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Abstract. We review and extend the main topological minimax theorems based on

connectedness that have been developed over the years since the pioneering paper of

Wu (1959). It is shown in particular that the topological minimax theorems of Geraghty

and Lin (1984) are essentially a rediscovery of much earlier results of Tuy (1974), while

the latter can be derived from a minimax theorem recently developed for functions

involving a real variable. Several new topological minimax theorems are presented,

including a general theorem containing both König’s (1992) and Tuy’s (1974) results

and a minimax theorem for increasing-decreasing functions analogous to Sion’s classical

theorem.
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1. Introduction

Let C,D be subsets of two Hausdorff topological spaces X,Y, respectively,
F (x, y) a real function defined on X × Y. A problem that dates back to the
work of Von Neumann [6] and has important applications in various fields is
to study conditions under which the following minimax equality for F (x, y) on
C ×D holds:

inf
x∈C

sup
y∈D

F (x, y) = sup
y∈D

inf
x∈C

F (x, y). (1)

Throughout the years since the paper [6] numerous minimax theorems have been
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published for the case when X,Y are vector topological spaces. Among these the
most important and best known is Sion’s Theorem [16].

Subsequently, considering the problem in an abstract topological setting, Wu
Wen tsun [26] developed purely topological conditions sufficient to guarantee
the minimax equality (1). These conditions, based on the concept of strong con-
nectedness of the function F (x, y), were meant to generalize algebraic conditions
related to convexity used in traditional minimax theory. In fact, Wu’s topological
minimax theorem contained Von Neumann’s theorem as a special case. However,
due to several restrictive assumptions (separability of the space Y, continuity of
the function F (x, y)) it did not include some important results at the time, such
as Nikaido’s Theorem [7] and Sion’s Theorem. This limitation has motivated a
long refining process on topological minimax theorems, beginning with the work
of Tuy [17] and culminating in 1992 with König’s papers [4], [5].

In [17] the strong connectedness concept of Wu was replaced by a more general
concept, called α-connectedness (see Section 2 below) which involves a special
kind of arcwise connectedness for certain sets. Using this concept two theorems
were established [17] that extended Wu’s theorem as well as Sion’s theorem
and several other previously known minimax results. One should also mention a
paper by M. A. Geraghty and B.-L. Lin [3], where a topological minimax theorem
was presented in very abstract terms. However, close scrutiny has revealed that,
except for the notation, these results are practically identical to those in [17].

The most significant contribution subsequent to Tuy’s paper was made in
1992 by König [4], [5] who was able to prove two general minimax theorems with
α-connectedness replaced by the general topological concept of connectedness.
König’s results are certainly very attractive. However, a question raised and left
open in these results concerns the continuity assumptions on F (x, y) which are
stronger than those of Tuy in [17]. Specifically, in König’s main theorem, the
function F (x, y) has to be lower semi-continuous jointly in (x, y), whereas only
separate lower semi-continuity in each variable is required in Tuy’s theorem.

The aim of the present paper is to clarify the somewhat ambiguous rela-
tionship between some among the best known results on topological minimax
theorems based on connectedness and on the basis of this analysis to further
extend both results in [17] and [4].

In Sections 2 and 3 we briefly review the earlier results of Tuy [17] and compare
them with those of Geraghty and Lin [3]. In Sections 4 and 5 König’s results
[4] are discussed together with some further advances in topological minimax
theory. In particular, it is shown how a recently developed minimax theorem
for the special case Y = R can be used to recover earlier theorems based on
α-connectedness and obtain a new general topological minimax theorem that
simultaneously extends the earlier results in [17] and those of König in [4]. Also,
in Section 6 a new minimax theorem for monotonic functions is derived that
parallels the strongest version of Sion’s theorem.
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2. Minimax theorems based on α-connectedness

For α ∈ R and y ∈ D define Cα(y) := {x ∈ C| F (x, y) ≤ α}. Following [17] the
function F (x, y) is said to be α-connected on C ×D if

(H) for any finite set H ⊂ D the set CH := ∩y∈HCα(y) is either empty or
connected;

(T) for any pair a, b ∈ D there exists a continuous mapping u : [0, 1]→ D such
that

u(0) = a, u(1) = b, Cα(u(t)) ⊂ Cα(u(θ)) ∪ Cα(u(θ
′)) ∀t ∈ [θ, θ′] ⊂ [0, 1].

(2)

Setting
γ := inf

x∈C
sup
y∈D

F (x, y); η := sup
y∈D

inf
x∈C

F (x, y),

the following proposition was established by Tuy in 1974.

Theorem 2.1. (Tuy [17]) Assume the set C is compact while the function

F (x, y) is lsc (lower semi-continuous) in x. The minimax equality (1) holds if,

in addition, either of the following conditions is satisfied:

(i) F (x, y) is usc in y and there exists a monotone decreasing sequence αk ց η
such that F (x, y) is αk-connected for every k;

(ii) F (x, y) is lsc in y and there exists a noncreasing sequence αk → η such

that F (x, y) is αk-connected for every k.

In contrast to the proofs of earlier published minimax theorems ([6], [7], [26],
[16], ...), the proof of Theorem 2.1 does not make use of any classical tool like:
separation theorem for convex sets, fixed point theorem, Sperner Lemma, Helly
theorem on intersection of convex sets, etc. It is simply based on the following
Lemmas 2.2, 2.3 which in turn are established by purely set-theoretical argu-
ments.

Lemma 2.2. Let C be compact and F (x, y) be lsc in x and usc in y. If F (x, y)
is α-connected for some α > η, then for every pair a, b ∈ C

Cα(a) ∩ Cα(b) 6= ∅. (3)

Lemma 2.3. Let C be compact and F (x, y) be lsc in each of the variables x, y.
If F (x, y) is α-connected for some α ≥ η then (3) holds for every pair a, b ∈ D.

Corollary 2.4. Let C be compact and F (x, y) be lsc in x and usc in y. If F (x, y)
is α-connected for every α > η then (1) holds.

Corollary 2.5. Let C be compact and F (x, y) be lsc in each of the variables x, y.
If F (x, y) is α-connected for every α ≥ η then (1) holds.
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An immediate consequence of Theorem 2.1 is the following sharpened version of
Sion’s minimax theorem:

Let F (x, y) be quasiconvex in x and quasiconcave in y. If C is compact while

F (x, y) is lsc in x and either usc or lsc in y, then (1) holds. If D is compact

while F (x, y) is usc in y and either lsc or usc in x, then (1) holds.

3. Geraghty-Lin’s minimax theorem

A decade after the appearance of Tuy’s paper [17], Geraghty and Lin [3] pub-
lished in 1984 a minimax theorem that for many years later was referred to by
some authors as a new original result different from Tuy’s one (see e.g. [15],
[4]). Due to the overly abstract form in which this theorem was presented, it
has been difficult to relate it to earlier published results. Nevertheless, upon the
substitution

F ← D, f ← y, f(x)← −F (x, y), X ← C, S ← u, Aα
f ← Cα(y)

the main results in [3] can be described as follows.

Let C,D, F (x, y) be as specified in the Introduction. The set D is said to be
submaximum if for any a, b ∈ D there exists a continuous mapping u : [0, 1]→ D
such that u(0) = a, u(1) = b and

F (x, u(t)) ≥ min{F (x, u(θ)), F (x, u(θ′))} ∀x ∈ C, (4)

for all t ∈ [θ, θ′] ⊂ [0, 1].

Theorem 3.1. ([3], Theorem 2) Let C be compact and F (x, y) be lsc in x and

continuous in y. If D is a submaximum set such that for any a1, . . . , an in D
and any α ∈ R, the set {x ∈ C| F (x, ai) ≤ α, i = 1, . . . , n} is either empty or

connected, then the minimax equality holds for F (x, y) on C ×D.

It is not hard to see that this theorem is contained in Theorem 2.1. Indeed,
condition (4) amounts to requiring that for every t ∈ [θ, θ′] ⊂ [0, 1] :

F (x, u(t)) ≤ α⇒ min{F (x, u(θ′)), F (x, u(θ))} ≤ α

and this in turn amounts to requiring (2) for every α ∈ R. So the assumption in
Theorem 3.1 that

D is a submaximum set such that for any a1, . . . , an in D and any α ∈ R, the
set {x ∈ C| F (x, ai) ≤ α, i = 1, . . . , n} is either empty or connected

is equivalent to requiring that F (x, y) be α-connected for every α ∈ R. Therefore,
Theorem 3.1 is contained in Theorem 2.1; it is actually weaker since it assumes
continuity of the function y 7→ F (x, y) for fixed x ∈ C, whereas Theorem 2.1 only
assumes either upper semi-continuity or lower semi-continuity of this function.
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Furthermore, the proof given in [3] for Theorem 3.1 does not differ much
from that of Tuy for Theorem 2.1 in [17]. In fact, the proof in [3] is based on the
following proposition.

Lemma 3.2. [3, Lemma 1] Let C be compact, F (x, y) be lsc in x for fixed y,
while D is a submaximum set and for some α ∈ R the set Cα(y) := {x ∈
C| F (x, y) ≤ α} is either empty or connected for every y ∈ D. Then for any

a, b ∈ D such that max{F (x, a), F (x, b)} > α ∀x ∈ C, there exists y ∈ D such

that F (x, y) > α ∀x ∈ C.

Clearly the conclusion of this proposition amounts to saying that for any a, b ∈
D if Cα(a) ∩Cα(b) = ∅ then α < η := supy∈D infx∈C F (x, y); or alternatively, if
α ≥ η then Cα(a)∩Cα(b) 6= ∅ for every pair a, b ∈ D. Therefore, this proposition
can be equivalently formulated as: if C is compact, F (x, y) is lsc in x while D is a
submaximum set and for some α ≥ η the set Cα(y) is either empty or connected
for every y ∈ D, then Cα(a) ∩Cα(b) 6= ∅ for every pair a, b ∈ D. This is exactly
Lemma 2.3. Furthermore, the proof of Lemma 3.2 in [3] proceeds much along the
same line as that of Lemma 2.3 in [17], but it is even more involved, while using a
stronger assumption (continuity of F (x, y) in y instead of lower semi-continuity
as in Lemma 2.3).

Remark 3.3. The results in [3] are thus all contained in those of Tuy [17] pub-
lished many years earlier . This fact has been overlooked by many researchers
(see e.g. [15], [4]), although prior to [3], the results in [17] had been described
with due references e.g. in [4], [8], [25].

4. König’s theorems

Letting θ = 0, θ′ = 1 condition (2) implies that for every x ∈ C:

[F (x, a) > α,F (x, b) > α] ⇒ F (x, u(t)) > α ∀t ∈ [0, 1].

In other words, for every x ∈ C the set Dα(x) := {y ∈ D| F (x, y) > α} is arcwise
connected (indeed, any two points a, b ∈ Dα(x) are connected by the continuous
curve u(t), t ∈ [0, 1] entirely lying in it). Then, given any nonempty set K ⊂ C,
if a, b ∈ D, F (x, a) > α,F (x, b) > α ∀x ∈ K the mapping u : [0, 1]→ D satisfies
F (x, u(t)) > α ∀x ∈ K ∀t ∈ [0, 1], so that the set DK := ∩x∈K{y ∈ D| F (x, y) >
α} is arcwise connected. The question then arises as to whether condition (T)
in the concept of α-connectedness used in Theorem 2.1 could be weakened by
requiring only connectedness of the set DK for every nonempty set K ⊂ C.

After long efforts a positive answer was obtained in 1992 by König [4] (see
also [5]), at the expense, however, of somewhat stronger continuity assumptions
on F (x, y).

Specifically, the following theorem was proved by König:
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Theorem 4.1. (König [4], [5]) Assume C is compact, D is connected, while

F (x, y) is either lsc in x, usc in y or it is lsc jointly in (x, y). Let η :=
supy∈D infx∈C F (x, y), and Λ ⊂ (η,+∞) be a nonempty set such that inf Λ = η.
Then the minimax equality (1) holds, provided for every α ∈ Λ the following

assumptions are satisfied:

(H) For every nonempty finite set H ⊂ D the set CH := ∩y∈H{x ∈ C| F (x, y) ≤
α} is connected;

(K) For every nonempty set K ⊂ C the set DK := ∩x∈K{y ∈ D| F (x, y) > α}
is connected.

Since (T) implies (K) as we just saw, König’s Theorem 1.2 in [4] is indeed an
extension of Tuy’s Theorem 1 in [17] (i.e., Theorem 2.1 with assumption (i)).
However, as was mentioned in [4], Theorem 1.3 in [4] is not really an extension

of Tuy’s Theorem 1’ in [17] (i.e., Theorem 2.1 with assumption (ii)), because it
assumes joint lower semi-continuity of F (x, y) in x, y and not simply separate
lower semi-continuity in each variable x, y as was done in Tuy’s Theorem 1’.
Furthermore, as was shown in [18], [22], in contrast to König’s Theorem 4.1, Tuy’s
Theorem 2.1 still remains true when D is convex while lower semi-continuity of
the function y 7→ F (x, y) is required only on every line segment of D.

Note that DK = D if K = ∅, so the connectedness of D would follow from
condition (K) with the word ‘nonempty’ removed. Also, as mentioned in [5], the
connectedness of both C,D would be implied if conditions (H) and (K) were
assumed for every α ∈ R.

5. Further advances

In recent years, concentrating on the special case Y = R a number of topological
minimax theorems have been developed ([2], [9]-[13], [14], [24] and the references
therein) that cannot be derived from earlier known minimax theorems where Y
is a more general topological space. Despite the restrictiveness of the assumption
Y = R these new minimax theorems have proved to be more useful in several
questions of functional analysis and optimization theory where traditional condi-
tions related to convexity and/or continuity are not met. Furthermore, as we are
going to show, this new line of research on topological minimax theorems with
Y = R may lead to new ideas and suggest new ways for recovering, strengthening
and extending many classical results.

Theorem 5.1. Let C be a nonempty compact subset of a Hausdorff topological

space X, D be an interval of R and F (x, y) : C ×D → R a function on C ×D,
lsc in x for every fixed y ∈ D. Assume there exists a real number α∗ > η :=
supy∈D infx∈C F (x, y) such that for every α ∈ (η, α∗):

T1. For every x ∈ C the set {y ∈ D| F (x, y) > α} is connected;

T2. At least one of the following conditions T2a, T2b, T2c holds:
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a) for every y ∈ D the set Cα(y) := {x ∈ C| F (x, y) ≤ α} is connected

while for every x ∈ C the function F (x, ·) is either usc or lsc;

b) for each segment ∆ ⊂ D there exists a closed set-valued map ϕ from ∆
to C with nonempty closed and connected values ϕ(y) satisfying

ϕ(y) ⊂ Cα(y) ∀y ∈ ∆;

c) for every x ∈ C the function F (x, ·) is continuous and for every y ∈ D
any local minimizer of F (·, y) on C is a global one.

Then we have the minimax equality

min
x∈C

sup
y∈D

F (x, y) = sup
y∈D

inf
x∈C

F (x, y). (5)

Proof. This theorem could be deduced, though not trivially, from recent results
in [24] (Theorem 1, Corollary 2 and remark following Corollary 2 in [24]). We
give here a direct proof.

Consider an arbitrary α ∈ (η, α∗) and an arbitrary segment ∆ = [a, b] ⊂ D.
By assumption the function F (x, y) is lsc in x for every fixed y, so the sets
Cα(y) := {x ∈ C| F (x, y) ≤ α}, y ∈ D, are closed. To simplify the notation we
drop the subscript α and write C(y) for Cα(y). The first step is to show that

C(a) ∩ C(b) 6= ∅. (6)

By (T1), for every x ∈ C if F (x, a) > α,F (x, b) > α then F (x, y) > α ∀y ∈
∆ := [a, b]. This implies

C(y) ⊂ C(a) ∪ C(b) ∀y ∈ ∆. (7)

I. Case (T2a) is satisfied.

Arguing by contradiction suppose that

C(a) ∩ C(b) = ∅.

Since by (T2a) C(y) is connected, for every y ∈ ∆, C(y) ⊂ C(a) or C(y) ⊂ C(b)
but not both. Setting

Ma := {y ∈ ∆| C(y) ⊂ C(a)}, Mb := {y ∈ ∆| C(y) ⊂ C(b)},

we then have
∆ = Ma ∪Mb, Ma ∩Mb = ∅.

Consider the case when F (x, y) is usc in y and let ȳ ∈ Ma, so that C(ȳ) ⊂
C(a). Since infx∈C F (x, ȳ) ≤ η < α, there exists x̄ ∈ C satisfying F (x̄, ȳ) < α.
Since F (x̄, ·) is usc there exists a neighborhood V of ȳ in ∆ such that F (x̄, y) <
α ∀y ∈ V, i.e., x̄ ∈ C(ȳ) ∩ C(y) ∀y ∈ V. So C(a) ∩ C(y) 6= ∅, i.e., C(y) ⊂
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C(a) ∀y ∈ V, hence V ⊂ Ma. Thus, the set Ma is open. Similarly, Mb is open,
and so the segment ∆ is the union of two disjoint open sets, which cannot be.
Hence (6) must hold.

Turning to the case when F (x, y) is lsc in y, let ȳ ∈ Ma, so that F (x, ȳ) >
α ∀x ∈ C(b). Then for every x ∈ C(b) since F (x, ȳ) > α, there exists a neigh-
borhood V (x) = [y1(x), y2(x)] of ȳ satisfying F (x, y) > α ∀y ∈ V (x). Next,
for each i = 1, 2 since F (., yi) is lsc, there exists a neighborhood Wi(x) of
x such that F (x′, yi(x)) > α ∀x′ ∈ Wi(x). Letting W (x) = W1(x) ∩ W2(x)
we thus have F (x′, yi(x)) > α, i = 1, 2, ∀x′ ∈ W (x), hence by (T1)
F (x′, y) > α ∀x′ ∈ W (x), ∀y ∈ V (x). Using the compactness of C(b) (as a
closed subset of the compact set C) one can find a finite set Q ⊂ C(b) such
that C(b) ⊂ ∪x∈C(b)W (x). Let V = ∩x∈QV (x). If x ∈ C(b) then x ∈ W (x′) for
some x′ ∈ Q, hence F (x, y) > α ∀y ∈ V, so C(b) ∩ C(y) = ∅ ∀y ∈ V, hence
C(y) ⊂ C(a) ∀y ∈ V, proving that Ma is open. Similarly, Mb is open, and just
as in the previous case, this conflicts with the connectedness of the segment ∆,
and hence proves (6).

II. Case (T2b) is satisfied.

Since ϕ(y) ⊂ C(y) ∀y ∈ ∆, we have from (7):

ϕ(y) ⊂ C(a) ∪C(b).

If (6) does not hold, i.e., if C(a) ∩ C(b) = ∅ then, setting

Ma = {y ∈ ∆| ϕ(y) ⊂ C(a)}, Mb = {y ∈ ∆| ϕ(y) ⊂ C(b)}

we have ∆ = Ma∪Mb, Ma∩Mb = ∅. Now, since the set-valued map ϕ is closed,
if yk → ȳ, ϕ(yk) ⊂ C(a) then it is easily seen that ϕ(ȳ) ⊂ C(a). Indeed, let
xk ∈ ϕ(yk) ⊂ C(yk) ⊂ C. Since C is compact, by passing to subsequences if
necessary we can suppose that xk → x̄ ∈ C, yk → ȳ, hence x̄ ∈ ϕ(ȳ) ⊂ C(a).
Therefore the set Ma is closed. Similarly, Mb is closed. So the segment ∆ is the
union of two disjoint closed sets, which is impossible. Hence (6) must be true.

III. Case (T2c) is satisfied.

For every set G ⊂ ∆ define C(G) = ∩y∈GC(y). Using the lower semi-
continuity of F (x, ·) it is easily seen that the set {y ∈ ∆| Cα([a, y]) 6= ∅} is closed.
Indeed, let yk ր ȳ, Cα([a, yk]) 6= ∅. Since Cα([a, yh]) ⊂ Cα([a, yk)) ∀h > k, while
C is compact, Cα([a, yk]), k = 1, 2, . . . , form a nested sequence of nonempty
closed subsets of a compact set, so there exists x̄ ∈ ∩+∞

k=1Cα([a, yk]) 6= ∅.
For every z ∈ [a, ȳ) we have z ∈ [a, yk] for some k, hence F (x̄, z) ≤ α.
Letting z → ȳ yields F (x̄, ȳ) ≤ 0 by lower semi-continuity of F (x̄, ·), hence
x̄ ∈ Cα([a, ȳ]), proving the closedness of the set {y ∈ ∆| Cα([a, y]) 6= ∅}.
It then follows that if s := sup{y ∈ ∆| Cα([a, y]) 6= ∅} then Cα([a, s]) 6= ∅
and proving (6) now reduces to showing that s = b. Suppose by contradic-
tion that s < b, and let t = inf{y ∈ ∆| C([y, b]) 6= ∅. Then just as C([a, s])
is closed and nonempty, so is C([t, b]) and necessarily s < t. So we can take



Topological minimax theorems: old and new 399

an x0 ∈ C([a, s] ⊂ W := C \ C([t, b]). We claim that F (x, s) ≥ α for every
x ∈ W. Indeed, if F (x, s) < α then, by upper semi-continuity of F (x, ·) there
exists q ∈ (s, t) such that F (x, y) < α ∀y ∈ [s, q]. Since x /∈ C([t, b]) there ex-
ists y1 ∈ [t, b] satisfying F (x, y1) > α. Hence, y1 > q and due to A1 we have
F (x, y) ≤ α ∀y ∈ [a, q], contradicting the definition of s. Since F (x0, s) ≤ α and
x0 ∈W it follows that F (x0, s) = α, so x0 is a minimizer of F (·, s) on W, i.e., a
local minimizer on C because W is the complement of a closed set. By hypothe-
sis, x0 must be a global minimizer on C, so F (x, s) ≥ α ∀x ∈ C, conflicting with
α > infx∈C F (x, s). Therefore, we must have Cα([a, s]) ∩ Cα([s, b]) 6= ∅, hence,
in particular, (6).

We thus have established (6) in all cases. At the same time, we just saw that
in case III ((A2c) is satisfied), Cα([a, s]) ∩Cα([s, b]) 6= ∅, i.e.,

∩y∈∆Cα(y) 6= ∅. (8)

We now show that (8) holds in the other cases, too. Indeed, if x /∈ Cα([a, y]) ∪
Cα([y, b]), i.e., F (x, y1) > α,F (x, y2) > α for some y1 ∈ [a, y], y2 ∈ [y, b], then by
A1 one must have F (x, y) > α, i.e., x /∈ Cα(y). Therefore, Cα(y) ⊂ Cα([a, y]) ∪
Cα([y, b]) and since the converse inclusion is obvious it follows that

Cα(y) = Cα([a, y]) ∪ Cα([y, b]).

Note that all sets in this equality are closed. In case (T2a) Cα(y) is connected,
while in case (T2b) the nonempty set ϕ(y) is connected and satisfies ϕ(y) ⊂
Cα(y) = Cα([a, y])∪Cα([y, b]). Therefore, in every case one must have Cα([a, y])∩
Cα([y, b]) 6= ∅, proving (8). Since ∆ is an arbitrary segment this means that the
family of sets Cα(y), y ∈ D, which are closed subsets of the compact set C, has
the finite intersection property. Hence there exists x̄ ∈ ∩y∈D infx∈C F (x, y), i.e.,
such that F (x̄, y) ≤ α ∀y ∈ D. The latter implies minx∈C supy∈D ≤ α, and
noting that α can be arbitrarily close to η yields minx∈C supy∈D ≤ η, hence (5).
The proof of Theorem 5.1 is complete.

As an immediate consequence we can state:

Corollary 5.2. Assume Y = R, the set C is compact while F (x, y) is lsc in x and

either usc in y or lsc in y. If there exists α∗ > η := supy∈D infx∈C F (x, y) such

that conditions (H) and (K) in Theorem 4.1 are satisfied for every α ∈ (η, α∗),
then the minimax equality (5) holds. Furthermore, when F (x, y) is usc in y,
instead of assuming C compact it suffices to assume the existence of a finite set

M ⊂ D such that ∩y∈MCα∗(y) is compact.

Proof. If Y = R then (K) is equivalent to (T1); if, in addition, F (x, y) is lsc in
x and either usc or lsc in y then (H) implies (T2a). When F (x, y) is usc in y
(11) holds independently of whether C is compact or not, so if ∩y∈MCα∗(y) is
compact, we also have ∩y∈DCα(y) 6= ∅, hence (5).

Thus, in the special case Y = R König’s Theorem 4.1 still holds if F (x, y) is
lsc separately in each variable as assumed in Tuy’s Theorem 2.1.
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Turning to the case when Y is a general topological space, it is convenient to
prove first an auxiliary proposition which can often be useful for the extension
of minimax theorems from the case Y = R to general topological space. As
previously let

γ := inf
x∈C

sup
y∈D

F (x, y), η := sup
y∈D

inf
x∈C

F (x, y).

Recall that Cα(y) := {x ∈ C| F (x, y) ≤ α} 6= ∅ for every y ∈ D and α > η.

Lemma 5.3. Assume the function F (x, y) is lsc in x. The minimax equality (5)
holds if for every α > η the following conditions are satisfied:

(i) For every nonempty finite set E ⊂ D such that C′ := {x ∈ C| F (x, y) ≤
α ∀y ∈ E} 6= ∅ we have C′

α(a) 6= ∅ ∀a ∈ D;

(ii) There exists a finite set M ⊂ C such that CM := ∩y∈MCα(y) is compact.

Proof. From assumption (i) it easily follows that

∩y∈ECα(y) 6= ∅ (9)

for every nonempty finite set E ⊂ D. Indeed, for every pair a, b ∈ D we
have Cα(a) ∩ Cα(b) 6= ∅ by assumption (i) where C′ = Cα(b). So (9) is
true for 1 ≤ |E| ≤ 2. Supposing (9) true for every set E ⊂ D such that
2 ≤ |E| ≤ k consider the case |E| = k + 1, say E = {a0, a1, . . . , ak}. For
the nonempty set C′ = ∩ki=1Cα(a

i) we have C′

α(a
0) 6= ∅, hence ∩ki=0Cα(a

i) 6= ∅.
So by induction, (9) is true for every finite set E ⊂ D. That is, the family
Cα(y), y ∈ D, has the finite intersection property. Since these are closed sets
satisfying ∩y∈MCα(y) ⊂ CM with CM compact by assumption (ii), it follows
that ∩y∈DCα(y) 6= ∅, i.e., there exists x̄ ∈ C satisfying F (x̄, y) ≤ α ∀y ∈ D.
This implies minx∈C supy∈D F (x, y) ≤ α, and since α can be arbitrarily close to
η we conclude minx∈C supy∈D F (x, y) ≤ η, hence the minimax equality (5).

With the help of Lemma 5.3, from Corollary 5.2 the following theorem can be
derived which is a unified and strengthened restatement of Tuy’s earlier results
in [17].

Theorem 5.4. Let X,Y be two Hausdorff topological spaces, C a nonempty com-

pact subset of X, D a nonempty closed subset of Y and F (x, y) : C × D → R

a real-valued function lsc in x. Assume there exists a real number α∗ > η :=
supy∈D infx∈C F (x, y) such that for every α ∈ (η, α∗) the following conditions

are satisfied:

(H) For every nonempty finite set H ⊂ D the set ∩y∈H{x ∈ C| F (x, y) ≤ α}
is either empty or connected;

(T♭) For every pair a, b ∈ D there exists a mapping uab(t) : [0, 1]→ D such that

the function F (x, uab(t)) is either lsc or usc in t and uab(0) = a, uab(1) = b
while
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Cα(uab(t)) ⊂ Cα(uab(θ)) ∪ Cα(uab(θ
′)) ∀t ∈ [θ, θ′] ⊂ [0, 1]. (10)

Then the minimax equality (5) holds.

Proof. First we show that for every α > η := supy∈D infx∈C F (x, y) and every
pair a, b ∈ D there holds

Cα(a) ∩ Cα(b) 6= ∅. (11)

Let u(t) = uab(t) : [0, 1] → D be the mapping that exists according to (T♭).
Clearly (10) implies that

F (x, u(t)) ≥ min{F (x, u(θ)), F (x, u(θ′)} ∀x ∈ C, ∀t ∈ [θ, θ′] ⊂ [0, 1],

so for every x ∈ C the set {t ∈ [0, 1]| F (x, u(t)) > α} is a segment, i.e., is con-
nected. It is then easily verified that the function f(x, t) = F (x, u(t)) : [0, 1]→ R
is lsc in x and either usc or lsc in t; furthermore it satisfies conditions (H) and
(K) of Theorem 4.1 for Y = R(i.e., condition (T2a) and (T1) of Theorem 5.1):

(H): for every t ∈ ∆ := [0, 1] the set {x ∈ C| f(x, t) ≤ α} is connected;

(K): for every x ∈ C the set {t ∈ ∆| f(x, t) > α} is connected.

Since α > supt∈∆ infx∈C F (x, y), by Corollary 5.2 applied to the function f(x, t) :
C ×∆→ R, we have ∅ 6= ∩t∈∆Cα(t) ⊂ Cα(0) ∩Cα(1), hence (11).

Now let C′ = ∩y∈ECα(y) 6= ∅ with E ⊂ D. Then, η′ := supy∈D infx∈C′ F (x, y)
≥ η and noting that C′

α(y) = C′ ∩Cα(y) it can be easily checked that for every
α > η′ conditions (H) and (T♭) are still satisfied with C replaced by C′. So by the
above, C′

α(a)∩Cα(b) 6= ∅ for every pair a, b ∈ D; in particular, C′

α(a) 6= ∅ ∀a ∈ D.
Therefore, by Lemma 5.3 the minimax equality follows.

Remark 5.5. In Theorem 2.1 the function uab(t) is assumed to be continuous,
so Theorem 5.4 is stronger than Theorem 2.1. In particular, when Y is a vector
topological space and D is convex (so that uab(t) = (1− t)a+ tb), Theorem 5.4
simply requires that F (x, y) is usc (or lsc, resp.) in y in every line segment, as
defined in [1].

Remark 5.6. Theorem 5.4 has been derived from Corollary 5.2. Conversely, it
is not hard to derive Corollary 5.2 from Theorem 2.1. In fact, when Y = R

condition (K) amounts to saying that for every set K ⊂ C the set DK := {y ∈
D| F (x, y) > α ∀x ∈ K} is a segment, and therefore (K) reduces to (T) by
taking uab(t) = (1− t)a+ tb. Theorem 2.1 is thus equivalent to Corollary 5.2.

Since Theorem 5.4 is a consequence of Corollary 5.2, the following theorem
contains both König’s Theorem 4.1 and Tuy’s Theorem 2.1:

Theorem 5.7. Let X,Y be two Hausdorff topological spaces, C a nonempty

closed subset of X, D a nonempty closed subset of Y and F (x, y) a real-valued

function on C×D. The minimax equality (5) holds under the following assump-

tions:
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(i) There exists a real number α∗ > η such that for every α ∈ (η, α∗) :

(H) For every nonempty finite set H ⊂ D the set CH := ∩y∈H{x ∈
C| F (x, y) ≤ α} is either empty or connected;

(K) For every set K ⊂ C the set DK := {y ∈ D| F (x, y) > α ∀x ∈ K}
is either empty or connected.

(ii) One of the following conditions is satisfied:

(A) F (x, y) is lsc in x, usc in y while there exists a finite set M ⊂ D
such that ∩y∈MCα∗(y) is compact;

(B) F (x, y) is lsc jointly in (x, y) while C is compact;

(C) Y = R, F (x, y) is lsc separately in x, y while C is compact.

From the above discussion it appears that Tuy’s Theorem 2.1 is merely a
variant of Theorem 5.7 when Y = R (assumption (C)). The question that arose
with König’s Theorem 4.1 and has remained open until today is thus simply:
can the assumption Y = R in assumption (C) be removed?

The next proposition is obtained from Theorem 5.7 by interchanging the roles
of x, y and noting that infx∈C supy∈D F (x, y) = − supx∈C infy∈D F (x, y).

Theorem 5.8. With X,Y,C,D and F (x, y) as above, the minimax equality (5)
holds under the following assumptions:

(i) There exists a real number α∗ < γ such that for every α ∈ (α∗, γ):

(H*) For every nonempty finite set H ⊂ C the set DH := {y ∈ D| F (x, y) ≥
α ∀x ∈ H} is either empty or connected;

(K*) For every set K ⊂ D the set CK := {x ∈ C| F (x, y) < α ∀y ∈ K} is
either empty or connected;

(ii) One of the following conditions is satisfied:

(A*) F (x, y) is lsc in x, and usc in y while there exists a finite set N ⊂ C
such that the set ∩x∈NDα∗

(x) is compact;

(B*) F (x, y) is usc jointly in (x, y) while D is compact;

(C*) X = R, F (x, y) is usc separately in x, y while D is compact.

6. Minimax theorems in vector topological spaces

Although the α-connectedness assumed in Theorem 2.1 looks rather special,
this concept is more useful than general connectedness when working in vector
topological spaces.

Specifically, let X,Y be vector topological spaces and C,D convex closed
subsets of X,Y, respectively. Following [1] we say that a function F (x, y) is usc
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(lsc, resp.) in y in every line segment if for any two points a, b ∈ D the univariate
function t 7→ (1− t)a+ tb is usc (lsc, resp.) on the segment 0 ≤ t ≤ 1. The next
proposition, a weaker version of which was proved in [1], cannot easily be derived
from Theorem 4.1 but follows almost in a straightforward manner from Theorem
2.1 (more precisely from Theorem 5.4 which is a strengthened version of Theorem
2.1).

Theorem 6.1. Let C be a nonempty closed convex subset of a Hausdorff vector

topological spaces X, D a nonempty closed convex subset of a Hausdorff vector

topological Y, and F (x, y) : C×D → R a function quasiconvex in x, quasiconcave
in y. The minimax equality (5) holds if either of the following conditions is

satisfied:

(i) F (x, y) is lsc in x, usc in y in every line segment of D, and there exist a

finite set M ⊂ D and α∗ > η such that the set ∩y∈M{x ∈ C| F (x, y) ≤ α∗}
is compact;

(ii) F (x, y) is lsc in x, lsc in y in every line segment of D, and C is compact.

This theorem can be referred to as the strongest version of Sion’s theorem. For
more details on minimax propositions in vector topological spaces that can be
strengthened by using Theorem 5.4 and Remark 5.5, see [18], [22].

On the other hand, while the intersection of an arbitrary family of convex
sets is either empty or convex (hence connected), it is easy to give an example
of two connected sets in R

n whose intersection is neither empty nor connected.
One may then wonder whether aside from quasiconvex-quasiconcave functions
F (x, y) there exist other classes of functions F (x, y) satisfying both (H) and
(K). In answer to this question, we close the paper by a minimax theorem for
monotonic functions analogous to Theorem 6.1.

Let us first recall some concepts from monotonic optimization [20] (see also
[19], [21]). For any two vectors x′, x′′ ∈ R

n we write x′′ ≥ x′ to mean that x′′

i ≥ x′

i

for every i = 1, . . . , n; we write u = x′ ∧ x′′, v = x′ ∨ x′′ to mean that ui =
min(x′

i, x
′′

i ), vi = max(x′

i, x
′′

i ) ∀i = 1, . . . , n. A set C ⊂ R
n is said to be downward

if x′ ∈ C, x′′ ≤ x′ implies that [x′′, x′] ⊂ C, where [x′′, x′] := {x ∈ R
n| x′′ ≤

x ≤ x′}; hence, x′, x′′ ∈ C implies that u = x′ ∧ x′′ ∈ C, [u, x′] ∪ [u, x′′] ⊂ C. A
set H ⊂ R

n is said to be upward if x′ ∈ H, x′ ≤ x′′ implies that [x′, x′′] ⊂ H ;
hence, x′, x′′ ∈ H implies that v = x′ ∨ x′′ ∈ H, [x′, v] ∪ [x′′, v] ⊂ H.

A function f : Rn → R is said to be increasing if f(x′) ≥ f(x) whenever
x′ ≥ x; decreasing if f(x′) ≤ f(x) whenever x′ ≥ x.

Theorem 6.2. Let C be a nonempty closed upward subset of X = R
n, D a

nonempty closed downward subset of Y = R
m and F (x, y) : C × D → R a

function decreasing in x and increasing in y. The minimax equality (5) holds if

either of the following conditions is satisfied:

(i) F (x, y) is lsc in x, usc in y and there exist a finite set M ⊂ D and α∗ > η
such that the set ∩y∈M{x ∈ C| F (x, y) ≤ α∗} is compact;
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(ii) F (x, y) is lsc in each variable x, y and C is compact.

Proof. Consider any α ∈ (η, α∗) and any finite set H ⊂ D. If y ∈ H and
x′, x′′ ∈ Cα(y) = {x ∈ C| F (x, y) ≤ α} then x′, x′′ ∈ C, hence, by upwardness
of C, v = x′ ∨ x′′ ∈ C; further, for every x ∈ [x′, v] ∪ [x′′, v] we have either
x ≥ x′, or x ≥ x′′, hence F (x, y) ≤ min{F (x′, y), F (x′′, y)} ≤ α by decreasing
property of the function x 7→ F (x, y). Thus, if x′, x′′ ∈ CH := ∩y∈HCα(y), then
[x′, v] ∪ [x′′, v] ⊂ CH and so any two points x′, x′′ ∈ CH are connected by the
line Γx′x′′ ⊂ CH made up of two segments: one joining x′ to v, the other joining
v to x′′. This proves property (H) .

Now let K be a subset of C. If x ∈ K and y′, y′′ ∈ Dα(x) := {y ∈ D| F (x, y) >
α} then y′, y′′ ∈ D, hence by downwardness of D, u = x′ ∧ x′′ ∈ D; further,
for every y ∈ [u, y′] ∪ [u, y′′] we have either y ≤ y′ or y ≤ y′′, hence, F (x, y) ≥
max{F (x, y′), F (x, y′′)} > α by increasing property of the function y 7→ F (x, y).
Thus, if y′, y′′ ∈ DK := ∩x∈K{y ∈ D| F (x, y) > α} then [u, y′] ∪ [u, y′′] ⊂ DK ,
and so any two points y′, y′′ ∈ DK are connected by the line ∆y′y′′ ⊂ DK made
up of two segments: one joining y′ to u, the other joining u to y′′. This proves
(K).

So all conditions of Theorem 5.7 are fulfilled, hence the conclusion.

Remark 6.3. As one may have noticed, Theorem 6.2 resembles Theorem 6.1
in many respects: it becomes almost identical to the latter by replacing the
words upward, downward, increasing, decreasing by convex, convex, quasicon-
vex, quasiconcave respectively. This illustrates the parallel between monotonic
optimization and dc optimization that has been noticed in [19], [18], [22] and
particularly in [20] and [23], where both convex functions and increasing func-
tions were shown to belong to the class of real-valued functions representable as
differences of two functions of a class C such that:

1) C is a convex cone;

2) C is stable under the operation of lower envelope.
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