1,0 < A,B <1, 1—2min{}, 2} < A <

) %p(S*A)*Q ap

n < 00

14 2min{%, %} and an,by, > 0 satisfy 0 < 307 (n+ 35

Lo(3-2)—
and 0 < 307, (n—|- %)Qq(g N QbQL < 00, then the following two equivalent
inequalities hold

SIS 1 Ip(3—A)—2 ) %
ZZ Am+Bn+1 Z n—|— i

mOnO

B 37
{ oo 1 $q(3—N)—2 % ( )
X Z (n + —) b%} ;
oy 2B
00 1 sp(A+1)—2 0o o p
Z<”+@> 2 AT B P
n=0 m=0 (38)
o 1 Ip(3—XA)—2
< [Cg]pz (n—|— —> a?,
n=0 24

where Cy = AT BT B (% + %, % + %) and the constant factors Cs
and [C3]" are the best possible.

Remark 4.11. For p = ¢ = 2, (37) reduces to (5) and for A= B =X =1, (37)
reduces to (8) . Hence it is a generalization of (3) and (8), but not a generalization

of (1).

Setting o = 251 4+ 1 ,B A= —|— = in Theorem 3.1 and Theorem 3.3, we get
the following mequahtles

Theorem 4.12. If p > 1,%+ % =1,0< A B< 1,1—2min{%,§} <A<1+4+
1 _
2min{1—1), %} and @y, by, > 0 satisfy 0 < Y07 (n+ ﬁ)zp(l » aPl < oo and 0 <

Lo(1—
>0 (n—|- ﬁ)ﬂ(l A b < oo, then the following two equivalent inequalities
hold

oo ip(1-X) %
>3 <o (v ) )

m=0n=0

00 1 1q(1-X) %
- q .
X nz:% (n + 2B) bl >

p

(39)

lop(a—

%) 1 sp(A—1) 0o am
Sram) |2

n=0
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9] 1 %p(lf)\)
<[Cu? > (n + ﬂ) a?,  (40)
n=0

where Cy = A iR IR (% +
and [C4]" are the best possible.

%, %1 + %) and the constant factors Cy

Remark 4.13. For p = ¢ = 2, (39) reduces to (5) and for A= B =X =1, (39)
reduces to (1). Hence it is a generalization of both (1) and (3).
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