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Abstract. In this paper, a class of periodic n species cooperative Lotka-Volterra popu-
lation systems with distributed delays is discussed. Based on the continuation theorem
of the coincidence degree theory developed by Gaines and Mawhin, some new sufficient
conditions on the existence of positive periodic solutions are established.
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1. Introduction

As well known, in recent years the nonautonomous and periodic population dy-
namical systems have been extensively studied. The basic and important studied
questions for these systems are the persistence, permanence and extinction of
species, global stability of systems and the existence of positive periodic solu-
tions, positive almost periodic solutions and strictly positive solutions, etc. Many
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important and influential results have been established and can be found in many
articles and books. Particularly, the existence of positive periodic solutions for
various Lotka-Volterra-type population dynamical systems has been extensively
studied in [1, 2, 4-16] and the references cited therein.

In [14], the authors studied the following single-species periodic logistic equa-
tion with infinite distributed delay

t

N(t) = N(#) (a(t) ~ S N - 7ilt) - / (s — t)N(s)ds).
i=1

— 00

By using the Mawhin’s continuation theorem, the sufficient conditions on the
existence of positive periodic solutions are established. In [12], the following
periodic n species Lotka-Volterra competitive system with feedback controls and
finite distributed delays are discussed

Ui(t) = vi(t) [7”71(75) — ag; (t)y(t) — Z a;j(t) /Ow Kij(s)y;(t — s)ds

=15

ilt) /0 " Hi(s)us(t — )ds].
aalt) = —ma(t) + as(t) / " Koyt — s)ds,

where i = 1,2,...,n. By using the technique of coincidence degree and Liapunov
functionals method, the sufficient conditions for the existence and global stability
of positive periodic solutions are obtained. In [13], the authors considered the
following periodic single-species logistic system with feedback regulation and
infinite distributed delay

N(t) = r(t)N(t) <1 - ﬁ /OOO H(s)N(t — s)ds — c(t)u(t)) ,

u(t) = —a(t)u(t) + b(t) /000 H(s)N?(t — s)ds.

The sufficient conditions for the existence of positive periodic solutions are es-
tablished, based on the Mawhin’s continuation theorem.

Motivated by the above works, in this paper, we investigate the following
periodic n-species Lotka-Volterra cooperative system with pure finite distributed
delays

m 0
@i(t) = m(t) {7%‘ (t) — Z @il (t)/ Kii(s)xi(t + s)ds
=1 -

n m 0
+Zzaijl(t)[ ki (s)z; (t+ 5)ds|, i=1,2,..on. (1)

j#i 1=1
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By using the technique of coincidence degree developed by Gains and Mawhin in
[3], we will establish some new sufficient conditions which guarantee the system
to have at least one positive periodic solution.

2. Preliminaries

In system (1), we have that x;(¢t) (i = 1,2,...,n) represent the density of n co-

operative species z; (i = 1,2,...,n) at time ¢, respectively; r;(¢) (i = 1,2,...,n)
represent the intrinsic growth rate of species z; (i = 1,2,...,n) at time
t, respectively; a;;(t) (i = 1,2,...,n,0l = 1,2,...,m) represent the intrap-
atch restriction density of species x; (i = 1,2,...,n) at time ¢, respectively;
ai(t) 1=1,2,...,m,i # j,i,7 = 1,2,...,n) represent the cooperative coeffi-
cients between n species z; (i = 1,2,...,n) at time ¢, respectively. 7 > 0 is a

constant and 7 may be oo . In this paper, we always assume that

(H1) r;(t) (i =1,2,...,n) are w-periodic continuous functions with [, r;(t)dt >
0; a;ji(t) (4,j =1,2,...,n;1=1,2,...,m) are positive w-periodic contin-
uous functions; ki;i(s) (4,5 = 1,2,...,n ;1 =1,2,...,m) are nonnegative
integrable functions on [—7, 0] satisfying f_OT kiji(s)ds = 1.

From the viewpoint of mathematical biology, in this paper for system (1) we
only consider the solution with the following initial condition

xi(s) = ¢;(t) forall se[-7,0],i=12,...,n, (2)

where ¢;(s) (i = 1,2,...,n) are nonnegative continuous functions defined on
[—,0] satisfying ¢;(0) >0 (i =1,2,...,n).

In this paper, for any w-periodic continuous function f(t) we denote

: L N
E—= min f(t), fM = max f(t), fz;/o ft)dte.

te[0,w] te[0,w]

In order to obtain the existence of positive w-periodic solutions of system (1),
we will use the continuation theorem developed by Gaines and Mawhin in [3].
For the reader’s convenience, we will introduce the continuation theorem in the
following.

Let X and Z be two normed vetor spaces. Let L : Dom L C X — Z be a linear
operator and N : X — Z be a continuous operator. The operator L is called
a Fredholm operator of index zero, if dimKer L. =codimIm L < oo and Im L is
a closed set in Z. If L is a Fredholm operator of index zero, then there exist
continuous projectors P : X — X and Q : Z — Z such that Im P = Ker L and
ImL =Ker @ =Im (I —Q). It follows that L| Dom L NKer P : Dom L NKer P —
Im L is invertible and its inverse is denoted by Kp and denote by J : Im@Q —
Ker L an isomorphism of Im @) onto Ker L. Let € be a bounded open subset of
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X, we say that the operator N is L-compact on Q, where Q denotes the closure
of Qin X, if QN(Q) is bounded and Kp(I — Q)N : Q — X is compact.

Lemma 2.1. (see [12-14]) Let L be a Fredholm operator of index zero and let
N be L-compact on §. If

(a) for each A € (0,1) and v € 9Q N Dom L, Lx # ANz;
(b) for each x € 9Q N Ker L, QNz # 0;
(c) deg{JQN, Q@ N KerL, 0} #0,

then the operator equation Lx = Nz has at least one solution lying in Dom LNSY.

3. Main results

Now, for convenience of statements we denote the functions
m
a;(t) = Zaijl(t), i,j=1,2,...,n.
=1

On the existence of positive periodic solutions of system (1) we have the following
theorem.

Theorem 3.1. Suppose that assumption (H1) holds and
m 0 n
min{ / [aiilt—skiils ai;(t—s k»ils}ds}=:§i>0,i=1,2,...,n
{3 foste = a3 st = e
and the system of algebraic equations
ﬁ—&iwi—i—Z&ijvj:O, 1=1,2,...,n
J#i

has a unique positive solution. Then system (1) has at least one positive w-
periodic solution.

Proof. For system (1) we introduce new variables u;(t) (i = 1,2,...,n) such that
x;(t) = exp{u;(t)}, i=1,2,...,n. (3)

Then system (1) is rewritten in the following form

m 0
i (t) = ri(t) — Z aiir(t) ki (s) exp{u;(t + s)}ds
=1 -7
n m 0

+3 ) ai (t)/

kiji(s) exp{u;(t+s))}ds, i=1,2,...,n. (4)
j#i =1 -7
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In order to apply Lemma 2.1 to system (4), we introduce the normed vector
spaces X and Z as follows. Let C'(R, R™) denote the space of all continuous
functions wu(t) = (u1(t), uz(t),...,un(t)) : R — R™. We take

X =7 ={u(t) € C(R,R") : u(t) is an w-periodic function}

with norm
n

ul|| = max |u;(t)|.
Il = 3 mase, )

It is obvious that X and Z are Banach spaces.

We define a linear operator L : Dom L C X — Z and a continuous operator
N : X — Z as follows.

Lu(t) = u(t)
and
Nu(t) = (Nuy(t), Nua(t),. .., Nu,(t)),
where
m 0
Nug(t) = ri(t) = Y ai(t) | kia(s) exp{ui(t + s)}ds
=1 -7
n m 0
+ Z Z aiji(t) kiji(s)exp{u;(t +s))}ds, i=1,2,...,n.(5)
j#i =1 -7

Further, we define continuous projectors P: X — X and Q : Z — Z as follows.

Pu(t) = l/ow w(t)dt, Qu(t) = l/owv(t)dt.

w w
We easily see Im L = {v € Z : [ v(t)dt = 0} and Ker L = R". It is obvious

that Im L is closed in Z and dimKer L = n. Since for any v € Z there are unique
v1 € R™ and vy € Im L with

v = — /va(t)dt, va(t) = v(t) —v1

such that v(t) = v1 +v2(t), we have codimIm L = n. Therefore, L is a Fredholm
mapping of index zero. Furthermore, the generalized inverse (to L) K}, : In L —
Ker PN Dom L is given in the following form

Kpu(t) = /Otv(s)ds — %/Ow /Otv(s)dsdt.

For convenience, we denote F'(t) = (Fy(t), Fa(t),..., Fu(t)), where

m 0
Fi(0) = ri(t) = Y- aia(®) [ i) explus(t + 5)}ds
=1 -7
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+ZZOLW / kiji(s) exp{u;(t+s)}ds, i=1,2,...,n. (6)

Jj#i =1

Thus, we have
QNu(t) / F(t (7)

and

K,(I — Q)Nu(t) = K,INu(t) — K,QNu(t)

/F s——/ /F )dsdt
+ 5—; /0 F(s)ds. (8)

From formulas (7) and (8), we easily see that QN and K,(I—Q)N are continuous

operators. Furthermore, it can be verified that K,(I — Q)N (Q) is compact for
any open bounded set  C X by using Arzela-Ascoli theorem and QN (£2) is
bounded. Therefore, N is L-compact on ) for any open bounded subset Q2 C X.

Now, we are able to find an appropriate open bounded subset € for the
application of the continuation theorem (Lemma 2.1) to system (1).

Corresponding to the operator equation Lu(t) = ANwu(t) with parameter A €
(0,1), we have
ui(t) = AF3(t), i=1,2,...,n, (9)

where F;(t) (i =1,2,...,n) are given in Egs. (6).

Assume that u(t) = (u1(t),u2(t),...,un(t)) € X is a solution of system (9)
for some parameter A € (0, 1). By integrating system (9) over the interval [0, w],
we obtain

/w {m(t) - iam(t) /0 ki (s) exp{us(t + s)}ds

—|—Z Z aji(t kwl( ) exp{u;(t + s)}ds} dt=0, 1=1,2,...,n.

J#i =1

Consequently,

/W {zm: aiil(t) /O ki (s) exp{u;(t + s)}ds

_ZZQW / Eiji(s) exp{u;(t + s)}ds|dt = Fw, i =1,2,...,n.(10)

Jj#i =1

From the continuity of w(t) = (u1(t),ua(t),...,us(t)), there exist constants
&,mi €10,w] (i =1,2,...,n) such that
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u;i(&i) = max ui(t), wi(n) = tér[lgﬁ] ui(t), i=1,2,...,n.

From (10) and (11), we obtain

/ a'ii(t) exp{ul(gl)}dt > Fiwv 1= ]-a27"'7n
0

Therefore, we further have

wi€) > In(~L), i=1,2,....n
Qs
Foreachi,7=1,2,...,nand [ =1,2,...,m, we have

w

0
; a;ji(t) /_T kiji(s) exp{u;(t + s)}dsdt
0

/ az]l zjl eXp{Uj (t + 8)}dtd$

(e}

/ a;ji(v — 8)kiji(s) exp{u;(v) }dvds

»

/w a;ji(v — $)kiji(s) exp{u;(v) }dvds

0

/.
/.
[
[ [t atorexptuonasi

/0“’ (/ aiji(t — s)kiji(s )ds) exp{u;(t)}dt.

Hence, from (10) we further obtain

/0 b / asa(t — $)hsa(s)ds ) expus (1))

=177

(=)

n m

_ Z Z(/_OT aiji(t — s)k‘ijl(s)ds) exp{uj(t)}} dt =Tw, i=1,2,...

j#i 1=1

Consequently

/Ow [Em: </0T ajy(t — s)kul(s)ds) exp{ui(t)}

=1

n

(/OT a1i(t — s)kui(s )ds) eXp{u,j(t)}} dt

Mg

Jj#l =1

o)
0

Mg

/ ago1(t — 8)kaoi (s )ds) exp{ua(t)}

l

1

(13)

, M.
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(/OT az;ji(t — s)ijz(S)ds) exp{u; (t)}} dt

M

<.

Y
o
I
-

m

4t /Ow {Z (/OT A (t — s)knnl(s)ds) exp{u,(t)}

=1

([ awntt = hnte1as) expas o

-
NE

<.

S
3
Il

-

‘ 0
/ a11:(t — s)k11(s)ds

1
s~
£
WE

I
-

a;u(t — s)k‘ju(s)ds)) exp{ul(t)}} dt

=

I
3
—~
—
3 o

+
-

(/OT az21(t — s)kaoi(s)ds

|
~~
P
3 e =

ao(t — s)k‘jgl(s)ds)) exp{ug(t)}} dt

(/OT Annt(t — 8)knni(s)ds

<.
Y
)

_|_
H
S—

€
NE

=1
~ g: ( /_ OT ajor(t — )kgua()ds) ) exp{un (1)} de
mo o 0
:gé(éﬁmtsml ;%mSjuwymmmw
—I—;/Om( /_T[QQOQZ (t — s)kan (s ;aﬂl (t = s)kja(s)]ds )eXP{W(Tf)}dt
+...+;/0 ([T[ ot (t = 8)kpni ;aml (t — 8)kjnt )]ds) exp{un(t)}dt

From the assumptions of Theorem 3.1, we can obtain

Z/ / a a(t—s) Zaﬂl t—s)kju(s )]ds) exp{u;(t)}dt
§Zﬁw, 1=1,2,...,n.
i=1
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Hence
n

6/ exp{u;(t) hdt < Z 2,...,m.

Consequently

/exp{ui(t)}dg%, i=1,2,....n. (14)
; A

3

From (11), we further obtain

ui(n;) <In (%) i=1,2,...,n. (15)

)

On the other hand, directly from system (4) we have

/ sl

< /0 |:|T7 | + Z aml k”l( )exp{w(t + S)}ds

+ Z Z agji(t / Kiji(s) exp{u;(t + s)}ds} dt

J#L =1

= /Ow |r; (¢)|dt + /W (i /_OT aii (t — s)k‘m(s)ds) exp{u;(t)}dt
<[ >y / aisi(t = 5 kgt (5)ds ) exp{u (1)

];éll 1

/ |r; (t) |dt+Zam/ exp{u;(t)}dt
+ZZawl/ exp{u;(t)}dt

Jj#i =1

<|7‘z|w+ZZaf‘le7 B (16)

j=11=1

From (15) and (16), we have for any ¢ € [0, w]
i) < usln) + [ Jin(o)de
0
<1n<z )+|r7|w —I—ZZa% Zl 1 i =M;, i=1,2,...,n. (17)

j=1ll=1

Further from (12) and (16), we have for any ¢ € [0, w]
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wilt) > uil€s) - / i (1)l
0
M Z@ 1 riw _
>1n |T7|W—Zzawl . Ni7 7'_1;27"'577"(18)

j=11=1
Therefore, from (17), (18) we have

max |u;(t)] < max{|Mi|,|N7;|} =By, i=12,....n

te(0,w]
It can be seen that the constants B; (i = 1,2,...,n) are independent of param-
eter A € (0,1).
For any u = (u1,uz,...,u,) € R", from (5) we can obtain

QNU': (QNuvaNUQa"'7QNun)a

where

n
QNUZ‘ =T —diiexp{ui}—kZaij exp{uj}; 1=1,2,...,n
J#i

We consider the following system of algebraic equations

n
T3 — Q30 + E ajvi =0, t=1,2,...,n

JF#i
From the assumption of Theorem 3.1, the system has a unique positive solution
v* = (vf,v3,...,,v:). Hence, the equation @QNu = 0 has a unique solution
u* = (uf,ud, ... ul) = (1nv1,1nv2, ...,Inv}) e R".

Choosing a constant B > 0 large enough such that |u|+ |u|+---+|ul| < B
and B > By + By + - -- + B,,, we define a bounded open set 2 C X as follows

Q={ue X :|u| < B}

It is clear that Q satisfies conditions (a) and (b) of Lemma 2.1. On the other
hand, by directly calculating we can obtain

far Fuy oo

2" p2t 2
deg{JQN,QNKerL,(0,0,---,0)} =sgn |’ vz “unl

nofno f

where fqij = ajjexp{u;}(i,j = 1,2,...,n, i # j) and fi = —agexp{ui}(i =
1,2,...,n). From the assumption of Theorem 3.1, we have
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1 1 ... 1
Uy Juz Un

Fis fus - Jul g,

uyp Juz Un

From this, we finally have
deg{JQN,QNKer L, (0,0,...,0)} #0.

This shows that ) satisfies condition (c) of Lemma 2.1. Therefore, system (4)
has at least one w-periodic solution. Further from (3), system (1) has at least
one positive w-periodic solution. This completes the proof of Theorem 3.1. m

Remark 3.2. Mawhin’s continuation theorem is a powerful tool for study the
existence of periodic solutions of periodic high-dimensional time-delayed prob-
lems. When dealing with time-delayed problem, it is very convenient and the
result is relatively simple. The most critical in the using of the theorem is cal-
culation of topological degree, that is, the condition (c) of the theorem.

4. Two examples

Example 4.1. First, we consider the following delayed system:

0
1(t) = z1(t) {1 +sin(t) — (6 + sin(t))/ k111(s)z1(t + s)ds

—T

(HE52) [t syt + sy + (S50 [ syt + ).

r ) _r
o (t) = x2(t) {1 + cos(t) — (8 + cos(t)) k221 (8)x2(t + s)ds

-7

0

sy [ 05211@)3:1(75 wopds (G [y )+ 9],

0
ig(t) = w3(t) [ L5+ sin(t) = (7 +sin(®) [ hagi()as(t + s)ds

+ (HSTM)) / kata(s)o ¢+ s)ds + (HSTM))/ (o)l + o)ds|.

N N (19)

Corresponding to system (1), n = 3, m = 1,w = 27, by direct calculation we can
get
6 ~3, =5, d3~4

and the following system of equations has a unique solution

a11v1 — Q1202 — Q13V3 = T1,
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Q2201 — Q2102 — Q23V3 = T3,

a33v1 — a31V2 — Q3203 = T3,

where
v~ 0199, Vo & 0152, V3 0.239.

It is clear that all the conditions of Theorem 3.1 hold. Hence, system (19) has a
positive periodic solution.

From Figure 1 we can see that, system (19) has a positive periodic solution.

Example 4.2. Next, we consider the following delayed system:

0
1(t) = x1(t) [2 + sin(t) — (1 + sin(t)) k111(s)z1(t + s)ds

2 0 N 2 0
+5(1 +sin(t)) | kio1(s)za(t + s)ds + 5(1+ sin(t)) | kiz1(s)zs(t + s)ds}

—T —T

0
To(t) = x2(t) [2 + cos(t) — (2 + cos(t)) kao1(s)xa(t + s)ds

-7

0 0
—l—%(l + cos(t))/ ka11(s)z1(t + s)ds —|—§(1 + sin(t))/ kas1(s)zs(t + s)ds]

—T —T

0
x3(t) = x3(t) {2 + sin(t) — (4 + sin(?)) / kss1(s)zs(t + s)ds

—T

0 0
+29—0(1 + sin(t))/ ks11(s)z1(t + s)ds —|—29—0(1 + sin(t))/ k321 (s)z2(t + s)ds]

-7 -7

(20)

Corresponding to system (1),n = 3,m = 1,w = 2, by direct calculation we can
get
51 ~ —16, 52 ~ —]..5, (53 ~1.2

and the following system of equations has a unique solution

a11v1 — Q1202 — Q13V3 = T1,
Q2201 — Q2102 — Q23V3 = T3,
a33v1 — A31V2 — Q3203 = T3,

where
v = 3.122, wy =1.756, w3 = 1.049.

Clearly, the conditions of Theorem 3.1 do not hold. From Figure 2 we can see
that, system (20) has no positive periodic solution.

Remark 4.3. From these two examples we can see that if the conditions of The-
orem 3.1 hold, then the system has a positive periodic solution. If the conditions
of Theorem 3.1 do not hold, then the system has no positive periodic solution.
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Periodic solution Periodic solution
3 T T T T 2 T T T T
18f 1
25F 1
161 B
14r B
2l ]
12r B
€ 15} 1 S 7
x x
1H ]
0.5F 9
0 . . . . 0 . . . .
0 20 40 60 80 100 0 20 40 60 80 100
t t
Periodic solution Periodic solution
3 T T T T 0.9 T T T T T T T
0.8 B
25F 1
0.7f B
2l ]
0.6 B
g, 15} 1 < osf g
x x
0.4F B
1 ]
0.3f 4
05 1
0.2 B
0 . . . . 01 . . . . . . .
0 20 40 60 80 100 0 02 0.4 0.6 0.8 1 12 14 16
t ><1(t)
Periodic solution Periodic solution
16 T T T T T T T 16 T T T T T T T
14 E 14 E
12 1 12 1
1t 4 1t 4
g g
x x
08F 1 08 1
06 1 06 il
04 4 0.4} 1
0.2 . . . . . . . 0.2 . . . . . . .
0 0.2 0.4 0.6 0.8 1 12 14 16 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9
x,(0) X,(0)

Fig. 1. Positive periodic solution of system (19). Here, we take the initial value

zo = (%10, 20, z30) = (0.8,0.5,0.6).
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Time Sequence Phase Time Sequence Phase
50 T T T T 25 T T T T
451 ]
40t g 20 1
351
151
x x
101
] s
. A . 0 . . f .
20 40 60 80 100 0 20 40 60 80 100
t t
Time Sequence Phase Time Sequence Phase
30 T T T T 30 T T T T
251 E 1
20 E 1
g, 15 1 & 1
x x
10 E 1
s ] 1
. ) J
0 20 40 60 80 100 50
t
Time Sequence Phase Time Sequence Phase
30 T T T T T T T T T

3(0)

5 10 15 20 25 30
X0

Fig. 2. Non-existence of positive periodic solution for system (4.2).Here, we take the initial value

zo = (%10, 20, T30) = (0.3,0.2,0.4).
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