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Over the years a lot of work has been done with respect to the study of first
order optimality conditions. To obtain the sufficiency of these conditions, one
assumes the convexity or generalized convexity assumptions. But in absence of
convexity, how to go about discussing the sufficiency of the optimality condi-
tions. To do so, one moves ahead with the second order optimality conditions
which provide an alternative in absence of convexity. Work has been done for the
second order optimality under twice differentiability as well as for nonsmooth
scenarios [2, 10, 22]. To study the second order optimality conditions for prob-
lems involving nonsmooth functions, various concepts of first and second order
directional derivatives have been introduced [6, 25, 26]. Over the years, second
order optimality conditions have been obtained for problems involving C*! data
[9, 11, 24] with the optimality conditions expressed in terms of the Clarke Hes-
sian. Work has been reported for problems with C! data [12-14] wherein the
optimality conditions are given by pseudo-Jacobian and pseudo-Hessian.

In the works mentioned above, authors make use of the second order direc-
tional derivative of the functions involved in the optimization problem. In 1993,
Jourani and Thibault [15] introduced the notion of approzimations thereby re-
placing the concept of directional derivatives. In 1997, Allali and Amahroq [1]
used a relaxed notion of approximation to obtain the second order optimal-
ity conditions. Further developments of approximation are given by Khanh and
Tuan in [16-19] for vector problems. The topic we are going to deal with now
is inspired by Khanh’s research to whom this paper is dedicated. Namely we
broaden the idea of approximations to cater to larger class of problems using
which we obtain the second order optimality conditions. The paper is organized
as follows. In Section 2, we present second order tangent sets and introduce the
concept of second order tangentiability of a set while we define new notions of
approximations for a function in Section 3. In Sections 4 and 5, we establish
second order optimality conditions for problems without explicit constraint and
problems with equality and inequality constraints respectively. As an applica-
tion of the results obtained in Section 5, we obtain the second order optimality
conditions for minimax programming problems in Section 6.

2. Tangent directions

To study local optimality conditions, one needs to approximate the objective
function of the problem by its first or second order Taylor’s expansions and
the feasible set by tangent sets [3, 5]. In this section we recall some concepts
of tangent sets and introduce the concept of tangentiable sets which will be
subsequently used to establish new second order optimality conditions.

Let X be a normed space and S a nonempty set in X. Given T € S, the
feasible direction cone of S at T is defined by

To(S;z) = {ve X : 3§ > 0such that [Z,Z + dv] C S}
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and the first order tangent cone to S at T € S is defined by

1
T(S;z) = limsup —(S — &)
tyo t

={veX:3t,]}0,v, = vsuch that x,, :==Z + t,v, € S}.

It is clear that the feasible direction cone is contained in the first order tangent
cone, and the converse is true when S is a polyhedral convex set. Given = € S
as before and u € X, the second order tangent cone of S at (Z,u) in the sense
of Penot [23] is the set

1 1 1
T (S;Z;u) = limsup — (—(S —I)— u)
t,sl0 S t

={z€ X :3s,,tn 0,2, — 2z such that
Ty =2+ tnu + tnsnzn S S}

In particular, T”(S; %;0) = T(S; ) because x, = T + apz, € S with
oan = ths, — 0 and z, — 2.

The parabolic second order tangent set [23] is defined as
T?(S;z;u) = {z € X : 3t, 1 0,2, — 2 such that z,, := & + t,u + 122, € S}.
The second-order tangent set of index v > 0 given by Cambini et al. [4] is

2/Q. 5. _ .
T5(S;z5u) = {z€ X :3 sn,tn 0, tn/sn — 7,2, — z such that
Ty =T + tou+ tpspzn € S}

When 7 = 0, the set T3(S; Z;u) is a cone and called the asymptotic second order
tangent cone. Also

T"(S;Z;u) = U T?(S;a‘c;u) and T?(S;a?;u) =~T2(S;T;u) V v > 0.
0<y<co
The following concept of tangentiability is similar to the concept of asymptota-

bility of [21] and plays an important role in establishing sufficient condition of
optimal solutions.

Definition 2.1. Let Z € S. We say that S is first order tangentiable at T if for
every ¢ > 0, there is a neighborhood U of the origin such that

(S—z)NU C [T(S;7)]e,

where [T(S; Z)]c is the e-conic neighborhood of T'(S; Z) which consists of x € X
such that the distance between z/||z| and the cone T'(S;Z) is less than e.

S is said to be second order tangentiable at T if for every v € T'(S; ) and for
every € > 0, there is a neighborhood U of the origin such that
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cone[(S —2) NUIN(u+U) Cu+ [T (S;%u)..

We remark that if S is second order tangentiable at Z, then it is also first
order tangentiable at that point. To see this, take u = 0 and apply equality
T (S,z,0) = T(S;Z) already discussed before.

Proposition 2.2. Fvery set in a finite dimensional space is first order and sec-
ond order tangentiable.

Proof. Let S be a nonempty set in X = R¥ and let Z € S. By an aforementioned
remark we need only to prove the second order tangentiability of S at z. If it is
not the case, one may find a vector u € T(S;Z) and € > 0 such that for every
n > 1 there exist some x, € S,an > 0,b, € X with [z, — 2| < 1,[b,]| < L
satisfying

an(z, — ) =u+by, (1)
and

onlzn —2) ¢ u+ [T (S;2,u).. (2)

If by, = 0 for all n > 1, then (1 ) mphes that 0 ¢ [T (S;Z,u)]e, a contradiction.
We may assume b, # 0 an d " converges to some unit norm vector b. We

deduce from (1) that "

1 bnll bn
n::f—k—u—i—H H €s.

Qn an bl

If u =0, we deduce b € T(S; ) = [T”(S;j?, 0)] and hence b, € [T”(S; z,0)]. for
n sufficiently large. This contradicts (2).

If uw # 0, we deduce b € T”(S;i,u) and hence b T € [T (S;Z,u)]. for n large.
As the latter set is a cone, one obtains b, € [T (S;Z,u)]. contradicting (2)
again. The proof is complete. [ ]

Of course, in an infinite dimensional space not every set is first order/second
order tangentiable and also there exist second order tangentiable sets that are
not contained in a finite dimentional subspace. For instance let H be an infinite

dimensional Hilbert space with a countable base {ej,ea,...,€ep,...} such that
I, =7,
<6i’ ej> = . .
0, i#j.
Denote Sy, := {te, : t >0}, n=1,2,... and
S = US”'
n=1

Then one can see that S is second order tangentiable at 0 and no finite dimen-
tional subspace of H contains it.
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3. Approximations

Let Z,u,v € X. A sequence {x,} C X is said to converge to T in the direction
u, denoted x, —,, T, if 3 ¢, | 0, u, — u such that z,, = T + t,u, V n, and it is
said to converge to T in the direction (u,v), denoted by x, —(y ) T, if

dtn,sn 40, up = u, v, - v such that x,, = + tpu, + thspvn, Vn.

Let Y be another normed space. A function r : X — Y is said to have the limit
0 as = converges to 0 in the direction u, denoted by lim0 r(z) =0, if
Ty

Vi{zn,} CX, &y =4, 0 = r(z,) —0.

The function r is said to have the limit 0 as x converges to 0 in the direction
(u,v), denoted by lim o r(z) =0, if
xr—

(u,v)

v {xn} C X, Tn _>(u,v) 0 = ’I"(J?n) — 0.

Some notations are in order. Let L(X,Y) (B(X,Y)) denote the space of
continuous linear mappings from X to Y (continuous bilinear mappings from
X xX toY). We denote L(X,R) by X* and B(X,R) by B(X). For A C L(X,Y)
and z € X, A(z) ={a(z) :a€ A} CY.For f: X Y, AeY* and z,y € X,
(AF)(@) = (A f(x)) while for F 5 X — L(X,Y), (\ F(2)(y)) = (P(x)*A,y).
where F(x denoteb the adjoint of F(x). For B C B(X,Y) and z,2’ € X,

)
B(z,a') = {b(z,2") : b € B}.

Definition 3.1. A nonempty subset Ay C L(X,Y) is called a first order approz-

imation of f at T if for every direction u # 0, there exists a function r, : X — Y

with limo ru(z) = 0, such that for every sequence {z,} converging to Z in the
Ty

direction u,
f(xn) € f(j:) + Af(l‘n - j) + ||xn - jHru(xn - i‘)

The concept of approximation was first given by Jourani and Thibault [15] in a
stronger form for a real-valued function, that is, Y = R. Namely, it requires that

f@) € f(@') + Ap(x = 2') + |z — 2||r(x, 2"),

where r(z,2') — 0 as 2,2’ — Z. Allali and Amahroq [1] give a weaker definition
by taking ' = Z in the above relation, which corresponds to the concept of
Fréchet pseudo-Jacobian of Jeyakumar and Luc [13, 20].

It is clear from the above definitions that an approximation in the sense of
Jourani and Thibault is an approximation in the sense of Allali and Amahroq,
which, in its turn, is an approximation in the sense of Definition 3.1. However,
the converse is not true in general as is obvious from Example 3.2 below. The
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definition by Jourani and Thibault evokes the idea of strict derivatives and is
very useful in the study of metric regularity and stability properties, while Def-
inition 3.1 is more sensitive to behavior of the function in directions and so it
allows us to treat certain questions such as existence conditions for a larger class
of problems. This is a reason why we choose a modified version of approximations
to develop second-order analysis in this work.

Example 3.2. Let H be an infinite dimensional Hilbert space as in the example
in Section 2.

Denote

Spi={te,: t>0}, n=1,2,... and S::USn.
n=1

Define a function f: H — R as

{o, reH\S,

2|, zeS,, n=1,2,...

fz) =

Set Ay := {0}. We claim that Ay is a first order approximation of f at 0. Indeed,
let © # 0 in H be arbitrarily given. Consider the following cases.

i)u¢gS. Set ry(z) = 0 for every x. Obviously lim0 ru(z) = 0. Let {z,,} be
Ty

a sequence converging to 0 in direction u. We may assume that z,, # 0 for
every n. Then for n sufficiently large one has x,, ¢ S and

f(@n) =0 € f0) + Af(xn) + [[on[ru(zn).
ii) u € Sy, for some n=1,2,.... Set

. (x): {Oa ngSn\{O},
b Iz %, € S\ {0}.

We can see that limO ru(z) = 0. Let {1} be a sequence converging to 0
T

in direction u. We have ||e,, — en|| = v/2, m # n. Let ¢ > 0 be sufficiently
small. For k sufficiently large, 3 € O<LiJ<1tB(en, g) and z € S\ Sy,. Thus,

O’ xk¢5n\{0}a
flax) = 1
. {lekll-llxklla zr € S \ {0}

€ f(0) + Ay (ar) + [lznllra(zs).
Hence Ay is a first order approximation of f at 0. To show that Ay is not a

first order approximation in the sense of Allali and Amahroq [1], consider
a sequence defined by



On second-order conditions for nonsmooth problems with constraints 207
Tp =—€p, n=12,...
n

We have

iy Lo =IOty (1Y
n— oo Han n—oo \ N

while the limit should be equal to 0 if Ay were a first order approximation
in the sense of Allali and Amahroq since in this case Ay is the Frechet
derivative of f at 0.

Definition 3.3. Let Ay C L(X,Y), By C B(X,Y) be nonempty sets. We say
that f admits (Ay, By) as a second order approzimation at T if

(1) Ay is a first order approximation of f at Z.
(ii) For every direction (u,z) # (0,0), there exists a function r¢, ) : X — Y

with  lim o) () = 0 such that for every sequence {z, } converging to
T (u,z)

Z in the direction (u, z),
1

flan) € f(@)+ Ap(wn =2) + 5By (0 = 7,00 = 3) + |20 = 1w 2) (@0 — 7).

In Allali and Amahroq [1] for Y = R, the corresponding formula is
1
flx) € f(T) +Ap(z —T) + EBf(x ~Z,2—2) +o(|r—z|)* V¥ around z.

It is clear that the first order and second order approximations need not be
singleton. But under certain conditions, they may reduce to a singleton. One
such a condition is the Hadamard differentiability.

Definition 3.4. A function f : X — Y is said to be Hadamard directional
differentiable at x € X in a direction u € X if

df (z;u) := lim flattv) — f(z)

tl0;v—u t

exists, and f is said to be Hadamard differentiable at x if there exists D f(z) €
L(X,Y) such that
df (z;u) = Df(x)(u) VueX.

Below we present a result to relate first order approximations and Hadamard
derivatives.

Proposition 3.5. Let a function f: X — Y admit a first order approzimation
Af at a point T € X. If Ay is a singleton and df (Z;0) = 0, then f is Hadamard
differentiable at T and

Ap ={Df()}-
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Conversely, if f is Hadamard differentiable at T, then {Df(Z)} is a first order
approzimation of f at T.

Proof. For the first assertion, let u € X, u # 0 be arbitrary and consider any

sequences t, | 0, u, — u. Then x,, := T + t,u, —4 . By Definition 3.1, there
exists a function r, : X — Y with lim0 ru(z) = 0 such that
Ty

f(x”) = f(j) + Af(xn - :f) + ”xn - jHru(xn - f)
This implies

lim 1@+ taun) — 1(2) = lim A¢(uyn) = Ap(u).

n—o00 tn n—o00

Since the preceding relation holds for every sequences t,, | 0, u, — u, then

df (zu) = Ag(u),
which along with the assumption that df (z;0) = 0 implies the Hadamard differ-
entiability of f at Z.
Conversely, for each v € X, u # 0, define the function r, : X = Y as

0, xz =0,
r() = f@+a) - 1@ - DI@@

]

Then 1im07“u(a:) = 0. Consider any sequence x, —, T. By the definition of r,,
Ty

f(azn) = f(Z) + Df(T)(xn — T) + [lon — Zllru(zn — ).
Hence D f(Z) is a first order approximation of f at Z. The proof is complete. m
We also note that when f is twice Fréchet differentiable at z then (D f(z), D? f(z))

is a second order approximation of f at Z. Before moving any further, we discuss
some notions of Hessian and their relation to the approximations.

Definition 3.6. (1) Let g : R™ — R™ be a mapping of class C*t. The Clarke
generalized Hessian [11] of g at x¢ is defined as

2.g(wo) = co{klim D?g(zy) : a1 — w0, D*g(x},) exists}.
—00

(2) Let g : R™ — R™ be continuous. A closed and bounded subset 0,¢g(xo) C
L(R™,R™) is said to be a pseudo-Jacobian [14] of g at xo € R™ if for each
veR™ ueR”,

+ . < M
(Ug) ((Eo,u) = Mergi;}gmo)<v’ u>v
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where (vg)™ (xo;u) is the upper Dini directional derivative of (vg) at zo in
the direction u defined as

) e T (vg)(zo + tu) — (vg)(x0)
(v9) T (zo;u) := hrrtlﬁ)up " .

(3) Let g : R™ — R be continuously differentiable. A closed and bounded
subset 0.g%(zo) C B(R",R",R) is said to be a pseudo-Hessian [13, 14] of
g at mop € R™ if 9,g%(wo) is a pseudo-Jacobian of Dg at zo.

It is known [16] that if g : R — R is continuously differentiable in a neighbor-
hood U of ¢ and that 92g(-) is a pseudo-Hessian which is upper semicontinuous
at g, then g admits (Dg(z0), co 02g(xg)) as a second order approximation in the
sense of Allali and Amahroq [1] at 2. In particular this is true when g : R™ — R
is C! in a neighborhood U of o and 92.g(x¢) is taken in the role of a pseudo-
Hessian at zq.

Next we present some properties of the second order approximation.

Proposition 3.7. Let functions f : X — R and g : X = Y admit second
order approzimations (Ay, By) and (Ag, By) at a point T € X, respectively. Let
A € Y* be arbitrary. Then the function f + (Ag) admits (Ay + A;A, By + B;)\)
as a second order approximation at T.

Proof. Let a nonzero direction u € X be arbitrarily given. Then by Definition 3.1,
there exist r, : X — R and s, : X — Y which converge to 0 when z —,, 0 such
that for every sequences {z,} converging to T in the direction wu,

f(azn) € f(T) + Af(2n — Z) + |20 — Zru(z, — 2),

9(zn) € 9(2) + Ag(xn — Z) + |lzn — 2 su(zn — Z).

Hence
f(@n) + (Ag)(zn) € f(Z) + (Ag)(Z) + Ap(zn — Z) + (AgA) (20 — 2)
+ |20 — Z[|tu(zn — T),

where t,(x) := ry(x) + (Asy)(2) satisfies 1im0tu(x) = 0. Thus Ay + (A3A) is a
T—u

first order approximation of f + (Ag) at Z. For the second order approximation,
the proof is quite similar. ™

4. Optimality conditions

In this section, we study the second order optimality conditions in terms of the
approximations presented in the preceding section. But before that we present
some notions and notations (see [16]) which will be needed to establish the
results.
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Definition 4.1. (i) Let an,a € L(X,Y). The sequence {a,} pointwise con-
P . .
verges to a and denoted as a, — a or a = p-lima,, if

lim an(z) =a(z) VzelX.

n—oo

A similar definition is adopted for b,,b € B(X,Y).

(ii) A subset A C L(X,Y) is said to be relatively p-compact if each se-
quence {a,} C A has a subsequence which pointwise converges to some
a€ L(X,Y).

Definition 4.2. A subset A C L(X,Y) is said to be abp-compact (asymptotically
and boundedly pointwise compact) if every sequence {a,} C A admits either a
bounded pointwise convergent subsequence or an unbounded subsequence {a,, }
with ay, /||an, || pointwise converging to some nonzero vector. A similar definition
is adopted for B C B(X,Y). If A and B are both abp-compact, then (A, B) is
said to be abp-compact.

We will make use of the following notations. Let A C L(X,Y) and B C
B(X,Y).

p-cld:={a€ L(X,Y

p-clB:={be B(X,Y

p-As :={a € L(X,Y

p-Bs :={b€ B(X,Y

~—

: 3 {an} C A, p-lima, = a},
: 3 {by} C B, p-limb,, = b},
:3{a,} C A, It, 10, p-limt,a, = a},
:3{b,} C B, 3t, L0, p-limt,b, = b}.

—_ — ~—

)

Consider f : X — R and a nonempty set S C X. In the following result, we
establish the second order optimality conditions for minimizing f over S.

Theorem 4.3 (Second order necessary condition). Let & be a local mini-
mizer of f on S. Assume that f admits an abp-compact second-order approzi-
mation (Ay, By) at . Then for every nonzero vector u € T(S;Z) the following
conditions hold.

(i) There exists a € p-clAf U (p-(Af)oo \ {0}) such that a(u) > 0.
(ii) If sup Af(u) <0 and Ay is bounded, then

1) for every vector z € TZ(S;Z;u) and v € [0,00) either there exists a €
p-cldy, b € p-clBy such that a(z) + 57b(u,u) > 0 or there exists b, €
p-(Bf)oo \ {0} such that b.(u,u) > 0;

2) if T2(S;z;u) # 0, then there exists b € p-clBy U (p-(Bf)eo \ {0}) such
that b(u,u) > 0.

(iil) If sup Af(u) <0 and u € Ty(S;Z), then

sup By(u,u) >0
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Proof. (i) Let a nonzero direction u € T'(S;Z) be arbitrarily given. Then there
exist sequences t, | 0, u, — u such that z, := T + t,u, € S. Hence z,, —, T.
By Definition 3.1 of first order approximation, there exists r, : X — R which
converges to 0 when = —,, 0 such that for each n there exists a,, € Ay satisfying

flan) = f(Z) = an(en — Z) + ||lzn — Zl|ru(z, — 2).
This equality implies
an(un) + ||un||ru(xn - j) Z 0 (3)

By the abp-compactness of Ay we may assume either the sequence {a,} is
bounded and pointwise converges to some element in p-clA; or {a,} is un-
bounded and {a,/||a.||} pointwise converges to some nonzero vector. Then ei-
ther passing (3) to the limit when n — oo or dividing (3) by |la,|| and letting
n — oo , we find some a € p-clAy U (p-(Af)s \ {0}) such that

a(u) > 0.

(i) Let z € T2(S;Z;u) and v € [0, 00] be arbitrary. Then there exist sequences
tn, Sn 4 0, 2, — z satisfying ¢, /s, — 7 such that z,, := T + t,u + tnsnz, € S.
Hence z,, —(y,-) 7. By Definition 3.3, there exists r(, .y : X — R which converges
to 0 when x —(, ) 0 such that for each n there exist a,, € Ay, b, € By satisfying

,f(xn) - f(i‘) = an(xn - j) + %bn(xn — T, Ty — i‘) + ||xn - j”QT(u,z)('xn - i‘)

This equality along with the hypothesis implies that

1t t _

an(zn) + §S—nbn(u + Sp2Zn, U+ Spzn) + 8—n||u + $nzn||* w2y (T — ) > 0. (4)
n n

Since Ay is abp-compact and bounded, we may assume the sequence {a, } point-

wise converges to some a € p-clAy. Similarly, since By is abp-compact, either

{bn} is bounded and pointwise converges to some b € p-clBy, or {b,} is un-

bounded and {b,/||b,||} pointwise converges to some b, € p-(Bf)o \ {0}.
1) v € [0,00). We consider the following two cases.

Case (a). v > 0. By either taking the limit as n — oo in (4), b, — b or by
dividing (4) by ||b,| and then taking the limit as n — oo,

1
a(z) + §7b(u,u) >0 or bi(u,u)>0

Case (b). v

= 0. If {b,} is bounded and b, 2 b, then taking the limit as
n — oo in (4),

a(z) > 0.
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Next consider the case when ||b,|| is unbounded and by, /||b,|| = b.. We have
two cases. If by, (u + Sp2n, U + $pzn) < 0 for every n, then (4) yields

tn
an(zn) + —|lu+ snzn||2r(u_z)(xn —-z)>0 VYn.
Sn ’

As the limit n — oo,
a(z) > 0.

If by, (u+ Spzn, u + spz,) > 0 for every n, dividing this inequality by ||b, || and
taking the limit as n — oo,
bu(u,u) >0

Thus, completing the proof of (ii)1).
123 .
2) v = oo. Dividing (4) by S e obtain

n

n 1
j_an(zn) + ibn(u + Spzn,u + Snzn) + ||U + SnZnHQT(u,z) (xn - i‘) > 0. (5)

By either taking the limit as n — oo in (5) for the case {b,} is bounded and
bn = b or dividing (5) by ||b,| and then taking the limit as n — oo, we deduce

b(u,u) >0 or by(u,u)>0.
(iii) Let u € Tp(S;Z) be arbitrary nonzero. Then there exists a sequence t,, | 0
such that z,, := Z + t,u € S. Hence x,, —(,,0) Z. By Definition 3.3, there exists
T(u,0) : X — R which converges to 0 when x —(u,0) 0 such that for every n, there
exists a, € Ay satisfying
1

f(zn) = f(Z) € an(zn — T) + EBf(xn =T, Ty — ) + [|2n — j||27n(u,0) (Tn — 7)

or equivalently,

flan) = f(Z)  an(u)
2 tn

_ 1
- ”u”ZT(u,u) (xn - :E) S EBf(u,u)

Set
= f(xn)_f(j) _ (Ln(u)7 n=1,2,...
t2 tn

For n sufficiently large one has «,, > 0. Thus,

1
0< hmsup(an - ||u||27'(u,u) (xn - E)) < 5 sup Bf(ua 'Ll,),

n—oo

thereby completing the proof. ]

Example 4.4. Let H be a Hilbert space as in Example 3.2.
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Denote

Sy ={te,: teR}, n=1,2,... and S::USn.
n=1

For z = 0 we have T(S;Z) = Tp(S;Z) = S and for any v € S\ {0},
T2(S;z;u) = {tu : t € R} Vy € [0,+00]. Let f be a function on H which
admits a second-order approximation (Ay, By) at T such that Ay is a singleton,
By is abp-compact. Then a necessary optimality condition for f on S at 0 is
that

Ay =0and Vu € S\ {0},3b € p-clBf U (p-(Bf)s \ {0}) such that b(u,u) > 0.

We denote by Sx the unit sphere of X, by R} the set of nonnegative real
numbers and by R, the set of positive real numbers.

Lemma 4.5. Let u € Sx and {v,} C Sx be such that v, — u. Assume that

{lv’l—_“} converges to some z € Sx. Then

[vp, —ul|

i) z ¢ Ryu (where Ryw := {tu| t > 0}).
ii) Moreover, if X is a Hilbert space then z € ut\ {0}, where ut denotes the
orthogonal subspace to u.

Proof. 1) By Hahn-Banach’s theorem, there exists u* € X* such that (u*, u) =
|lu|]| = 1,]|u*|| = 1. Then one has

(o, oty - W) ol

5 = S _O~
[[on =] [[on = ull [[on = ull

Passing to the limit, we have (u*,z) < 0. Then z # u. Hence z ¢ R u since
z € Sx.
ii) By choosing «* = u in i), it implies (u, z) < 0. On the other hand, one has
n — n m — 1—(vn,
(u, oo=aq) = (w—vn, pi=ap) o, =) = —llu—vall+ ||Uiv—ulﬂ>

Passing to the limit, we have (u, z) > 0. Hence (u, z) = 0. ]

> —[lu=wvnl|.

Theorem 4.6 (Second order sufficient condition). Assume that f admits
a second order approzimation (Ay, By) at & € S. Then the following conditions
are sufficient for T to be a strict local minimizer of f on S.

(i) S,,z's a second-order tangentiable at T and the second order tangent set
T (S;Z;u) for every u € T(S; %) are locally compact;
(i) Ay is relatively p-compact and bounded, By is abp-compact;
(iii) a(u) >0 Vae Ay, ueT(S;Z);
(iv) If we T(S;Z)NSx and a(u) <0 for some a € p-clAy, then

(1) for every z € T?(S;z;u) \ Ry yu,

1
a(z) + §b(u,u) >0 Vaep-cldy, be p-clBy;
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(2) for every z € TE(S;Z;u) \ Ry,
a(z) >0 YV ae€p-cldy;
(3) for every nonzero by € p-(B¢)oo, bx(u,u) > 0.

Proof. Suppose to the contrary that Z is not a strict local minimizer. Then there
exists a sequence x,, € S\ {Z} converging to Z such that

flan) < f(2). (6)

Set t,, = ||xn, — Z|| = 0. By (i) and a remark made after Definition 2.1, the set
S is first order tangentiable at Z. By considering a subsequence if necessary we
may assume that z, — Z € [T'(S; i)]% for all n = 1,2, ... Then for each n, there
exists up, € T(S;Z) such that

Ty — T
128

1
—up|| < =.
n

Since T'(S; Z) is locally compact, we may assume the sequence {uy} converges to

some u € T'(S;Z). It is clear that Z2=Z converges to u and consequently |[ul| = 1.

Hence {x,} converges to T in the direction u. Set

Ty — T
Sn = || =2 —u|| =0,
tn
1l (z,—Z
—(n —u), sp # 0,
Zn =14 Sn tn
0, Sn =

If s, = 0 for every n, the sequence {x,} converges to T in the direction (u, z)
with z = 0. Otherwise we may assume that s,, # 0 for every n. By (i) we have

Ty, — T
tn

cu+ [T (S:% u).

which implies B
zn € [T (S;Z,u)e

for n sufficiently large. Since this is true for every ¢ > 0, we can find a
subsequence {zx,} C {z,} and a sequence {w;}} c T"(S;Z;u) such that
lzk, — wi|| < 1/n for all n = 1,2,... Since T (S;Z;u) is locally compact,
there exists z € T (S; 2; u) such that w!, — z. Hence, z;,, — z with ||z|| = 1 and
z ¢ Ryu (by Lemma 4.5). However, without loss of generality we may assume
that z, — z. Thus z,, — ¥ in the direction (u, z) with z =0 or ||z|| = 1, 2 ¢ Riu.

By Definition 3.3 of the second order approximations, there exist real-valued
functions r,, and r(,, .y defined on X such that for every n there exist a,, a, € Ay
and b,, € By satisfying
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f(xn) - f(:f) = C_ln(xn - :f) + ||{En - f||7"u(xn - E)v (7)

_ 1 _ _ _ _
f(xn) - f(:t) = an(xn - {E) + §bn(xn — T, Tp — {E) + ||{En - x”zr(mz)(xn - {E) (8)

In view of (ii), {a,} and {a,} pointwise converge to some a and a € p-clAy,
respectively. It follows from (6) and (7) that a(u) <0.

If {z,} converges to Z in direction (u,z) with z = 0, for the case s, = 0 for
every n, the condition (8) yields

1
an(u) + Etnbn(u, u) + tn 1 (y,z) (tnu) < 0.
By (iii), the above inequality implies

1

Since By is abp-compact, either the sequence {b,} is bounded and has a

n

pointwise limit b € p-clB; or it is unbounded with say p- lim = b, €

n=o0||by
p-(Bf)so \ {0}. By (9), employing a similar argument as in the proof of Theo-
rem 4.3, either
b(u,u) <0 or bi(u,u) <0

which contradicts (iv) 1) and 3). Observe that in this scenario, 0 € T?(S;Z, u)
since x,, = T + t,u € S for every n.

If {z,,} converges to T in direction (u, z) with ||z|| = 1, z ¢ R u, then consider
the three possible cases concerning the sequence {t,/sn}.
Case 1. lim t, /s, = oo, or equivalently nler;Osn/tn = 0. Setting wy, = (sn/tn)zn,

n— o0
we have

xnzf—i—tnu—l—tiwn:E—i—tnu—i—tnsnanS

with li_>m wy, = 0. Hence 0 € T?(S;x,u). By the conditions (6), (8) and (iii),

1
an(wn) + §bn(u + tnwn; u + tnwn) + ||U, + tnwnHzr(u,z) (tnu + tnsnzn) S 0.

Since 1i_>m an(wy) = 0 and By is abp-compact, as done in earlier proofs, there
n— oo
exists some element b € p-clBf U [p-(Bf)s \ {0}] such that b(u,u) < 0 which
again contradicts (iv) 1) and 3).
Case 2. lim t,, /s, =~>0. Then z € T2(S;z,u). By the conditions (8) and (iii),
n—00
Sn

1
t_an(zn) + §bn (U + SpzZn, U+ Snzn) + ||U + Sn,ZnHQr(u,z) (tnu + tnsnzn) < 0. (10)



216 A. Dhara, D. T. Luc, P. N. Tinh

We have lim a,(z,) = a(z). If the sequence {b,,} is bounded, then it pointwise
n—0o0

converges to some b € p-clBy and taking the limit as n — oo, (10) yields

a <§) + %b(u,u) <0
which contradicts (iv) 1) as z/y € T%(S;Z;u) \ Ry yu. If the sequence {b,} is
unbounded, p- 1i_>m bn_ = b, € p-(B)f)oo \ {0}. Then by dividing (10) by | byl

[[n |
and taking the limit as n — oo, we have

bu(u,u) <0
which contradicts (iv) 3).

Case 3). li_>m tn/sn = 0. Then z € T§(S;x,u) \ Ryu. As the above cases, it
follows from (8) and (iii) that

1t, tn
an(zn)+§—bn(u+snzn,u—i—snzn)—i——Hu—i—snznﬂzr(mz) (tputtnsnz,) < 0. (11)
Sn Sn

If the sequence {b,} is bounded, working along the lines as before, (11) implies
a(z) <0

which contradicts (iv) 2). If the sequence {b,} is unbounded, then as before
p- ILm Toull = b, € p-(Bf)x \ {0}. Since a(z) > 0 by iv)(2), an(z,) > 0 for n
sufficiently large. Then (11) leads to

1
Ebn(u + Snzn, U+ Spzn) + ||u+ snzn|\2r(u7z)(tnu +tnSnzn) <0

which as before implies that
by (u,u) <0,

thereby leading to a contradiction. Hence, the proof is established. [ |

If the function f admits a second order approximation (Ay, By) at Z such that
Ay, By are singletons then by Theorem 4.3, we obtain the following necessary
conditions for Z to be a minimizer of f on S.

(i) For every u € T(S;7), Af(u) > 0.
(ii) Ifue T(S;Z)NSx and Af(u) <0 then

(1) for every z € T?(S;z;u) \ Ry 4 u,

1
Ay () + 3By () 2 03
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(2) for every 2 € TZ(S;z;u) \ Ry,

In this case, we can see that the sufficient conditions only differ from the

necessary conditions in the substitution of a nonstrict inequality by a strict
inequality.
Example 4.7. Let H be a Hilbert space as in Example 3.2. Set S := {te; +
[t|%e2 : t€R},a€(1,2),Z =0;u =e;. Then T(S;Z) = Rey,u € T(S;Z);e3 €
T?0(S;z,u), T?(S;%,u) = 0. Let f be a function on S which admits a second
order approximation (Af, By) at Z such that A is a singleton and By is compact.
Then by Theorem 4.6, sufficient conditions for Z to be a strict minimizer of f
are that A¢(e;) = 0 and Ay(e2) > 0.

By a similar proof of Theorem 4.6 with the note of Lemma 4.5 ii), when X is
a Hilbert space, we have

Theorem 4.6’ (Second order sufficient condition). Assume that f admits
a second order approzimation (Ay, By) at T € S. Then the following conditions
are sufficient for T to be a strict local minimizer of f on S.

(i) S is a second-order tangentiable at T and the second order tangent set
T (S;Z;u) for every u € T(S;Z) are locally compact.

(ii) Ay is relatively p-compact and bounded, By is abp-compact.
(ili) a(u) >0 VaeAf, ueT(S;Z);
(iv) If weT(S;Z)N Sx and a(u) <0 for some a € p-clAy, then

(1) for every z € T?(S; Z;u) Nut,
1
a(z) + Eb(U,U) >0 Vae€p-cldy, be p-clBy;

(2) for every z € TE(S; ;u) Nut \ {0},
a(z) >0 Va€p-cldy;

(3) for every nonzero by € p-(B¢)oo, bx(u,u) > 0.
For z € S, § > 0, set

Ss(x) :={t(x —x): t >0,z €8, ||z —z| < d}.

It can be seen that T'(S; %) = ) 550 ¢l S5(Z). Next we present an alternate theo-
rem to establish second order sufficient optimality conditions under different set
of conditions.

Theorem 4.8 (Second order sufficient condition). Assume that f admits
an abp-compact second order approzimation (Ay, Bf) at T € S. Suppose that S
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is a first-order tangentiable at T and the tangent cone T'(S; ) is locally compact.
Then each of the following conditions are sufficient for T to be a strict local
minimizer of f on S.

(i) a(u) >0 Va€p-cldpU[p-(Ap)o \ {0}], u e T(S;2)\ {0}
(ii) (a) There exists 6 > 0 such that

a(u) >0 VaeAfueS5T);

(b) If for nonzero w € T(S;%) and a(u) < 0 for some a € p-clAy U
(p-(Af)oo \ {0}), then

b(u,u) >0 V bep-clBsUp-(Bf)s \ {0}].

Proof. Suppose to the contrary that Z is not a strict local minimizer. Then there
exists a sequence z, € S\ {Z} converging to Z such that

flan) < f(2). (12)

By repeating the argument which has been employed in the proof of Theorem 4.6,
there exists u € T'(S;z) with ||u|| = 1 such that x,, — Z in the direction u.
Consequently, z,, — Z in the direction (u,0) and there exist ¢, | 0, v, — u such
that x, = T + t,v,. By Definition 3.3, there exist real-valued functions r, and
T(u,0) defined on X such that for every n there exist a,,a, € Ay and b, € By
satisfying
f@n) = f(Z) = an(@n — T) + |20 — Z[ru(zn — 2), (13)
flxn)— f(Z) = an(z, —T)+ %bn(xn — T, Tn—T)+||zn — a’:||2r(u,0) (xn—T). (14)
By conditions (12), (13) and the abp-compactness of Ay, working along the lines
of earlier proofs, there exists @ € p-clA; U (p-(Af)s \ {0}) such that

a(u) <0

which contradicts (i).
Now suppose that (ii) holds. Then condition (14) yields that

1
an(vn) + §tnbn(vn; vn) + tn”Un”?r(u,O) (tnvn) S 0.
By (ii)(a), for n sufficiently large, the latter inequality implies that

1
ibn(vn; vn) + ”Un”Qr(u,O) (tnvn) <0.

By the above inequality along with the abp-compactness of By, as done above,
there exists b € p-clBf U (p-(Bf)oo \ {0}) such that
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b(u,u) <0
which contradicts (ii)(b). Hence completing the proof. [

Corollary 4.9. Assume that X is finite dimensional and f admits a second
order approzimation (Ayf,By) at Z € S . Then each of the following conditions
is sufficient for T to be a strict local minimizer of f on S.

(1) a(u) >0 Vaeccd Ay U[(Af)s \ {0}],u e T(S;z)\ {0}.
(ii) (a) There exists 6 > 0 such that

a(u) >0 VaeAfueS;T);

(b) }Ilfu € T(S;z),u#0 and a(u) <0 for some a € cl Ay U[(Af)so \ {0}],
then
bu,u) >0 VbecBrU[(By)w \{0}].

Proof. If X is finite dimensional, then S is first order tangentiable, T'(S;Z) is
locally compact and (Ay, By) is abp-compact. Then applying Theorem 4.8, the
corollary holds. n

Remark 4.10. Theorem 4.3 generalizes Proposition 3.1 of [23] in which the
objective function is assumed twice differentiabe and Theorem 3.1.1 in [1] since
the concept of approximation in this work generalizes that concept defined by
Allali and Amahroq and used in [1]. Theorem 4.6 generalizes Proposition 3.4 of
[23]. With Y = R, Theorem 4.3 implies [16, Theorem 4.1] in which an assumption
of first order differentiability is used and Corollary 4.9 implies Theorem 4.2 of
[16].

5. Problems with equality and inequality constraints

Consider the following problem with equality and inequality constraints.

(P) min  f(z)
subject to z € X,

gi(x) <0, i=1,...,p,

hj(x) =0, j=1,...,q,

where f,g;, ¢ = 1,...,p and h;, j = 1,...,q are continuously differentiable
real-valued functions defined on X. The Lagrangian function of (P) is given by

L(z, A\ p) = f(z) + Zmi(x) - Zujhj (z).

The set of Karush-Kuhn-Tucker (KKT) multipliers A(z) is defined as
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Alz) ={(\ p) € RE xR? © DL(x,\, ) =0, Nigi(xz) =0, i=1,...,p},

where DL (x, A, 1) is the derivative of the function L(-, A, 1) at z. It is well known
that if Z is a local minimum of (P) and X is finite dimensional then under a first
order constraint qualification [8], A(Z) is nonempty. Let

C={reX: g(z)<0,i=1,....p; hj(z)=0,=1,...,¢}

denote the feasible set and define
p
CA={zeC: Z)\igi(aﬁ) = 0}.
i=1

Now we establish the second order optimality conditions for the problem (P).

Theorem 5.1 (Second order necessary condition). Assume that T € C is
a local solution of the problem (P) and A(Z) is nonempty. Let (\*, u*) € A(Z).
Suppose that the function L(-,\*,u*) admits (DL(Z,\*, 1), B x=u)) as a
second order approwimation at T, with Br(. x« ,+) abp-compact. Then for every
u € T(C(\*),T), there exists b € p-clBr. x+ =) U [P-(BL( 2= u))oo \ {0}] such
that
b(u,u) > 0.

Proof. Let a nonzero direction v € T(C(X*),Z) be arbitrary. Then there exist
sequences t, — 0% u, — u such that z, := T + t,u, € C(\*) and hence
Tn —(u,0) Z- By Definition 3.3, there exist a real-valued function r(, ¢y converging
to 0 as & —(,,0) 0 and a sequence {b,} C Br(. z+,u=) such that

L(wn, ' 1) = L(@, A", 1) + DL(@, A", 17 (2 — &)

1
+ Eb”(x" — T, %y — T) + |20 — 2|7 0) (@0 — ). (15)
From (15) we have
2
0< t—Q(f(wn) — f(Z)) = bu(un, un) + 2[[un]*r(u,0) (@0 — T). (16)

By the abp-compactness of Br(. « .+, either {b,} is bounded and converges
pointwise to some b € p-clBp(. x+ ,+) or {b,} is unbounded and {b,/||b,||} con-
verges pointwise to some b € p-(Br(. x+ u*))oo \ {0}, then by repeating an argu-
ment which has been employed several times previously, (16) yields

b(u,u) >0

Hence completing the proof. [ |

Remark 5.2. A similar result can also be obtained if the inequality constraints
are replaced by set inclusion constraint, that is,
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C={zeX: glz)eD; hj(x) =0,7=1,...,q},

where g : X — Y is a continuously differentiable function and D is a convex
subset of Y. For the problem (P) with the constraint set C, the Lagrangian
function is defined as

L. M) = £() + 00)@) + 3wl @),

where A € Y*. The set of KKT multipliers are given by
Az)={(\p) €Y*xRI : A€ N(g(z),D), DL(z,\, p) = 0},
where N(g, D) denotes the normal cone to the set D C Y at § defined as
N@,D)={veY" : (v,y—7) <0 VYyeD}
Forz € C , define
Cnz)={zeC: (\g(x)—g(z)) = 0}.

Then Theorem 5.1 holds for a local solution Z of the problem (P) with T'(C'(\*), T)
replaced by T(é()\*, Z),Z). The proof can be worked out by applying Proposi-
tion 3.7. If the second order approximations of the functions are known ex-
plicitly, then the above theorem can also be obtained under the compactness
of the second order approximation. Below we present the result for the con-
strained problem with constraint set C'. A similar result can be established for
the problem with constraint set C' by replacing the second order approximations
of g;, i =1,2,...,p by that of g, that is, g admits second order approximation
(Dg(z), By) at & with B, compact.

Example 5.3. Given the problem

(P") min  f(z,y)
subject to (z,y) € R?,
g(z,y) <0,

where f(x,y) = 22 —y? +2y and g(z,y) = 2% —y. Consider the point (0, 0). It is
not difficult to see that (0,0) is a local solution of (P’). By simple computing we
obtain \* =2 € A((0,0)), C = {(z,y) € R? : y>2?}, CO\*) ={(z,y) : y=
22}, T(C,(0,0)) = {(z,) : y >0}, T(C(X), (0,0)) = {(z,0) : = € R} Since
f and g are twice differentiable at (0,0) , the Lagragian L((z,y), A*) is twice
differentiable too. Hence it admits (DL((0,0), \*), D®L((0,0), A\*)) as a compact

second order approximation at (0,0), in which D?L((0,0), \*) 6 0) . Then

0 -2
for every u = (a,0) € T(C()\*),(0,0)), D>L((0,0), \*)(u,u) = 6a* > 0. On the
other hand, for @ = (0,1) € T(C, (0,0)) one has D*L((0,0), \*)(@, ) = —2 < 0,

I
N
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which shows that the necessary condition of Theorem 5.1 is not true for u €
T(C,z) that is Theorem 5.1 is not true when C(A*) is replaced by C.

Corollary 5.4. Assume that T € C is a local solution of the problem (P) and
A(Z) is nonempty. Suppose that f, ¢;, i =1,...,p and hj, j=1,...,q admit
(Df(z), By), (Dgi(Z), By,), i = 1,...,p and (Dh;(Z), Bx,), j = 1,...,q respec-
tively as the second order approximations at T with By, By,, i = 1,...,p and
By,, j=1,...,q compact. Let (\*,p*) € A(Z). Then for every u € T(C(X*),Z),
there erist by € By, by, € By, i = 1,...,p and bp; € Bp,, j =1,...,q such
that

P q
by(uyu) + Y Abg, (usu) + Y piby, (u,u) > 0.

i=1 j=1

P q
Proof. Set Bz« =) = By + > A Bg, + >_ p1; Br;. Then Br(. x« ,~) is compact
i=1 j=1

and by Proposition 3.7, the Lagrangian function L(-, \*, u*) admits (DL(z, A*, u*),
Br( =) as a second order approximation at Z. By the compactness of
By x+ ) and by Theorem 5.1, there exists b € Br(. x+ ) such that b(u, u) > 0.
Then we can find by € By, by, € By,, i =1,...,pand bp; € By, j =1,...,q
such that

p q
br(u,u)+ Z)‘:bgi (u,u) + Zu;bhj (u,u) = b(u,u) >0,
i=1 j=1

thereby establishing the proof. ]

Below we present the results from [11] and [14] which can also be established
using the above second order necessary optimality conditions.

Corollary 5.5. Assume that X = R"™ and the problem (P) attains a local mini-
mum at T. Suppose that (N*, u*) € A(Z). If L(-, \*, u*) admits a pseudo-Hessian
O2L(z,\*,u*) at T and the set-valued map O?L(-, \*, u*) is upper semicontinu-
ous at T, then for every u € T(C(\*),Z) there exists M € 0?L(Z,\*, u*) such
that

(Mu,u) > 0.

Proof. According to a note after Defnition 3.6, L(-, \*, u*) admits (DL(Z, A*, u*),
coO2L(Z,\*, u*)) as a second order approximation at z. By the compactness
of O2L(z,\*,u*) and by Theorem 5.1, for every u € T(C(\*),Z) there exists
N € cod?L(z,\*, u*) such that

(Nu,u) > 0.
k
Hence, there exist ai,...,ar > 0, Y. a; = 1 and Ny,..., Ny € 02L(Z, \*, u*)

=1
such that
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k
Zai<Niu,u> = (Nu,u) > 0.
i=1

This relation implies the existence of some N, ,i9 € {1,...,k} which satisfies
(Nipu, u) > 0.
By setting M = N,,, the proof of the corollary is complete. [ ]

Corollary 5.6. Assume that X = R", the functions f, g;, i =1,...,p and h;,
j=1,...,q are C*! and that the problem (P) attains a local minimum at . If
(A", u*) € A(Z), then for every u € T(C(\*),Z) there exists M € 02 L(Z,\*, u*)
such that

(Mu,u) > 0.

Proof. The proof is straightforward from a note after Definition 3.6, Theorem 5.1
and from the compactness of 93 L(Z, \*, pu*). [ ]

Theorem 5.7 (Second order sufficient condition). Assume that T € C is
a feasible point of the problem (P) and A(T) # 0. Let (\*,p*) € A(Z). The
following conditions are sufficient for T to be a local strict minimizer of (P).

(i) The feasible set C is first order tangentiable at T and the tangent cone
T(C,Z) is locally compact;
(ii) The function L(-,\*,u*) admits (DL(Z, X", p*), B x= =) as a second
order approximation at T with Br. x- ) being abp-compact;
(iii) For every u € T(C,Z) \ {0}, b € p-clBr(. x» )y U [P-(BL(- x*,u))oo \ 10}],

b(u,u) > 0.

Proof. Suppose to the contrary that Z is not a local strict minimizer. Then there
exists a sequence x, € C'\ {Z} converging to Z such that

fwn) < f(2).

By repeating an argument which has been employed in the proof of Theorem 4.6,
there exists v € T'(C; Z) with |lu|| = 1 such that x,, — Z in the direction u. Hence
consequently, x, — 7 in the direction (u,0) and there exist ¢, — 0%, v, — u
such that x, := & + t,v,. By Definition 3.3 of the second order approximation,
there exists a real-valued function 7, o) defined on X such that for each n there
exists b, € B\ ) satisfying

1
L(J?n, /\*Hu*) = L(i‘a /\*,M*) + DL(i‘a A*au*)(xn - i‘) + Ebn(l‘n - jr,xn, - ‘i)
+ |n = 2?7 w0y (@0 — 7).

Then



224 A. Dhara, D. T. Luc, P. N. Tinh

f(x) = flzn)
> flon) + S Nilen) + Y i)
= L(xnv)‘*hu*)

1
= L(z,\*, ")+ DL(Z, \*, p*)(xp, — T) + §bn(xn —I,Tp — )
+ Hxn - j”Qr(u,O) (xn - j)

_ 1 _
= f(z)+ Et%bn(vn’ vn) + 75?z”'UnHQT(u,O) (xn — T).

Hence

%bn(vn, Un) + an||2r(u70) (xn, — ) <0. (17)
By the abp-compactness of By, (. x« ), either {b, } is bounded and pointwise con-
verges to some b € p-clBp(. x+ =) or {b,} is unbounded and {b,/||b, ||} pointwise
converges to some b, € p-(Br(. a= u*))oo \ {0}. Thus taking limit as n — oo in
(17), either b(u,u) < 0 or by (u,u) < 0, which contradicts (iii), thereby complet-
ing the proof. [ |

Note that an example similar to Example 5.3 can be given which shows that
Theorem 5.7 is not true if in condition (iii) C' is replaced by C'(\*).

Corollary 5.8 (Second order sufficient conditions). Assume that T is a
feasible point of the problem (P) and A(Z) # 0. Let (A\*, u*) € A(z). The following
conditions are sufficient for T to be a local strict minimizer of (P).

(i) The feasible set C is first order tangentiable at T and the tangent cone
T(C,z) is locally compact;

(i) The functions f, g;, i=1,...,p and hj, j=1,...,q admit (Df(Z), By),
(Dgi(z), By, ), i =1,...,p and (Dh;(Z), By;), j =1,...,q as second order
approzimations at T, respectively, where By, By, i =1,...,p and By;, j =
1,...,q are compact;

(iii) For every u € T(C,z) \ {0}, by € By, by, € By,, i = 1,...,p, bp; €
th; J= 1;"'7Q7

P q
br(u,u)+ Z)\fbgi (u,u) + Z,u;bhj (u,u) > 0.

i=1 j=1

P q
Proof. As done in Corollary 5.4, set Br(. x« ,+) = B+ A; Bg,+ > j1; Bp;. Then

i=1 j=1
corresponding to b, € Bp(. x+,+) in (16), there exist b € By, by, € By,, i =
1,...,p and sz € By, j=1,...,qsuch that
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1 G S .
5 (07 (vn, va) + SN (vn,00) + D 5B (Vn,v0)) + 00|20y (@0 — ) < 0.
i=1 j=1
(18)
By the compactness of By, By,, i = 1,...,pand Bp;, j = 1,...,q, the sequences
{v3}, {by,} and {b} } converge to some by € By,, by, € By, and by; € By, Thus
taking the limit as n — oo, (18) yields

P q
by () + S ATb () + S b, () < 0
i=1 j=1
which contradicts (iii), thereby completing the proof. ]

Remark 5.9. The above results can also be obtained for the problem (P) involv-
ing set inclusion constraint as in C with the Lagrangian L defined in Remark 5.2.

6. Minimax programming

Consider the following minimax programming problem

(MP) min  max{fi(z), f2(z),. .., fe(2)}
subject to z € X,
gz(x)goa i=1,...,p,
hj(z) =0, j=1,...,q,
where fi, 1 =1,2,...,k, g;, i=1,...,pand h;, j =1,...,q are continuously

differentiable functions on X. Equivalently, (MP) can be rewritten in the form
of (P) as

(Peq) min 7
subject to fi(z) —r <0, 1=1,... k,
r € X,

gl(x)§07 izla"'yp;
h](x):07 jzl,"'7q,
reR.

Observe that (Z,7) with 7 = max {f1(Z), f2(Z), ..., fx(Z)} is a solution of (Pey)
if and only if Z is a solution of (MP). Let C¢q denote the constraint set of (Peg).
Define the set of KKT multipliers as
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A(z)

P q
:{(n, Au) €RE xRE xR7: Y miDfi(z) + > NiDgi(a)+ Y piDhj(x) =0,
lel(x) i=1 Jj=1

Z m = 1, m :Oa l%](i‘), )\zgz(x) :057': 1)"'7p}7
lel(x)

where I(x) C {1,2,...,k} is the set of indices where maximum is attained at .
Define

k P
C(n,A) = {(x,7) € Ceq = Y_m(fulx) =) =0, Nigi(w) = 0}.
=1

=1

Now we establish the second order optimality conditions for the problem

(MP).

Theorem 6.1 (Second order necessary conditions). Assume that T is
a local solution of the problem (MP) and A(Z) is nonempty. Suppose that
fi l=1,...k g, i =1,....,p and h;, j = 1,...,q admit (Dfi(Z), By,),
Il=1,...,k,(Dgi(z),By,), i=1,...,p and (Dh;(Z), By;), j = 1,...,q as second
order approzimations at T, respectively, where By, l =1,...,k, Bg,, i=1,...,p
and Bp;, j = 1,...,q are compact. Let (n*,\*,u*) € A(z). Then for ev-
ery u € R™ corresponding to which there exists s € R satisfying (u,s) €
T(C(n*,\*), (T, 7)), there exist by, € By, 1 =1,...,k, by, € By,, i =1,...,p
and bp; € Bp;, j=1,...,q such that

p q
Z g, (u,u) + Z)‘rbgm (u,u) + Zu;bhj (u,u) > 0.
) i=1 j=1

lel(z

Proof. Since Z is a minimizer of (MP), then (Z, 7) is the minimizer of (Peq). Note
that the objective function for the equivalent problem (Pe) is twice continuously
differentiable. Therefore by Corollary 5.4, for every (u,s) € T(C(n*, \*), (z, 7)),
there exist by, € By, I = 1,...,k, by, € By,, i = 1,...,p and bp; € By,
7 =1,...,q such that

k P q
0,1)+ > 0 (Dfi(), —1) + > _ A (Dgi(x),0) + > p3(Dh;(x),0) = (0,0),
=1 j=1

=1
P

k q
D s (wyu) + Y Ay, (w,w) + > b, (u,u) > 0,
=1

i=1 j=1

0 (fi(z)—7F)=0,1=1,....k Agi(Z)=0,i=1,...,p.

The above conditions yield that
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q
Zm Dfi(z) + ZA Dgi(z)+ Y uyDh;(z) =
j=1
q
Z niby, (u, w) + ZAZbgi (w,u) + > pibn, (u,u) >0
=1 i=1 j=1

k
Somi =1, (fi(x) —7) =0, 1=1,2,... .k Ng()=0,i=12,...,p.

From the latter condition, for I ¢ I(Z), n; = 0, thereby implying (n*, \*, u*) €
A(Z) and hence proving the result. ]

Theorem 6.2 (Second order sufficient conditions). Assume that T is a
feasible point of the problem (MP) and A(Z) is nonempty. Let (n*, \*, u*) € A(Z).
The following conditions are sufficient for T to be a local strict minimizer of
(MP).

(i) The feasible set C is first-order tangentiable at T and the tangent cone
T(C, ) is locally compact;

ii e functions fi, 1=1,....k, g;, i=1,....,pand h;, j=1,...,q admi

ii) Th ti =1 k =1 dhj, j=1 dmit
(Dfl(‘i)anz)v l= 1. k7 (Dgz(‘i)aBmL 1=1,...,p and (Dhj(‘i)7Bh_7‘)a
j = 1,...,q as second order approximations at T, respectively, where
By, l=1,...,k, By, i=1,...,p and By;, j=1,...,q are compact;

(iii) For every u € T(C,z)\{0}, by, € By,, l=1,...,k, by, € Bg,, i=1,...,p,

bhj Gthy i=1...,4q

p q
ST by u) + S b () + S wba, () > 0.
i=1 j=1

leI(z)

Proof. On the contrary, suppose that Z is not a local strict minimizer. Then
there exists a sequence z,, € C' \ {Z} converging to  such that

filwn) € max {fi(en),- Selwa)} < max {A(D),.. ful@)} = (@), 1€ [@)

Replacing the objective function f by >, 1(z) n; fi in Corollary 5.8, condition
(18) becomes

( Z 0 b (v, vn —|—Z/\ (U, vp —I—Z,ujbh vn,vn))

lel(z Jj=1 (19)
+ on1?7(u,0) (@0 — Z) < 0.
By the compactness of By, I =1,...,k, By,, i =1,...,pand By,, j=1,...,q,

the sequences {0} }, {bj, } and {b}, } converge to some by, € By,, by, € By, and
by, € Bp,. Thus taking the limit as n — oo, (19) yields
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P q
D b (uw) + > A, (w,u) + Y purby, (u,u) <0
i=1 j=1

leI(z)
which contradicts (iii), thereby completing the proof. [ |

Remark 6.3. In [7], the minimax problem considered was

MP i
(MP) min max f(o.y)
subject to x € X,
g(z) € D,

hj(x)zo, j=1,...,q.

The second order necessary and sufficiency conditions as above can be worked
out for this problem by considering the equivalent problem

(MP) min 7
subject to f(z) —re € —Cy(Y),
reRxelX,
g(x) € D,

hi(x) =0, j=1,....q,

where f: X = C(Y) and e : Y — R are defined as f(z) = f(z,y) and re(y) = r
for every y € Y, respectively. Here C(Y) denotes the Banach space of real-valued
continuous functions and C4 (V) = {u € C(Y) : u(y) > 0V y € Y} is the space of
positive functionals on Y. The second order necessary and sufficient optimality
conditions can be worked out by considering sets defined in Remark 5.2 and
applying the Riesz representation theorem.

Acknowledgment. The authors wish to thank the anonymous referees for care-
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