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1. Introduction

In the theory of constrained extremum problems, optimality conditions results
for differentiable nonlinear constrained problems are important theoretically as
well as computationally. There are a large number of papers discussing optimality
for optimization problems. But in most of such studies an assumption of convex-
ity on the problems was made to prove the sufficiency of optimality conditions [6,
10, 11, 16]. However, in the recent years attempts have been made by several au-
thors to define various classes of differentiable nonconvex functions and to study
their optimality conditions [1, 7–9, 12, 13, 17]. Very recently, Antczak [2] intro-
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duced new necessary optimality conditions of G-Fritz John and G-Karush-Kuhn-
Tucker type obtained for differentiable constrained mathematical programming
problems. Moreover, Antczak [3, 4] proved G-Karush-Kuhn-Tucker necessary
optimality conditions for the considered differentiable multiobjective program-
ming problem and the duality between the problem and its nonconvex vector
G-dual problems. Subsequently, Kim et al. [14] extend a class of nondifferen-
tiable multiobjective programs with inequality and equality constraints in which
each component of the objective function contains a term involving the support
function of a compact convex set.

In this paper, we extend the Antczak definition of G-invexity for differen-
tiable functions in [2] to the case of locally Lipschitz functions. We establish
G-Fritz John and G-Karush-Kuhn-Tucker necessary optimality conditions for
locally Lipschitz multiobjective programming. Our optimality conditions extend
the results of Antczak [2, 3] to the locally Lipschitz multiobjective programming.

2. Preliminaries and notations

In general, a multiobjective programming problem is formulated as the following:

(P) Minimize f(x) = (f1(x), . . . , fp(x))

subject to x ∈ S,

where S is a nonempty set of R
n and fi : R

n → R, i = 1, . . . , p are locally
Lipschitz functions.

For such optimization problems, minimization means in general obtaining
(weak) Pareto optimal solutions in the following sense:

Definition 2.1. (1) A feasible point x̄ is said to be a Pareto solution (an
efficient solution) for (P) if and only if there exists no x ∈ S such that

f(x) ≦ f(x̄) and f(x) 6= f(x̄).

(2) A feasible point x̄ is said to be a weak Pareto solution (a weakly efficient
solution) for (P) if and only if there exists no x ∈ S such that

f(x) < f(x̄).

The following basic definitions can be found in [5].

Definition 2.2. Let f : Rn → R be a function. The usual (one-sided) directional
derivative of f at x ∈ R

n in the direction v ∈ R
n is defined by

f ′(x; v) := lim
t↓0

f(x+ tv)− f(x)

t
,

if the limit exists.
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Definition 2.3. (1) A function f : Rn → R is locally Lipschitz at x ∈ R
n if

there exist K > 0 and δ > 0 such that for any y, z ∈ Bδ(x),

|f(y)− f(z)| ≤ K‖y − z‖,

where Bδ(x) = {z ∈ R
n | ‖z − x‖ < δ}.

(2) Let f : Rn → R be locally Lipschitz at x ∈ R
n. The generalized directional

derivative of f at x in the direction of v ∈ R
n is defined by

fo(x; v) := lim sup
y→x
t↓0

f(y + tv)− f(y)

t
.

(3) The Clarke generalized subgradient of a locally Lipschitz function f at x
is denoted by

∂f(x) = {ξ ∈ R
n | f0(x; d) ≥ 〈ξ, d〉 ∀d ∈ R

n}.

(4) f is said to be regular at x provided

(i) for all v, the usual one-sided directional derivative f ′(x; v) exists;

(ii) for all v, f ′(x; v) = f0(x; v).

Now, in a natural way, we generalize the definition of a vector-valued G-invex
function introduced by Antczak [3] to the locally Lipschitz vector-valued case.
Let f = (f1, . . . , fp) : X → R

p be a locally Lipschitz vector-valued function
defined on a nonempty open set X ⊂ R

n, and Ifi(X), i = 1, . . . , p, be the range
of fi, that is, the image of X under fi.

Definition 2.4. Let f : X → R
p be a locally Lipschitz vector-valued function

defined on a nonempty set X ⊂ R
n and u ∈ X . If there exists a differentiable

vector-valued function Gf = (Gf1 , . . . , Gfp) : R → R
p such that any its com-

ponent Gfi : Ifi(X) → R is a strictly increasing function on its domain and a
vector-valued function η : X ×X → R

n such that for all x ∈ X(x 6= u) and for
any ξi ∈ ∂fi(u), i = 1, . . . , p,

Gfi (fi(x)) −Gfi(fi(u)) ≧ G′
fi
(fi(u))ξiη(x, u) (>),

then f is said to be a (strictly) vector Gf -invex function at u on X(with respect
to η) (or shortly, G-invex function at u on X).

Remark 2.5. In the case when f is a differentiable function, we obtain the
definition of a vector G-invex function introduced by Antczak [3].

Proposition 2.6. [5] If Gf : R → R is strictly increasing and continuously
differentiable, f : X → R is locally Lipschitz, X is an open subset of Rn, then

(1) Gf ◦ f : X → R is locally Lipschitz;
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(2) ∂(Gf ◦ f)(x0) = G′
f (f(x0))∂f(x0);

(3) if f is regular, then Gf ◦ f is regular;

(4) if f is regular, then (Gf ◦ f)′(x0; d) = G′
f (f(x0))f

′(x0; d).

Proof. (1) See in [5].

(2) See in [5, Theorem 2.3.9 (ii)].

(3) See in [5, Theorem 2.3.9 (i)].

(4) Suppose that f is regular. Then Gf ◦ f is regular (by (3)),

(Gf ◦ f)′(x0; d) = (Gf ◦ f)0(x0; d)

= max
{

ξTd | ξ ∈ ∂(Gf ◦ f)(x0)
}

= max
{

ξTd | ξ ∈ G′
f (f(x0))∂f(x0)

}

= max
{

G′
f (f(x0))ξ̄

T d | ξ̄ ∈ ∂f(x0)
}

= G′
f (f(x0))max

{

ξ̄Td | ξ̄ ∈ ∂f(x0)
}

= G′
f (f(x0))f

0(x0; d)

= G′
f (f(x0))f

′(x0; d).

3. Optimality conditions

Now, we consider the following nonsmooth multiobjective optimization problem:

(P) Minimize f(x) = (f1(x), . . . , fp(x))

subject to gj(x) ≦ 0, j ∈ J = {1, . . . ,m},

where fi : X → R, i = 1, . . . , p, gj : X → R, j ∈ J are locally Lipschitz functions
and X is a nonempty open subset of Rn. We denote the set of all feasible points
of (P) by

S := {x ∈ X | gj(x) ≦ 0, j ∈ J}

and denote
J(x̄) = {j ∈ J | gj(x̄) = 0}.

Now, we give the G-Fritz John necessary optimality conditions for problem
(P).

Theorem 3.1. Let x̄ be a weakly efficient solution of (P). Assume that Gfi , i =
1, . . . , p is a continuously differentiable, real-valued and strictly increasing func-
tion defined on Ifi (X), Ggj , j ∈ J(x̄) is a continuously differentiable, real-valued
and strictly increasing function defined on Igj (X). Assume that fi, i = 1, . . . , p
and gj, j ∈ J(x̄) are regular at x̄. Then there exist λi ≧ 0, i = 1, . . . , p,
µj ≧ 0, j ∈ J(x̄), not all zero, such that
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0 ∈

p
∑

i=1

λiG
′
fi
(fi(x̄))∂fi(x̄) +

m
∑

j=1

µjG
′
gj
(gj(x̄))∂gj(x̄) (1)

µjgj(x̄) = 0, j ∈ J. (2)

Proof. Let x̄ be a weakly efficient solution of (P). We show that the system of
convex inequalities in z ∈ R

n

〈

G′
fi
(fi(x̄))f

0
i (x̄; z) < 0, i = 1, . . . , p

G′
gj
(gj(x̄))g

0
j (x̄; z) < 0, j ∈ J(x̄)

〉

has no solution. Suppose to the contrary that the system has a solution z ∈ R
n.

Then since fi, i = 1, . . . , p and gj, j ∈ J(x̄) are regular at x̄, the system

〈

(Gfi ◦ fi)
′(x̄; z) < 0, i = 1, . . . , p

(Ggj ◦ gj)
′(x̄; z) < 0, j ∈ J(x̄)

〉

has a solution z ∈ R
n. Here we may assume that f ′

i(x̄; z) 6= 0, g′j(x̄; z) 6= 0. Since
the functions fi, i = 1, . . . , p, and gj, j ∈ J(x̄) are regular and Gfi , i = 1, . . . , p
and Ggj , j ∈ J(x̄) are continuously differentiable, we have, for small θ > 0,

Gfi(fi(x̄+ θz)) = Gfi(fi(x̄)) + θ(Gfi ◦ fi)
′(x̄; z) +O(θ), i = 1, . . . , p,

Ggj (gj(x̄+ θz)) = Ggj (gj(x̄)) + θ(Ggj ◦ gj)
′(x̄; z) +O(θ), j ∈ J(x̄).

Thus we get for small θ > 0,

Gfi(fi(x̄+ θz)) < Gfi(fi(x̄)), i = 1, . . . , p,
Ggj (gj(x̄+ θz)) < Ggj (gj(x̄)), j ∈ J(x̄).

Since Gfi , i = 1, . . . , p, Ggj , j ∈ J(x̄) are increasing functions on Ifi (X) and
Igj (X), we obtain

fi(x̄+ θz) < fi(x̄), i = 1, . . . , p,
gj(x̄+ θz) < gj(x̄) = 0, j ∈ J(x̄).

Since gj(x̄) < 0 ∀j ∈ J \ J(x̄) and gj is continuous at x̄, for sufficiently small
θ > 0, we have

fi(x̄+ θz) < fi(x̄), i = 1, . . . , p,
gj(x̄+ θz) < 0, j ∈ J.

So, x̄ cannot be a weakly efficient solution. This is a contradiction. So,

〈

G′
fi
(fi(x̄))f

′
i(x̄; z) < 0, i = 1, . . . , p

G′
gj
(gj(x̄))g

′
j(x̄; z) < 0, j ∈ J(x̄)

〉

has no solution. Since the functions Gfi , i = 1, . . . , p are differentiable and
strictly increasing, G′

fi
(fi(x̄)) > 0. Since fi is regular at x̄, f ′

i(x̄; z) = f0(x̄; z)

for any z ∈ R
n. Since f0

i (x̄; ·) is convex, G′
fi
(fi(x̄))f

′
i(x̄; ·) is convex. Similarly,

G′
gj
(gj(x̄))g

′
j(x̄; ·), j ∈ J(x̄) are convex. By the Gordan theorem for convex func-
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tion, there exist λi ≧ 0, i = 1, . . . , p, µj ≧ 0, j ∈ J(x̄), not all zero, such
that

p
∑

i=1

λiG
′
fi
(fi(x̄))f

′
i(x̄; z) +

∑

j∈J(x̄)

µjG
′
gj
(gj(x̄))g

′
j(x̄; z) ≧ 0 ∀z ∈ R

n. (3)

Suppose that 0 /∈
∑p

i=1 λiG
′
fi
(fi(x̄))∂fi(x̄)+

∑

j∈J(x̄) µjG
′
gj
(gj(x̄))∂gj(x̄). Then

by [5, Proposition 2.3.3],

0 /∈ ∂
(

p
∑

i=1

λiG
′
fi
(fi(x̄))fi +

∑

j∈J(x̄)

µjG
′
gj
(gj(x̄))gj

)

(x̄).

Since ∂
(

∑p

i=1 λiG
′
fi
(fi(x̄))fi +

∑

j∈J(x̄) µjG
′
gj
(gj(x̄))gj

)

(x̄) is compact and con-

vex, by separation theorem, there exists z∗ ∈ R
m such that

ξT z∗ < 0 ∀ξ ∈ ∂





p
∑

i=1

λiG
′
fi
(fi(x̄))fi +

∑

j∈J(x̄)

µjG
′
gj
(gj(x̄))gj



 (x̄).

This implies that

(

p
∑

i=1

λiG
′
fi
(fi(x̄))fi +

∑

j∈J(x̄)

µjG
′
gj
(gj(x̄))gj

)0

(x̄; z∗) < 0.

Since
∑p

i=1 λiG
′
fi
(fi(x̄))fi+

∑

j∈J(x̄) µjG
′
gj
(gj(x̄))gj is regular, by Theorem 3.2.2

in [15]

p
∑

i=1

λiG
′
fi
(f ′

i(x̄))f
′
i(x̄; z

∗) +
∑

j∈J(x̄)

µjG
′
gj
(gj(x̄))g

′
j(x̄; z

∗) < 0

which contradicts (3). Therefore,

0 ∈

p
∑

i=1

λiG
′
fi
(fi(x̄))∂fi(x̄) +

∑

j∈J(x̄)

µjG
′
gj
(gj(x̄))∂gj(x̄).

Since gj(x̄) = 0, j ∈ J(x̄), then µjgj(x̄) = 0, j ∈ J(x̄). If j /∈ J(x̄), letting
µj = 0, we have

0 ∈

p
∑

i=1

λiG
′
fi
(fi(x̄))∂fi(x̄) +

m
∑

j=1

µjG
′
gj
(gj(x̄))∂gj(x̄),

µjgj(x̄) = 0, j ∈ J.
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Now, we give the G-Karush-Kuhn-Tucker optimality condition for problem
(P).

Theorem 3.2. Let x̄ be a weakly efficient solution of (P). Let the assumptions
of Theorem 3.1 be satisfied. Assume that 0 /∈ co{G′

gj
(gj(x̄))∂gj(x̄) | j ∈ J(x̄)},

where coA is the convex hull of A ⊂ X. Then there exist λi ≧ 0, i =
1, . . . , p,(λ1, . . . , λp) 6= 0 and µj ≧ 0, j ∈ J , such that (1) and (2) hold.

Proof. Let x̄ be a weakly efficient solution of (P). By Theorem 3.1, there exist
λi ≧ 0, i = 1, . . . , p, µj ≧ 0, j ∈ J , not all zero, such that (1) and (2) hold.
Suppose that (λ1, . . . , λp) = 0. From (1), µj ≧ 0, j ∈ J(x̄), not all zero, such that
0 ∈

∑

j∈J(x̄) µjG
′
gj
(gj(x̄))∂gj(x̄). So, 0 ∈ co{G′

gj
(gj(x̄))∂gj(x̄) | j ∈ J(x̄)}, which

contradicts the assumption. Thus (λ1, . . . , λp) 6= 0. Hence the result holds.

We give an example showing the efficient application of Theorem 3.2 to locally
Lipschitz multiobjective programming.

Example 3.3. Let f1(x) = ln(x2 + 1), f2(x) = e|x| and D = {x ∈ R : g(x) :=
x2 − 1 ≤ 0} = [−1, 1]. Consider the following multiobjective programming prob-
lem:

(P) Minimize
(

ln(x2 + 1), e|x|
)

subject to x ∈ D.

Let x̄ = 0 be a weakly efficient solution of (P). Then (P) satisfies the Kuhn-
Tucker constraint qualification at x̄ = 0. We assume that Gf1(x) = ex, Gf2(x) =
lnx and Gg(x) = x. Notice that G′

f1
(f1(x̄))∂f1(x̄) = 0, G′

f2
(f2(x̄))∂f2(x̄) =

[−1, 1], G′
g(g(x̄))∂g(x̄) = 0. Then by Theorem 3.2, there exist λi ∈ R, i = 1, 2,

µ ∈ R and ξ ∈ [−1, 1] such that

λ2ξ = 0, (4)

µ(−1) = 0, (5)

λ1 ≧ 0, λ2 ≧ 0, (λ1, λ2) 6= 0, µ ≧ 0. (6)

It is not difficult to solve the system (4)–(6). From (4)–(6),

{

λ1 ≧ 0, λ2 ≧ 0, (λ1, λ2) 6= 0, µ = 0 if ξ = 0,

λ1 > 0, λ2 = 0, µ = 0 if ξ ∈ [−1, 0) ∪ (0, 1].

Therefore, x̄ = 0 has λ1, λ2, µ satisfying (4)–(6).

From the above example, we prove optimality of an arbitrary feasible point
in the nonlinear optimization problem considered in an easier way, by using
the G-Karush-Kuhn-Tucker necessary optimality conditions, than by using the
classical Karush-Kuhn-Tucker necessary optimality conditions.

Now, we give the G-Fritz John sufficient optimality condition for problem (P).
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Theorem 3.4. Let x̄ be feasible for (P). Let the assumptions of Theorem 3.1 be
satisfied. Assume that fi, i = 1, . . . , p is Gfi-invex, gj, j ∈ J(x̄) is strictly Ggj -
invex at x̄ on X and µj > 0 for some j ∈ J(x̄). Then x̄ is a (weakly) efficient
solution of (P).

Proof. Suppose that x̄ is not a weakly efficient solution of (P). Then there exists
a feasible solution x such that

fi(x) < fi(x̄) ∀i = 1, . . . , p.

Since Gfi is a strictly increasing function defined on Ifi (X) then

Gfi(fi(x)) < Gfi(fi(x̄)) ∀i = 1, . . . , p. (7)

By assumption, fi, i = 1 . . . , p is a Gfi -invex function at x̄ with respect to η on
X ,

Gfi(fi(x)) −Gfi(fi(x̄)) ≧ G′
fi
(fi(x̄))ξiη(x, x̄) (8)

for any ξi ∈ ∂fi(x̄), i = 1, . . . , p. Thus, using (7) together with (8) we get

G′
fi
(fi(x̄))ξiη(x, x̄) < 0 (9)

for any ξi ∈ ∂fi(x̄), i = 1, . . . , p. Thus, for the given λi ≧ 0, i = 1, . . . , p,

p
∑

i=1

λiG
′
fi
(fi(x̄))ξiη(x, x̄) ≦ 0 (10)

for any ξi ∈ ∂fi(x̄), i = 1, . . . , p. Since gj is a strictly Ggj -invex function at x̄,
one has

Ggj (gj(x)) −Ggj (gj(x̄)) > G′
gj
(gj(x̄))ζjη(x, x̄)

for any ζj ∈ ∂gj(x̄), j ∈ J(x̄). Since µj > 0 for some j ∈ J(x̄),

∑

j∈J(x̄)

µjGgj (gj(x))−
∑

j∈J(x̄)

µjGgj (gj(x̄)) >
∑

j∈J(x̄)

µjG
′
gj
(gj(x̄))ζjη(x, x̄)

for any ζj ∈ ∂gj(x̄), j ∈ J(x̄). Since gj(x) ≦ gj(x̄) and Ggj , j ∈ J(x̄) is a strictly
increasing function, Ggj (gj(x)) ≦ Ggj (gj(x̄)),

∑

j∈J(x̄)

µjG
′
gj
(gj(x̄))ζjη(x, x̄) < 0 (11)

for any ζj ∈ ∂gj(x̄), j ∈ J(x̄). Since µj = 0 for j ∈ J \ J(x̄), by using (10) and
(11),

(

p
∑

i=1

λiG
′
fi
(fi(x̄))ξi +

m
∑

j=1

µjG
′
gj
(gj(x̄))ζj

)

η(x, x̄) < 0,
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which contradicts (1). Hence the result holds.

On the other hand, suppose that x̄ is not an efficient solution of (P). Then there
exists a feasible solution x such that

fi(x) ≦ fi(x̄) ∀i = 1, . . . , p and fj(x) 6= fj(x̄) for some j 6= i.

By a similar method, we get the inequality (10) and the same results as above.

Remark 3.5. In Theorem 3.4, if fi, i = 1, . . . , p is Gfi -quasiinvex, gj, j ∈ J(x̄) is
strictly Ggj -invex at x̄ on X and µj > 0 for some j ∈ J(x̄), then x̄ is a (weakly)
efficient solution of problem (P).

Now, we give the G-Karush-Kuhn-Tucker sufficient optimality condition for
problem (P).

Theorem 3.6. Let x̄ be feasible for (P). Let the assumptions of Theorem 3.1 be
satisfied. Assume that fi, i = 1, . . . , p is Gfi-invex and gj, j ∈ J(x̄) is strictly
Ggj -invex at x̄ on S. Then x̄ is a weakly efficient solution of problem (P).

Proof. Suppose that x̄ is not a weakly efficient solution of (P). Then we get the
inequlity (9) in the proof of Theorem 3.4. Thus, for the given λi ≧ 0, i = 1, · · · , p,
not all zero,

p
∑

i=1

λiG
′
fi
(fi(x̄))ξiη(x, x̄) < 0 (12)

for any ξi ∈ ∂fi(x̄), i = 1, . . . , p. Since gj is a Ggj -invex function at x̄, one has

Ggj (gj(x)) −Ggj (gj(x̄)) ≧ G′
gj
(gj(x̄))ζjη(x, x̄) (13)

for any ζj ∈ ∂gj(x̄), j ∈ J(x̄). Multiplying (13) by the given µj ≧ 0 and summing
on j ∈ J(x̄), one gets

∑

j∈J(x̄)

µj

[

Ggj (gj(x))−Ggj (gj(x̄))
]

≧
∑

j∈J(x̄)

µjG
′
gj
(gj(x̄))ζjη(x, x̄)

for any ζj ∈ ∂gj(x̄), j ∈ J(x̄). Since gj(x) ≦ gj(x̄) and Ggj , j ∈ J(x̄) is a strictly
increasing function, Ggj (gj(x)) ≦ Ggj (gj(x̄)),

∑

j∈J(x̄)

µjG
′
gj
(gj(x̄))ζjη(x, x̄) ≦ 0 (14)

for any ζj ∈ ∂gj(x̄), j ∈ J(x̄). Since µj = 0 for j ∈ J \ J(x̄), by using (12) and
(14),

(

p
∑

i=1

λiG
′
fi
(fi(x̄))ξi +

m
∑

j=1

µjG
′
gj
(gj(x̄))ζj

)

η(x, x̄) < 0,
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which contradicts (1). Hence the result holds.

Remark 3.7. In Theorem 3.6, if fi, i = 1, . . . , p is Gfi -quasiinvex and gj , j ∈
J(x̄) is strictly Ggj -invex at x̄ on X and µj > 0 for some j ∈ J(x̄), then x̄ is a
weakly efficient solution of problem (P).

Acknowledgments. The authors wish to thank the anonymous referees for
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References

1. T. Antczak, (p, r)-Invex sets and function, J. Math. Anal. Appl. 60 (2005), 349–
367.

2. T. Antczak, New optimality conditions and duality results of G type in differen-
tiable mathematical programming, Nonlinear Anal. 66 (2007), 1617–1632.

3. T. Antczak, On G-invex multiobjective programming. Part I. Optimality, J. Glob.
Optim. 43 (2009), 97–109.

4. T. Antczak, On G-invex multiobjective programming. Part II. Duality, J. Glob.
Optim. 43 (2009), 111–140.

5. F. H. Clarke, Optimization and Nonsmooth Analysis, A Wiley-Interscience Publi-
cation, John Wiley & Sons Inc., New York, 1983.

6. M. A. Geoffrion, Proper efficiency and the theory of vector maximization, J. Math.
Anal. Appl. 22 (1968), 613–630.

7. M. A. Hanson, On sufficiency of the Kuhn-Tucker conditions, J. Math. Anal. Appl.
80 (1981), 545–550.

8. 8 M. A. Hanson and B. Mond, Necessary and sufficient conditions in constrained
optimization, Math. Program. 37 (1987), 51–58.

9. V. Jeyakumar and B. Mond, On generalized convex mathematical programming,
J. Aust. Math. Soc., Ser. B 34 (1992), 43–53.

10. P. Kanniappan, Necessary conditins for optimality of nondifferentiable convex mul-
tiobjective programming, J. Optim. Theory Appl. 40 (1983), 167–174.

11. R. N. Kaul, S. K. Suneja and M. K. Srivastava, Optimality criteria and duality in
multiple objective optimization involving generalized invexity, J. Optim. Theory
Appl. 80 (1994), 465–482.

12. D. S. Kim, G. M. Lee, B. S. Lee and S. J. Cho, A counterexample and optimality
conditions in differentiable multiobjective programming, J. Optim. Theory Appl.
109 (2001), 187–192.

13. D. S. Kim and S. Schaible, Optimality and duality for invex nonsmooth multiob-
jective programming problems, Optimization 53 (2004), 165–176.

14. H. J. Kim, K. D. Bae and D. S. Kim, Mixed duality in nondifferentiable G-invex
multiobjective programming, J. Nonlinear Convex Anal. 12 (2011), 663–675.
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