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Abstact. I-et M be a f-ring in the sense of Nobusawa. The ring Ar: / R f \

\,ur L ) 
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defned by Kyuno. Booth [3] defined supernilpotent radicals and .f{-radicals for f-rings and
established relations between supernilpotent radicals and N-radicals of f-ring M and the
corresponding radicals of the right operator ring R of M. In this paper, a result of [3] is
improved (cf. Proposifion 1.4) and the relationships between the supemilpotent radicals
of F-ring M and the corresponding radicals of f,,.-ring M^,n, M-ingf, and the ing M2
are established.

1. Introduction

In [3], the notions of supernilpotent radicals and N-radicals of f-rings were in-
troduced and the relationships between the supernilpotent radicals and N-radicals
on l-ring M and the corresponding radicals of the right (left) operator ring R(Z)
of f-ring M were established. It is well known that for f1,,-ring M, there are six
related rings: the f-ring M, the right (left) operator ring R(Z) of f-ring M, the
matrix |,,^-ing M^,n, the M-ing l, and the ring M2, arnd these rings are intere-
lated. However, Booth [3] does not treat relationships between supernilpotent
radicals of f-ring M and the corresponding radicals of the matrix 1,,^-ing M^,r,
the M-ing f, and the ring M2.This is the motivation of this note.

Let 4 be a supernilpotent radical of rings, and let 4: %G, where G is a
weakly special class of rings . Let G be the class of all f-rings M such that the right
operator ring R of M isin6, and Mlx:0 implies x: 0 for all x e M.ThenG is
a weakly special class in f-rings, and the upper radical class ,yQ determined by 7
is uniquely defined by 4. An analogous class of f-rings can be defined using the
left operator ring (cf. [3], Theorems 2.5 and 2.6).

Throughout this paper, let I be a special (weakly special) class of rings, and
Rs : %9 be the upper radical determined by 9.We say that / satisfies condition
(*,) if for every semiprime ring R and any 0*e2:eeR, eReeg if and only
If Re9. We note that many well-known classes of rings satisfy condition (*):
the class of prime rings, the class of primitive rings, the class of prime Levitzki
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semisimple rings, the class of prime subdirect irreducible rings, the class of primi-
tive rings with nonzero socle, the class of weak primitive rings, the class of k-
primitive rings, the class of prime Johnson rings, and the class of nonsingular
prime rings (cf. [7, p. 1l]).

Following Booth [3], a f-ring M is called (right) 9-f -ingor gg1-ingif (i) the
right operator ring R of M belongs to g, and (ii) Mf x :0 implies x : 0. We will
use 961 to denote the class of all Z-f-rings. I<M is called a T-ideal if
M lI e 961. For any f-ring M, the T-radical of M is defined as the intersection
of all ?-ideals of M and denoted by Rs6(M). By 12, Proposition 2.71 or 14,
Lemma 1.111 and [3, Theorem 2.6], this radical coincides with the supernilpotent
radical off-rings defined by the class I ofrings.

For the definition of f-rings, weak f17-rings, |1,'-rings and the operator rings
of f-rings, we refer to [], [5], and [6]. M will denote an arbitrary f-ring, and R(I)
its eight (left) operator rings, with the notion " I < M" meaning that " I is an ideal
of M".

Let (M,f) be a weak f1,'-ring and A = M, P = R, Q c L and@ c f; then we
define

Px : {x e M : lp,x] e P for all B ef},
Q *  :  { *  M : l x , p ] e  Q  f o r a l l p e f } ,
A * '  :  { r  R :  M r  -  A } ,  A + '  :  { y ,  L  :  y M  c  A } ,
f(A) : {p. I : MpM c A} and, M@) : {x e M : fxf g O}.

Those maps map ideals into ideals.
Radical classes of f-rings, special radicals and the upper radical p-// deter-

mined by a class "// of f -rings are defined exactly as for rings. See, for example,
l2l, [3], and [4].

2. 4-Radiczl of the Right Operator Rings and Matrix l-Rings

If M is a l-ring, let R be the subring of the endomorphism ring of M (opera-
to,r being taken to act on the right), consisting of all sums of the form

D[8,, xi](fi e l,x; e M), where [B,x] is defined by ylfr,x]: yfx, for all y e M.

The ring R is called the right operator ring of M. A left operator ing L of M is
similarly defined.

In the following, only right operator rings are considered. Analogous results
for the left operator ring can be proved similarly. We will need the following two
lemrnas.

Lemma 2.1. If A is an ideal of the l-ring M, R and lf ,MlAl are right operator
rings of l-ring M andl-ring Mf A, respectiuely, then we haue lf ,MlAl= R/A*'
under the mapping

D fy,, xi* Al -- t [yi,xi]+ A*' .
t ,

Moreouer, if (M,f) is a weakly-ring, we haoe lf ll@), M lAl = Rf A"' under the
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D lrr * f(A),x;-r A)---+ D [y,, xt)+ A*' .

Lemma 2.2. If M is al-ring with the right operator ring R, and P is a prime ideal of
R or M has right unity and P is an ideal of R, lf , M lP.l is the right operator rings
of f-ring M I P*, then we haue ll, M I P-l = Rl P under the mapping

D [r,, xi -r P*) -- t ly,,x;] + P.

The proof of Lemmas 2.1 and 2.2 can be easily verified by direct computation.

Lemma 2.3. Let M be al-ring with the operator ring R. Then the mapping P -- P*
defines a one-to-one correspondence between the set of semiprime ideals of R and M.
Moreouer, (P*)*' : P.

The proof of Lemma 2.3 is an easy modification of [5, Theorem 1].
As an immediate consequence of Lemmas 2.2 and 2.3 and. [5, Theorem 1], we

have the following result.

Theorem 2.4. Let M be a l-ring with the right operator ring R. Then the mapping
P -- P* defines a one-to-one correspondence between the ?-ideals of R and that of
M. Moreouer, (P*7"' : P.

Let Q : all6 be a supernilpotent radical of rings; for any f-ring M with right
operator ring R, Booth [3, Theorem 2.3] proved that A(R). = Qstl(M). F{ow-
ever, we prove the following.

Proposition 2.5. Let M be a l-ring. Then Rs(R). : Rert(M\

Proof. By Theorem 2.4, we have

Rerrt(M): f^l{P.lP is ag-ideal of R}

: (fl{PlP is a 7-idear of R})

:  [R/(R)] . .

A f-ring M is said to have right unity if there exists an element ttr,, a;l e R
n i : l n

such that l. xb;a;: x for all x e M.It is easily verified in this case that l[ar, o,J

is the unitfff the ring R. 
i:I 

r

We now prove the next theorem which indicates one way to construct new
7-f-ings from given ones.
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Theorem 2.6. Let M be al-ring with right unity and I satisfies (*); then M e gg1

if and only if M^,n e gg1.

Proof. Sttppose M e 96y Then, R : ll, Ml e g and M satisfies Mlx : 0 which
implies x :0. Denote the right operator ring of M^,, by lln,^, M^,n). Recall
that [F,,,, M*,,) = & (see [5, p.376]) and R, is semiprime and eyRnes = R. We
have that lln,^, M-,nl e 9. Also, if M^,,1,,^(xi,j) :0, ("r;) e M-,n, then for all
m e M , y e f , w e h a v e

Therefore,  Mlx i i :0 fora l l  I  <  i1m, I  <7< nand,  consequent ly ,x i i :0and
(rti) :0. Hence, the fn,.-ring M^,n e 961-

Conversely, suppose fn,--ring M^,r€ 9g1. Then lln,^,M^,rl = R, e 9.
Hence, Re 9. Also, if Mlx : 0,x e M, then M*.nln.mxen :0 and so x€11 : 0,
i.e. x: 0. Hence, M e 96.y. I

Lemma 2.7. If I<M, then the matrix ln,--ring (M/I)*,, is isomorphic to the
lr,^-ring M^,nlI^,r.

By easy modifications of the proof of [5, Theorem 21, we can prove the fol-
lowing lemma.

Lemma 2.8. Let M be an arbitrary f-ring. Then, the semiprime ideals of the matrix
ln,^-ring M^, are precisely the sets Pn,^, where P is a semiprime ideal of the
l-ring M.

As a consequence of Lemma 2.8 and Theorem 2.6 we have the following.

Theorem 2.9. Let M be a l-ring with right unity and I satisfies (*). Then the
T-ideals of the matrix ln,^-ring M^,, are precisely the sets Pr,^, where P is a
?-ideal of thel-ring M.

Theorem 2.10. If M is a l-ring with right unity and I satisfies (*), then
9 eF)(M-,") : (fr eF)(M)) ^,,.

Proof. By Theorem 2.9, we have that

Reg1(M-,,): n {(1)',,,11 is a 7-ideal of M}

: (0 {111 is a e-idear of M})^,,

:  [Reg(M)l*,, . T
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3. 4-Rsdtcal of M-Ring f and the R.nS M1

Let (M,f) be a f1'-ring. Let R and L denote, respectively, the right and left
operator rings of the F-ring M. The set

( n  r \  ( / r  v \ l  )a ' :  
\ i  ; J  :  

t ( ;  i  ) f . _ R ' 7 e r '  m e  M ' r  e r j

is a ring with respect to the obvious operations of matrix multiplication and
addition. For details, see [1, 6].

The proof of the following lemma can be easily verified by direct computation.

Lemma 3.1. Let (M,l) be a I y-ring. Then the left operator ring Lt of the M-ring
I is isomorphic to lf , Mll K, where K : {x e ff , M]lxf : 0]. In particular, if M is
a semiprime l-ring, K :0.

Let (M, f) be a f1,,-ring. It is easily verified that an ideal P of M is a Q-ideal if
and only 1f M lP is a 9-l llQ)-ring. From Lemmas 2.1 and 3.1, and [], Theorem
3.31, we have the following.

Proposition 3.2. Let (M,f) be a weak 17,7-ring. Then the mapping A - f (A)
defines a one-to-one correspondence between the sets of 7-ideals of f -ring M and
that of M-ring l. Moreouer, M(f (A)) : A.

Corollary 3.3. Let (M,f) be a weaklp-ring. Then Rs6aff) : f(Rsrr\@)).

Proof. By Proposition 3.2, we have that

Rerq(l): n {r(l)1,4 is a 7-ideal of M}

: r(f] {AlA is a 7-ideat of M})

:  r(Res(M)).  I

We need the following results.

Proposition 3.4. Let (M,l) be aly-ring. Then M2 is a semiprime ring if and only
if M is a semiprime l-ring..

Proposition 3.5. Let (M,f) be aly-ring. Then a subset P2 of M2 is a semiprime
ideal if and only if

P, : ( A*' f(,l) 
\. , _ \ , 1  

A * , ) ,

where A is a semiprime ideal of f-ring M.

Propositions 3.4 and 3.5 can be.proved by easy modifications of [], Theorems
3.5 and 3.61.
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Theorem 3.6. Let (M,f) be a ly-ring and the l-ring M has right unity and I
satisfies (x). Then M2 e I if and only if M e 91\.

Proof. Suppose the f-ring Me?gl.Then ReQ and M is a semiprime f-
ring. By Proposition 3.4, M2 is a semiprime ring. Since eM2e = Re 9, wherc

" : ( l  3 ) ' ' n " ' '  M2e3 '
Conversely, suppose M2 e 9. Since eMze = R, R e I . By the semiprimeness of

M2 and Proposition 3.4, M is a semiprime f-ring, thus, Mfx:0, x e M implies
x :0 .There forc ,MeQt t .

Theorem 3.8. Let (M,f) be aly-ring andl-ring M has right unity and I satisfies
(*). Then

Re (Mz) : ( if,ltlr, 
^.;fi,i, 

)
Note. It is still unknown whether or not Theorems 2.9 and 3.8 are true for arbi-
trary f-ring or arbitrary weakly special class.

T

Proposition 3.7. Let (M,f) be a ly-ring and the l-ring M has right unity and I
satisrtes @). Then a subset Pz of Mz is a 7-ideal if and only if

/  A* '  f ( ,4 ) \

" : \ n  
A * ; ) '

where A is a f-ideal of M.

Proof. Suppose P2 is a T-ideal of M2. Then P2 is a semiprime ideal of M2. Hence,
by Proposition 3.5,

_  (  A* '  f ( / ) \, r : \ n  ) * /  ) ,

for some semiprime ideal of M. Now

Mn/P. = (  nl 'q. '  f  l f  u.) \ .  o.

Hence, by Theorem 3.6, M lA e 961, i.e., ,4 is a ?-ideal of M.
Conversely, if A is a 7-ideal of M, then M / A e 9g1. Hence. by Theorem 3.6,

Mz lPz=(MlA) reT, i .e . ,P2 isaZ- idea lo f  M7 I

The following result encompasses and generalizes the corresponding result of
Kyuno [6].
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