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1. Introduction

Near-Ring is a generalized structure of a ring. The theory of fuzzy sets was intro-
duced by Zadeh [16]. The fuzzy set theory has been developed in many directions
by the research scholars. Rosenfeld [15] first introduced the fuzzification of the
algebraic structures and defined fuzzy subgroups.

The intuitionistic fuzzy sets (IFSs) are substantial extensions of the ordinary
fuzzy sets. IFSs are objects having degrees of membership and non-membership
such that their sum is less than or equal to 1. The most important property of
IFSs not shared by the fuzzy sets is that model-like operators can be defined
over IFSs. The IFSs have essentially higher describing possibilities than fuzzy
sets.

The notion of intuitionistic fuzzy sets was introduced by Atanasov [3] as
a generalization of the notion of fuzzy sets. Biswas [4] applied the concept of
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intuitionistic fuzzy sets to the theory of groups and studied intuitionistic fuzzy
subgroups of a group. The notion of an intuitionistic fuzzy ideal of a near-
ring is given by Jun, Kim and Yon [10]. Also Cho and Jun [5] introduced the
notion of intuitionistic fuzzy R-subgroups in a near-ring and related properties
are investigated. Kazanci, Yamak and Yilmaz [11] introduced intuitionistic Q-
fuzzy R-subgroups of near-rings. Kim [13] introduced sensible fuzzy R-subgroups
of near-rings with respect to s-norm. Kim [12] introduced ituitionistic Q-fuzzy
semiprime ideals of semigroups. Davvaz and Dudek [6] defined intuitionistic fuzzy
H,-ideals of a ring and derived their properties. Davvaz, Dudek and Jun [7]
introduced intuitionistic fuzzification of H,-submodules in a H,-module. In this
paper we introduce the notion of intuitionistic Q-fuzzy ideals of near-rings and
investigate some related properties.

2. Definitions and preliminaries
We recall some definitions for the sake of completeness. Throughout this paper
@ denotes any non-empty set and R is a near-ring.

Definition 2.1. [9, 14] By a near-ring we mean a non-empty set R with two
binary operations “+ 7 and “-” satisfying the following axioms:

(i) (R, +) is a group;
(ii) (R,-) is a semi-group;
(i) z-(y+2)=xz-y+a-zforall z,y,z€R.
Precisely speaking, it is a left near-ring because it satisfies the left distributive

law. We will use the word “near-ring” instead of “left near-ring”. We denote zy
instead of = - y. Note that x0 = 0 and z(—y) = —xy, but 0x # 0 for z,y € R.

Definition 2.2. [1, 2, 8] An ideal I of a near-ring R is a subset of R such that

(i) (I, +) is a normal subgroup of (R, +);
(i) RI C I;
(iii) (r4+i)s—rselforallie I andr,s € R.

Note that if T satisfies (i) and (ii) then it is called a left ideal of R.
If I satisfies (i) and (iii) then it is called a right ideal of R.

Definition 2.3. [11] A function p: R x @ — [0,1] is called a Q-fuzzy set.

Definition 2.4. [11] Let p be a Q-fuzzy set in R and ¢ € [0,1], then an upper
t-level cut of y is defined by

U(t) ={z € R | u(z,q) > t,q € Q}.
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Definition 2.5. [11] Let p be a Q-fuzzy set in R and ¢t € [0,1], then a lower
t-level cut of u is defined by

Lipst) ={x € R | p(x,q) <t,q € Q}.
Definition 2.6. [11] An intuitionistic @-fuzzy set A is an object having the form

A= {((x7Q)’/J’A(x7Q)’)‘A(x7q)) | S qu S Q}v

where the functions pg : RxQ — [0,1] and A4 : RxQ — [0, 1] denote the degree
of membership and the degree of non membership of each element (z,q) € Rx Q
to the set A, respectively, such that

0 < pa(r,q) +Aa(z,q) <1forallze R,q€Q.

Definition 2.7. [11] A Q-fuzzy set pu is called a fuzzy R-subnear-ring of R over
Q if

(i) @ —y,q) = palz,q) A paly, q),

(i) p(zy, q) > pal@, q) A paly, q)

for all ,y € R and q € Q.

Definition 2.8. [11] A Q-fuzzy set u is called a fuzzy R-subgroup of R over Q
if

(1) p(x —y,q) > palz, q) A paly, q),
(ii) p(re,q) > pa(z, q),
(iil) p(zr, q) > pa(z,q)

for all x,y,r € R and q € Q.
Definition 2.9. [11] A Q-fuzzy set p is called a fuzzy ideal of R over @ if

(1) p(x —y,q) > pa(z,q) A paly, q),
(ii) p(rz, q) > pa(z, q),
(iil) p((z + 1)y — xy) > pa(i,q)

for all z,y,7 € R and q € Q.

3. Intuitionistic Q-fuzzy ideals of near-rings

Now we introduce the intuitionistic Q-fuzzy ideals of near-rings as follows.

Definition 3.1. An IQFS A = (ua,Aa) of a near-ring R is called an intuition-
istic @Q-fuzzy subnear-ring of R if
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(1) palz —y,q) > pa(z,q) A paly,q) and Aa(z —y,q) < Aa(z,q) V Aaly, q),
(ii) pa(zy,q) > palr, @) A paly,q) and Aa(zy,q) < Xa(z,q) V Xa(y,q)

for all z,y € R and ¢q € Q.

Definition 3.2. An IQFS A = (14, A4) in a near-ring R is called an intuition-

istic @Q-fuzzy ideal of R if

Al@—y,q) = pa(@,q) A paly, ) and Aa(z =y, q) < Aa(@,9) V Aa(y, ),
(y+z—y,q) = palz,q) and Aa(y +z -y, q) = Aa(z, q),

alre,q) > pa(z, q) and Aa(rz,q) < Aa(z,q),

allz+i)y — 2y, q) > pa(i,q) and Aa((z + 1)y — 2y, q)) < Aali, q)

for all z,y,i € R and q € Q.

If A= (ua,Aa) satisfies (i), (i) and (iii) then A is called an intuitionistic Q-

fuzzy left ideal of R and if A = (4, Aa) satisfies (i), (ii) and (iv) then A is called
an intuitionistic @-fuzzy right ideal of R.

Example 3.3. Let R = {a,b, c,d} be a non-empty set with two binary opera-
tions “4” and “.” defined as follows:

+lal|b|c|d alblc|d
alal|lb|c|d alalalala
blbla|d]|c blalalal|a
clel|ld|b|a clalalala
dld|clalb dlalal|bl|b

Then (R, +, ) is a near-ring.
Define an intuitionistic Q-fuzzy set, A = (4, 4) in R as follows
pala,q) =1, pa(b,q) =1/3, pale,q) =0, pa(d,q) =0,
Aala,q) =0, Aa(b,q) =1/3, Aalc,q) =1, Aa(d,q) =1 forall g € Q.

Then clearly A = (14, A4) is an intuitionistic @Q-fuzzy ideal of a near-ring R.

Basic properties of an intuitionistic Q-fuzzy ideal of R are proved in the
following theorem.

Theorem 3.4. If A = (pua, Aa) is an intuitionistic Q-fuzzy ideal of R then

() #a(0,9) > pa(z,q) and Aa(0,q) < Xa(z, q),

(il) pa(=2,q) = pa(z,q) and Aa(—2z,q) = Aa(z,q),
(iif) pa(z —y,q) > pa(0,9) = pal(z,q) = paly, 9),
(iv) Aa(z —y,q) < Aa(0,9) = Aa(z,9) = Aa(y, q)

for allx,y € R and q € Q.
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Proof. Let A = (1a, a) be an intuitionistic Q-fuzzy ideal of R.
(i) 1a(0,q) = pa(x — x,q) = pa(z,q) A palz,q).

Therefore 114(0,q) > pa(z,q) for all z € R and g € Q.
Similarly A4(0,¢q) < Aa(zx,q) for all z € R and ¢ € Q.

(i) pa(=2,9) = pa(0 —z,q) > pa(0,9) A pa(z,q) = palz, q).

Now pa(z,q) = pa(—(=2),9) > pa(—2,9) > pa(z, q). Thus we get pa(—z,q) =
pua(z,q) forall x € R, q € Q.

Similarly Aa(—z,q) = Aa(z,q) for all x € R, q € Q.
(i) We have pa(z —y,q) > pa(0,q). But p4(0,q) = pa(z —y,q). Thus pa(z —
Y, Q) = :LLA(Ov Q)

Now consider

Yy
Similarly we can prove that pa(y,q) > pa(z,q). Hence pa(z,q) = pa(y,q) for
allz,y € R,q € Q. [ ]

A necessary and sufficient condition for x = (xr,x§) to be an intuitionistic
Q-fuzzy ideal of R is given in the following theorem.

Theorem 3.5. Let R be a near-ring and x; be a characteristic function of a
subset I of R. Then x = (xr1,X§) s an intuitionistic Q-fuzzy ideal of R if and
only if I is an ideal of R.

Proof. Let I be a right ideal of R.
(1) Let g € Q and z,y € R. Then we have the following three cases.
Case 1. Let z,y € I. Then xi(z,q) = 1,x1(y,¢) = 1, x1(z —y,q) = 1 and
X7(z,q) = 0,x7(y,q) = 0,x7(z —y,q) = 0. Therefore x;(x —y,q) = xs(z,q) A
x1(y,q) and x7(z —y,q) < x7(x,q) VX7 (y,q) for all z,y € R and q € Q.
Similarly we can easily obtain the following two cases
Case 2. Let z € [ and y ¢ I.
Case 3. Let z,y ¢ I.

Thus in any case we have x7(z —vy,¢) > xr(x,q) A x1(y,q) and x5(z —y,q) <
X5(x,q) V x5(y, q) for all z,y € R and ¢ € Q.
(2) Case 1. Let y € R and z € I.

Since y+x—y € I for ally € Rand x € I. Therefore x;(y+z—y) =1 = x1(x),
Le. xr(y+z—y,q) =1 =xi(z,q) and x7(y + = —y,q) = 0 = x7(z,q).
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Case 2. Let y € R and « ¢ I. Then x;(y + 2 —y,q) = 0 = xs(x,q) and

Xf(y+z—y,q) =1 = x¢(z, q). Hence in any case we get x1(y+z—y,q) = x1(, q)
and xf(y+ 2 —y,q) = x§(z,q) for all z,y € R and ¢ € Q.

(3) Let z,y € R.
Case 1. Let i € I.

Since I is a right ideal of R, (z + i)y —xy € I for all z,y € R and i € I.
Therefore x;((z + )y — zy,q) = 1,x1(i,q) = 1 and x§((z + i)y — zy,q)

0,x5(4,q) = 0. Thus x7((z +14)y — 2y,q) > x1(i,q) and x7((z + i)y — 2y, q) <
X§(i,q) for all z,y,i € R,q € Q.

Case 2. Let i ¢ I. Then x1((z + )y — zy,q) = x1(i,q) = 0 and x§((x + i)y —
zy,q) = X7, q) = 1.

Hence x;((x +1)y —zy,q) 2 x1(i,q) and x7((z + 1)y — 2y, q) < X7(i, q) for all
z,y,% € R,q € Q. Thus x = (xr, x5) is an intuitionistic @-fuzzy right ideal of R.

Similarly if I is a left ideal of R then we can easily prove that x = (xr, x§) is
an intuitionistic @-fuzzy left ideal of R.

Conversely let x = (x1, x§) be an intuitionistic Q-fuzzy ideal in R. Then we
shall prove that I is an ideal of R.

(i) Since x = (x1,x%) is an intuitionistic @Q-fuzzy ideal of R. Therefore x(z —

y,q) = xr(2,q) Axr(y,q) and x§(z = y,q) < x7(x,q) VX5(y,q) for all 2,y € R
and q € Q.

If z,y € I then x;(z,q) Ax1(y,q) = 1 implies that x;(x —y, q¢) = 1. Therefore
x,y € I = x—y e I. Hence (I,+) is a subgroup of (R, +).

(ii) Since x1(y + = —y,q) = x1(x,q) and X(y + = —y,q) = x7(2,q), therefore
clearly if z € I and y € R then x;(y + = — y,q) = x1(z,¢) = 1 and x§(y + = —
¥,q) = x5(x,q) = 0 implies that y + v —y € I for all x € I and y € R.

Hence (I,+) is a normal subgroup of (R, +).

(iii) Since xi(rz,q) > xr(x,q) and x§(rz,q) < x5(x,q), therefore if x € I then
xr(re,q) > xr(z,q) =1= xi(rx,q) =1=rzelforalreR,xzel.

Similarly if ¢ I then ra & I.
(iv) Since xr((z + )y — zy,q) > x1(i,q) and x5((z + )y — 2y,q) < x5(,q),
therefore if x € I then
xi((x+9)y —zy,q9) > x1(i,q) = 1
= xi((z + i)y — 2y, q) =1
= (r+i)y—ayelforallz,ye Rand i€ .
Similarly we can prove that if i & I then (x + i)y —xy € I for all z,y € I.

Hence I is an ideal of R. [ ]

For intersection of any number of intuitionistic @ —fuzzy ideals of R, we have
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Theorem 3.6. If {A;|i € I} is a family of intuitionistic Q-fuzzy ideals of R then
N{A;|i € I'} is an intuitionistic Q-fuzzy ideal of R where I is an index set.

Proof. Let x,y,a,7 € R and ¢ € Q. Then
(1) (Npai)(@ —y,q) = Mpai(z —y,q) | i € I}
> (Mpai(z,q) [ i€ 1) AN (Mpaily,q) | i € 1})
= (M{pai(z,q) [ i€ I}) A (N{paily,q) | i € I}),
(UAai)(z —y,q) = V{Aai(z —y,q) | i € I}
< ({Aailz,q) [ 1€ 1}) v (V{Aaily,q) | i € 1})
= (U{Aai(z,q) [ i € 1}) V (U{Aai(y, q) | i € 1}),

(2) (Npai)ly + 2 —y,q) = Mpaily+x—y,q) | i € I}
= Mpai(z,q) | i€ I}
= M{paiz,q) | i €1},
(Uai)ly+z—v,9) =V{daily +x—y,q) | i € I}
=V{Aai(x,q) |t € I}
=U{ai(x,q) | i € T},
(3) (Nwai)(rz,q) = Mpai(re,q) | i € I}
> Mpai(z,q) | i € I}
={pai(z,q) | i € I},
(UAai)(rz, q) = V{ai(ra,q) | i € I}
<V{ai(w,q) | i € I}
=U{Aai(z,q) | i € I},

(4) (an)(@ +a)y — 2,0) = Alpas( (@ + )y — 23,9) | i € T}
> Mpai(z,q) | i€}
= N{pai(z,q) | i €I},

(UAa) (@ + @)y — 29,9) = VDA ai((z + o)y — 2y,q) | 1 € T}

<V{Aai(z,q) | i eI}
— UDilag) i€ T}

for all z,y,a,r € R and q € Q.

Hence N{A; | ¢ € I'} is an intuitionistic Q-fuzzy ideal of R. ]

An intuitionistic Q-fuzzy ideal A of R induces another intuitionistic Q-fuzzy
ideal of R is shown in the following theorem.

Theorem 3.7. If A = (ua, Aa) is an intuitionistic Q-fuzzy ideal of R then

(1) 0A = (pa, 1) is also an intuitionistic Q-fuzzy ideal of R;
(i) @A = (A, Aa) is also an intuitionistic Q-fuzzy ideal in R.

Proof. Let x,y,a,7 € R and q € Q.
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1) (1) pa(z—y,9) =1—-palx —y,q) <1— (na(z,q) A pa(y,q)).
= (1 —pa(z,q) V(- paly,q) = p4(x,9) vV pi(y, 9).
2) paly+r—y,q)=1-paly+z—y,q) =1 - palz,q) = p4(v,q).
(3) p4(re,q) =1 —palre,q) <1—pa(z,q) = p4(x,q).
(4) p5((z+a)y—zy,q) = 1—pal(z+a)y —2y,q) <1—pala,q) = p4(a,q).
(i) (1) A4 (z —y,q9) =1 = Aa(z —y,q) 21— (Aa(z,9) V Aa(y,q)).
=1 = Aa(@,9) A (L= Aa(y,q) = Xa(z,9) A NG (y, ).

)Ny +z—y,q) =1-daly+z—y,q) =1 - Aa(z,q) = X5 (z,q).
(3) Mo (rz,q) =1 —Aalrz,q) > 1 — da(z,q) = A5 (x, q).
4) Ma((r+a)y—zy,q) =1 - 25((z +a)y —2y,q) > 1= Aala,q) = \iy(a, q).

Hence 0A = (pa,p$) and @A = (A, Aa) are intuitionistic Q-fuzzy ideals of
R. [ |

From the above theorem we obtain the following

Theorem 3.8. A = (a4, Aa) is an intuitionistic Q-fuzzy ideal of R if and only
if oA and e A are intuitionistic Q-fuzzy ideals of R.

For a given A = (ua, Aa), we define
Rua={zeR|pa(r,q) =pa(0,9)} and R = {z € R [ Aa(z,q) = Aa(0,9)}.

We prove an important property of Rua and RA4 in the following theorem.

Theorem 3.9. If an IQFS A = (pa,\a) is an intuitionistic Q-fuzzy ideal of R
then the sets Rua and RAa are ideals of R for all g € Q.

Proof. Let A = (ua,Aa) be an intuitionistic @Q-fuzzy ideal of R. Let x,y € Rua
and ¢ € Q. Then pa(z,q) = pa(0,q), pa(y, ) = pa(0,q).

(i) Now 0 € R therefore 0 € Ruu4. Hence Ru4 is a non-empty subset of R.

(ii) Since A = (a4, A4) is an intuitionistic Q-fuzzy ideal of R,

pa(z—y,q) =2 pa(z,q) Apa(y, q) = pa(0,q).
But p14(0,q) > pa(x—y,q). Therefore pa(x—1y,q) = pa(0,q). Thus z—y € Rua

for all z,y € R. Hence (Rpua,+) is a subgroup of (R, +).
(iii) Again since A = (pa,Aa) is an intuitionistic @Q-fuzzy ideal of R,
pa(y+ 2 —y,q) = pa(z,q) = 1a(0,q).
Therefore y+xz—y € Rua for all z,y € R. Hence (Rua,+) is a normal subgroup
of (R,+).

iv) Since pa(rz,q) > pa(x,q) for all z,7 € R and g € Q, therefore py(rz,q) >
1

wa(z,q). But pa(0,q) > pa(rz,q). Hence pa(rz,q) = pa(0,q) implies that
re € Rua forall r € R,z € Rua, ie., RRua C Rua.
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Hence Ru 4 is a left ideal of R.
(v) Next pa((u+i)v—uv,q) > pali,q) = pa(0,q) for all u,v € R,i € Rua. But
1a(0,q) > pa((u+1i)v —uv,q). Therefore pa((u+i)v —uv,q) = pa(0,q) for all
u,v € R,i € Rua. Hence (u+i)v — uv € Ruy for all u,v € R and i € Rua.
Thus R4 is a right ideal of R. [ |

Theorem 3.10. If an IQFS A = (pna,Aa) is an intuitionistic Q-fuzzy ideal
of R then the sets U(ua,t) and L(A\a,t) are ideals of R for all ¢ € Q,t €
Im(uA) n Im(/\A)-

Proof. Let ¢ € Q and t € I,,,(ua) NI (Aa). We have

U(p,t) ={z € R | pa(z,q) > t,q € Q},
L(p,t) ={z € R | Aa(z,q) <t,q € Q}.

(i) Let 2,y € U(p,t). Then pa(z,q) >t and pa(y,q) > t. Since pa(z —y,q) >
wa(z,q) A pua(y,q) > t, therefore x —y € U(u,t) for all x,y € U(u,t). Hence
(U(u,t),4+) is a subgroup of (R, +).

(ii) Let € U(u,t) and y € R. Again since pa(y +x — y,q) = pa(x,q) >t
therefore y + o —y € U(p, t) for all z € U(p,t) and y € R. Hence (U(u, ),+)
a normal subgroup of (R, +).

(iii) Let x € U(y,t) and r € R. Then pa(rx,q) > pa(z,q) > t implies rz €
U(p,t) for all z € U(p,t) and r € R, i.e., RU(u,t) C U(u,t). Hence U(pu,t) is a
left ideal of R.

(iv) Let ¢ € U(p,t) and x,y € R. Then pa((z + i)y — zy,q) > pali,q) >t
Therefore (x + i)y —zy € U(u,t) for all i € U(p,t) and z,y € R. Hence U(u,t)
is a right ideal of R. [ |

As in Theorem 3.10 we have

Theorem 3.11. If A = (ua,Aa) is an intuitionistic Q-fuzzy subset of R such
that all non-empty level sets U(ua,t) and L(Aa,t) are ideals of R then A =
(LA, Aa) is an intuitionistic Q-fuzzy ideal of R.

Proof. Suppose A = (4, Aa) is an intuitionistic Q-fuzzy set of R such that all
non-empty level sets U(ua,t) and L(Aa,t) are ideals of R.
(i) Let to = pa(x,9) A paly,q) and t1 = Xa(z,q) V Aa(y,q) for 2,y € R,q € Q.
Then z,y € U(ua,to) also x,y € L(pa,t1). Therefore x —y € U(pa,to) and
r—y € L(pa, t1). Thus pa(z—y,q) > to = palz, ) Apa(y, q) and pa(r—y,q) <
tr = pa(z, q) V pa(y, q).
(i1) Let to = pa(x,q) and t; = Aa(x,q). Then x € U(ua,to) also x € L(Aa,t1)
and y € R.
Since U(pa,t) and L(A4,t) are ideals of R, they are normal. Therefore y+x—y €
U(pa,to) and y +x —y € L(Aa,t1) for all z € U(pa, to).

Now z € L(Aa,t1) and y € R
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= pa(y+z—y,q) > palz,q) and Aa(y + 2z —y,q) < Aa(z,q).

(iii) Let ta = pa(x,q) and ts3 = Aa(z,q) forx € Rand ¢ € Q. Then z € U(pa, t2)
and © € L(Aa,t3).

Since U(pa,t2) and L(Aa,ts) are left ideals of R,rz € U(pa,t2) and rz €
L(Xa,t3) for r € R. Hence pa(re,q) > to = pa(z,q) and Ag(re,q) < tz =
AA(J:7Q)'

(iv) Let t2 = pa(i,q) and t3 = Aa(i,q) for z € R and ¢ € Q. Then i € U(pa,t2)
and i € L(A\a,t3).

Since U(pa,t) is a right ideal of R,

(x4 1)y —ay € U(ua, to) for all x,y € R and i € U(ua,t2)

and
(x+1i)y —xy € L(Aa,t3) for all z,y € R and i € L(\a,t3).

Therefore pia((x 4 i)y — xy,q) > t2 = pa(i,q) and

Aa((x+d)y —xy,q) <tz =Aa(i,q) for all z,y,i € R and g € Q.

Hence A = (a,A4) is an intuitionistic Q-fuzzy ideal of R. ]

4. Conclusion

Near-ring theory has many applications in the study of permutation groups,
block schemes and projective geometry. Near-rings provide a non-linear ana-
logue to the development of Linear Algebra, combinatorial problems and useful
for agricultural experiments. In this paper we have presented the notion of intu-
itionistic Q-fuzzy ideals of near-rings and derived the properties of these ideals.

Acknowledgement. The authors are greateful to the referees for their con-
structive comments for improving the paper.
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