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Abstract. In this paper, we extend the Antczak definition of G-invexity for differen-
tiable functions to the case of locally Lipschitz functions. We establish G-Fritz John
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1. Introduction

In the theory of constrained extremum problems, optimality conditions results
for differentiable nonlinear constrained problems are important theoretically as
well as computationally. There are a large number of papers discussing optimality
for optimization problems. But in most of such studies an assumption of convex-
ity on the problems was made to prove the sufficiency of optimality conditions [6,
10, 11, 16]. However, in the recent years attempts have been made by several au-
thors to define various classes of differentiable nonconvex functions and to study
their optimality conditions [1, 7-9, 12, 13, 17]. Very recently, Antczak [2] intro-
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duced new necessary optimality conditions of G-Fritz John and G-Karush-Kuhn-
Tucker type obtained for differentiable constrained mathematical programming
problems. Moreover, Antczak [3, 4] proved G-Karush-Kuhn-Tucker necessary
optimality conditions for the considered differentiable multiobjective program-
ming problem and the duality between the problem and its nonconvex vector
G-dual problems. Subsequently, Kim et al. [14] extend a class of nondifferen-
tiable multiobjective programs with inequality and equality constraints in which
each component of the objective function contains a term involving the support
function of a compact convex set.

In this paper, we extend the Antczak definition of G-invexity for differen-
tiable functions in [2] to the case of locally Lipschitz functions. We establish
G-Fritz John and G-Karush-Kuhn-Tucker necessary optimality conditions for
locally Lipschitz multiobjective programming. Our optimality conditions extend
the results of Antezak [2, 3] to the locally Lipschitz multiobjective programming.

2. Preliminaries and notations

In general, a multiobjective programming problem is formulated as the following:

(P) Minimize — f(z) = (f1(2), ..., fp(2))

subject to x € S,

where S is a nonempty set of R™ and f; : R® — R, = 1,...,p are locally
Lipschitz functions.

For such optimization problems, minimization means in general obtaining
(weak) Pareto optimal solutions in the following sense:

Definition 2.1. (1) A feasible point Z is said to be a Pareto solution (an
efficient solution) for (P) if and only if there exists no « € S such that

f(z) = f(Z) and f(z) # f().

(2) A feasible point Z is said to be a weak Pareto solution (a weakly efficient
solution) for (P) if and only if there exists no z € S such that

fx) < f(2).

The following basic definitions can be found in [5].

Definition 2.2. Let f : R™ — R be a function. The usual (one-sided) directional
derivative of f at € R™ in the direction v € R™ is defined by

f(z;v) = 1ti§)1 flo+ tl;) —f(@)

3

if the limit exists.
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Definition 2.3. (1) A function f : R®™ — R is locally Lipschitz at z € R™ if
there exist K > 0 and ¢ > 0 such that for any y, z € Bs(z),

lf(y) = f(2)] < Klly — 2],

where Bs(z) = {z € R" | ||z — z|| < J}.
(2) Let f : R™ — R be locally Lipschitz at « € R™. The generalized directional
derivative of f at z in the direction of v € R" is defined by

Fo(@v) = limsup LT = F@).

y—x t
tl0

(3) The Clarke generalized subgradient of a locally Lipschitz function f at x
is denoted by

0f(x) = {€ €R™ | fO(w;d) > (§,d) VdeR"}.

(4) f is said to be regular at = provided

(i) for all v, the usual one-sided directional derivative f’(z;v) exists;
(ii) for all v, f'(z;v) = fO(z;v).

Now, in a natural way, we generalize the definition of a vector-valued G-invex
function introduced by Antczak [3] to the locally Lipschitz vector-valued case.
Let f = (f1,...,fp) + X — RP be a locally Lipschitz vector-valued function
defined on a nonempty open set X C R", and Iy, (X),i=1,...,p, be the range
of f;, that is, the image of X under f;.

Definition 2.4. Let f : X — RP be a locally Lipschitz vector-valued function
defined on a nonempty set X C R™ and u € X. If there exists a differentiable
vector-valued function Gy = (Gy,,...,Gy,) : R — R such that any its com-
ponent Gy, : Ir,(X) — R is a strictly increasing function on its domain and a
vector-valued function 7 : X x X — R"™ such that for all z € X (x # ) and for

any & € 0fi(u),i=1,...,p,
Gy, (fi(x)) = G, (fi(uw) 2 G, (fi(w)&in(z,u)  (>),

then f is said to be a (strictly) vector G ¢-invex function at u on X (with respect
to 1) (or shortly, G-invex function at u on X).

Remark 2.5. In the case when f is a differentiable function, we obtain the
definition of a vector G-invex function introduced by Antczak [3].

Proposition 2.6. [5] If G5 : R — R is strictly increasing and continuously
differentiable, f : X — R is locally Lipschitz, X is an open subset of R™, then

(1) Gyo f: X — R is locally Lipschitz;
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(2) 0(Gy o f)(xo) = G5 (f(20))0f (wo);
(3) if f is regular, then Gy o f is regular;
(4) if f is regular, then (G o f)'(zo;d) = G%(f(x0)) f'(wo; d).
Proof. (1) See in [5].
(2) See in [5, Theorem 2.3.9 (ii)].
(3) See in [5, Theorem 2.3.9 (i)].
(4) Suppose that f is regular. Then Gy o f is regular (by (3)),

(G o f) (z03d) = (G o f)"(w03d)
max {de | £ € 0(Gyo f)(xo)}
max {£7d | € € Gp(f(20))df (x0)}
(
(

maX{G' (20))E7d | € € Of (w0)}
= G (f(xo)) max {€7d | £ € Of (z0)}
= G (f(20)) (03 d)
= G (f(20))f' (z0; d).

3. Optimality conditions

Now, we consider the following nonsmooth multiobjective optimization problem:

(P) Minimize  f(x) = (fi(x),..., fp(z))
subject to  g;(x) £0,j € J={1,...,m},

where f; : X = R,i=1,...,p, gj : X = R, j € J are locally Lipschitz functions
and X is a nonempty open subset of R™. We denote the set of all feasible points

of (P) by
S={zeX| g0, je}

and denote

J(z) ={j € J|g;(x) =0}

Now, we give the G-Fritz John necessary optimality conditions for problem

(P).
Theorem 3.1. Let T be a weakly efficient solution of (P). Assume that Gy,,i =
1,...,p is a continuously differentiable, real-valued and strictly increasing func-

tion defined on I, (X), Gg,, j € J(Z) is a continuously differentiable, real-valued
and strictly increasing function defined on I4,(X). Assume that f;,i =1,...,p
and g;, j € J(&) are reqular at T. Then there exist \; = 0, i = 1,...,p,
pj 20,5 € J(z), not all zero, such that
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P

0€ > NGy (fi(2)0fi(z +ZMJ ))9g; (%) (1)
=1

1igi(Z) =0, jeJ. (2)

Proof. Let T be a weakly efficient solution of (P). We show that the system of
convex inequalities in z € R™

<G}i(f¢(af))f?(x;2) <0, i=1,... ,p>
G (9;(2)g0(T52) <0, j € J(@)

has no solution. Suppose to the contrary that the system has a solution z € R™.
Then since f;,i=1,...,p and g;,j € J(Z) are regular at Z, the system

<(Gf,i o fi)(Z;2) <0, i= 17~~-,p>
(Gy,095)(Z;2) <0, jeJ()

has a solution z € R"™. Here we may assume that f;(7; z) # 0, g(%; 2) # 0. Since
the functions f;,i = 1,...,p, and g;,j € J(Z) are regular and Gy,,i =1,...,p
and Gy, j € J(Z) are continuously differentiable, we have, for small § > 0,

Gy (fi(z +0z2)) = G, (fi(¥) +0(Gp, 0 fi)' (T;:2) + 0(0),i = 1,..., p,
Gy, (95(T +02)) = Gg;(9;(7)) + 0(Gy, © 9;)'(%;2) + O0), j € J(T).

Thus we get for small § > 0,

Gf1(fl(j+gz)) < Gf'i(fl( T)), i=1,...,p,
Gy, (95(T +02)) < Gy, (9;(%)), j € J(T)

Since Gy,,i = 1,...,p,Gy,,j € J(T) are increasing functions on Iy, (X) and
I,,(X), we obtain

fil@+02) < fi(z), i=1,...,p,
g;(Z+0z2) < g;(z) =0, jeJ@).

Since g;(Z) < 0Vj € J\ J(Z) and g; is continuous at Z, for sufficiently small
6 > 0, we have

fi(‘rE + 9’2) < fi(j)v i = ]-7 Y 2

9;(ZT+02) <0, jed

So, & cannot be a weakly efficient solution. This is a contradiction. So,

< L (fi@) f(352) <0, 0= 1,...,p>
Gy, (95(2))g}(z52) <0, je€ J(T)

has no solution. Since the functions Gy,,i = 1,...,p are differentiable and
strictly increasing, G (fi(Z)) > 0. Since f; is regular at z, fj(%;2) = oz 2)
for any 2 € R™. Since f{(7;-) is convex, G (fi(%))f;(%;-) is convex. Similarly,
Gy, (95(2))g;(7;+),j € J(Z) are convex. By the Gordan theorem for convex func-
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tion, there exist \; =2 0, ¢ = 1,...,p, u; =2 0, j € J(Z), not all zero, such
that

Z)\ G (fi(z Z 1;Gy (95(2))g;(7;2) 20 Vz € R". (3)

JjE€J(T)

Suppose that 0 ¢ 3°7_) NGy, (fi(2))0fi(Z) + 3 e 52y 1 Gy, (95(%))0g;(Z). Then
by [5, Proposition 2.3.3],

o¢a(ixia/ﬁ(ﬁ + Y Gy (gi(@ gj)(a?)-

JjEJ(T)

Since 0 (Zle NG (fi(@) fi + 2 e 5 #iGy, (95 (T ))gj) (%) is compact and con-
vex, by separation theorem, there exists z* € R™ such that

<0 VEed (Z NGy (Fi@)Nfi+ D Gy, (gj(:z))gj) ().

i=1 jeJ (@)
This implies that

(Z)\ G/1 fl {f fz Z H’] gj 9] ) (x7z*)<0

JjEJ(T)

Sin[ce ]Zf_l NG, (fi(@) fit+22 e g (z) Gy, (95(2))g; is regular, by Theorem 3.2.2
n (15

Z/\G/ fz 1 Z :uJ g7 g] g](x Z) <0

JjEJ(T)

which contradicts (3). Therefore,

OeZAiG}xfi( Z)Ofi(x) + Y 1Gy (95(2))0g;(Z).

JEJ(Z)

Since g;(z) = 0, j € J(&), then p;g;(z) =0, j € J(&). If j ¢ J(Z), letting
i; = 0, we have

r
0e Z)\zGlﬁ(f? 8f1 + ZH] 89]( )

=1

/J,jgj({f) =0, j€J.
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Now, we give the G-Karush-Kuhn-Tucker optimality condition for problem

(P).

Theorem 3.2. Let T be a weakly efficient solution of (P). Let the assumptions
of Theorem 3.1 be satisfied. Assume that 0 & co{Gy (9;())0g;(Z) | j € J(Z)},
where co A is the convex hull of A C X. Then there exist \; =2 0, 1 =
Lo.o,p.(A1, .., Ap) #0 and p; 20, j € J, such that (1) and (2) hold.

Proof. Let T be a weakly efficient solution of (P). By Theorem 3.1, there exist
Xi20,i=1,...,p, g5 20, j € J, not all zero, such that (1) and (2) hold.
Suppose that (A1,...,Ap) = 0. From (1), u; =2 0,5 € J(&), not all zero, such that
0 € > e MGy, (9i(2)g;(Z). So, 0 € co{ Gy (9;(2))0g;(Z) | j € J(Z)}, which
contradicts the assumption. Thus (A1, ..., Ap) # 0. Hence the result holds. m

We give an example showing the efficient application of Theorem 3.2 to locally
Lipschitz multiobjective programming.

Example 3.3. Let fi(z) = In(z? + 1), fo(x) = el and D = {z € R: g(z) :=
2?2 —1 <0} = [~1,1]. Consider the following multiobjective programming prob-
lem:

(P) Minimize (1n(x2 +1), elml)
subject to x € D.

Let Z = 0 be a weakly efficient solution of (P). Then (P) satisfies the Kuhn-
Tucker constraint qualification at Z = 0. We assume that Gy, (z) = €%, Gy, (z) =
Inz and G4(x) = z. Notice that G’ (f1(2))0f1(z) = 0, G, (f2(2))0f2(z) =
[—1,1], G}(g(7))9g(%) = 0. Then by Theorem 3.2, there exist \; € R, i = 1,2,
€ R and € € [—1,1] such that

A2é =0, (4)
pu(=1) =0, (5)
A1 20, A2 20, (A1,A2) #0, u=0. (6)

It is not difficult to solve the system (4)—(6). From (4)—(6),

)\1207 )\2207 ()‘17)\2)7507/1':0 lfé-:()v
A1 >0, a=0, u=0 if £e€[-1,0)u(0,1].

Therefore, T = 0 has A;, Aa, p satisfying (4)—(6).

From the above example, we prove optimality of an arbitrary feasible point
in the nonlinear optimization problem considered in an easier way, by using
the G-Karush-Kuhn-Tucker necessary optimality conditions, than by using the
classical Karush-Kuhn-Tucker necessary optimality conditions.

Now, we give the G-Fritz John sufficient optimality condition for problem (P).
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Theorem 3.4. Let T be feasible for (P). Let the assumptions of Theorem 3.1 be
satisfied. Assume that f;,i = 1,...,p is Gy, -inver, g;,j € J(Z) is strictly Gg, -
invex at T on X and p; > 0 for some j € J(Z). Then T is a (weakly) efficient
solution of (P).

Proof. Suppose that Z is not a weakly efficient solution of (P). Then there exists
a feasible solution = such that

file) < fi(z)  Vi=1,...,p.

Since Gy, is a strictly increasing function defined on Iy, (X) then

Gr(fi(x) <Gy (fi(x)) Vi=1,...,p. (7)
By assumption, f;,2 =1...,p is a Gy,-invex function at  with respect to n on
X,
Gy (fi(@)) — Gy.(fi(@) 2 G, (fi(2))&m(z, ) (8)
for any & € 0f;(Z), i =1,...,p. Thus, using (7) together with (8) we get
7, (fi(2))&in(2,2) <0 (9)
for any & € 0f;(Z), i =1,...,p. Thus, for the given \; 20, =1,...,p,
P
D NG (fi(@)eim(x, ) £ 0 (10)
i=1
for any & € 0fi(z), i =1,...,p. Since g; is a strictly G,-invex function at z,

one has

Gy, (9j(x)) — Gy, (9;()) > Gy, (9;(2))Gm(w, )

for any (; € d¢,(z), j € J(&). Since p; > 0 for some j € J(Z),

Z 1;Gg, (95(x Z 1; Gy, (9;()) Z 1 G z))Gn(z, z)

JEJ(T) jeJ(Z) jEJ(Z)
for any (; € dg;(z), j € J(Z). Since g;(x) < g;(Z) and Gy, j € J(Z) is a strictly
increasing function, G (gi(x)) = Gy, (g4()),
wiG g7 (9;(@))¢m(z,z) <0 (11)
Jj€J(T)

for any ¢; € 0¢,(Z), j € J(Z). Since p; = 0 for j € J\ J(Z), by using (10) and
(11),

(Z/\G/ (fi(z €7+Z“J g (9;( ))C])( z) <0,



Optimality conditions of the G-type 283

which contradicts (1). Hence the result holds.

On the other hand, suppose that Z is not an efficient solution of (P). Then there
exists a feasible solution z such that

fi(z) £ fi(z) Vi=1,...,pand f;(z)# f;(Z) for some j # i.

By a similar method, we get the inequality (10) and the same results as above.
|

Remark 3.5. In Theorem 3.4, if f;,i = 1,...,pis Gy,-quasiinvex, g;,j € J(Z) is
strictly Gy,-invex at Z on X and p; > 0 for some j € J(Z), then Z is a (weakly)
efficient solutlon of problem (P).

Now, we give the G-Karush-Kuhn-Tucker sufficient optimality condition for
problem (P).

Theorem 3.6. Let T be feasible for (P). Let the assumptions of Theorem 3.1 be
satisfied. Assume that f;,i = 1,...,p is Gy, -invex and g;,j € J(Z) is strictly
Gy, -inver at T on S. Then T is a weakly efficient solution of problem (P).

Proof. Suppose that Z is not a weakly efficient solution of (P). Then we get the
inequlity (9) in the proof of Theorem 3.4. Thus, for the given \; =2 0,i =1,--- , p,
not all zero,

P
D NG (fi(®)&m(x, 7) <0 (12)
i=1
for any & € 0fi(z), i =1,...,p. Since g; is a Gy;-invex function at Z, one has
Gy, (95(2)) — Gy, (9(7)) 2 Gy, (95(2))¢n(z, @) (13)

for any ¢; € dg,(z), j € J(z). Multiplying (13) by the given x; 2 0 and summing
on j € J(Z), one gets

Y wilGy(g(2) = Gy lg@)] 2 Y wi Gy, (9;(@))Gn(, )

JjEJ(T) JjEJ(T)

for any (; € 9¢,(z), j € J(Z).
increasing function, Gy, (g;(x

wiG g7 (9j(2))¢n(w,z) =0 (14)
Jj€J(T)

for any ¢; € 0¢,(Z), j € J(Z). Since p; = 0 for j € J\ J(Z), by using (12) and
(14),

(Do MG i@N& + D16, (@) n(a. 7)< 0.
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which contradicts (1). Hence the result holds. ]

Remark 3.7. In Theorem 3.6, if f;,4 = 1,...,p is Gy,-quasiinvex and g;,j €
J(Z) is strictly Gy;-invex at  on X and p; > 0 for some j € J(Z), then 7 is a
weakly efficient solution of problem (P).
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