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Abstract. Let M be a I'ring in the sense of Nobusawa. The ring M, = (15 E) was

defined by Kyuno. Booth [3] defined supernilpotent radicals and N-radicals for I'-rings and
established relations between supernilpotent radicals and N-radicals of I'-ring M and the
corresponding radicals of the right operator ring R of M. In this paper, a result of [3] is
improved (cf. Proposition 1.4) and the relationships between the supernilpotent radicals
of I'-ring M and the corresponding radicals of I, ,,~ring M,,, ,, M-ring ', and the ring M,
are established.

1. Introduction

In 3], the notions of supernilpotent radicals and N-radicals of I'-rings were in-
troduced and the relationships between the supernilpotent radicals and N-radicals
on I'-ring M and the corresponding radicals of the right (left) operator ring R(L)
of I'-ring M were established. It is well known that for T'y-ring M, there are six
related rings: the I'-ring M, the right (left) operator ring R(L) of '-ring M, the
matrix I', ,-ring M, », the M-ring I, and the ring M;, and these rings are intere-
lated. However, Booth [3] does not treat relationships between supernilpotent
radicals of I'-ring M and the corresponding radicals of the matrix I, ,,-ring My,
the M-ring T', and the ring M>. This is the motivation of this note.

Let # be a supernilpotent radical of rings, and let # = #%¥, where € is a
weakly special class of rings. Let & be the class of all I'-rings M such that the right
operator ring R of M is in €, and MT'x = 0 implies x = 0 for all x € M. Then € is
a weakly special class in I'-rings, and the upper radical class ,r# determined by
is uniquely defined by #. An analogous class of I'-rings can be defined using the
left operator ring (cf. [3], Theorems 2.5 and 2.6).

Throughout this paper, let 2 be a special (weakly special) class of rings, and
Ry = UP be the upper radical determined by 2. We say that 2 satisfies condition
() if for every semiprime ring R and any 0 # e?> = e € R, eRe € # if and only
if Re 2. We note that many well-known classes of rings satisfy condition (*):
the class of prime rings, the class of primitive rings, the class of prime Levitzki
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semisimple rings, the class of prime subdirect irreducible rings, the class of primi-
tive rings with nonzero socle, the class of weak primitive rings, the class of k-
primitive rings, the class of prime Johnson rings, and the class of nonsingular
prime rings (cf.[7, p. 11]).

Following Booth [3], a ['-ring M is called (right) 2-I'-ring or 2 )-ring if (i) the
right operator ring R of M belongs to 2, and (ii) MT'x = 0 implies x = 0. We will
use Z) to denote the class of all #-I'-rings. 7aM is called a #P-ideal if
M/I € Z1). For any T'-ring M, the #-radical of M is defined as the intersection
of all P-ideals of M and denoted by Rgr)(M). By [2, Proposition 2.7] or [4,
Lemma 1.11] and [3, Theorem 2.6], this radical coincides with the supernilpotent
radical of I'-rings defined by the class £ of rings.

For the definition of I'-rings, weak I'y-rings, I'y-rings and the operator rings
of T'-rings, we refer to [1], [5], and [6]. M will denote an arbitrary I'-ring, and R(L)
its eight (left) operator rings, with the notion “I 9 M” meaning that “I is an ideal
of M”.

Let (M,T') be a weak I'y-ring and A € M, P R, Q = L and ® < T’; then we
define

Px={xeM:[f,x]e Pforall feT},

Ot ={xeM:[x,yleQforall ueI},

AY ={reR: Mrc A}, A*' = {yeL:yM c 4},

I'd)={uel: MuM < A} and M(®) = {xe M : TxI" c ®}.

Those maps map ideals into ideals.

Radical classes of I'-rings, special radicals and the upper radical u# deter-
mined by a class .# of I'-rings are defined exactly as for rings. See, for example,
[2], [3], and [4].

2. %-Radical of the Right Operator Rings and Matrix I'-Rings

If M is a T-ring, let R be the subring of the endomorphism ring of M (opera-
tor being taken to act on the right), consisting of all sums of the form
Z[ﬁi,xi](ﬁi e, x; € M), where [, x] is defined by y[8, x| = yfx, for all ye M.

i=1
The ring R is called the right operator ring of M. A left operator ring L of M is
similarly defined.

In the following, only right operator rings are considered. Analogous results
for the left operator ring can be proved similarly. We will need the following two
lemmas.

Lemma 2.1. If A is an ideal of the T'-ring M, R and [T, M/A] are right operator
rings of T-ring M and T-ring M /A, respectively, then we have [T', M/A] = R/A*
under the mapping

S lox+ Al - Y x] + A4
i i

Moreover, if (M,T) is a weak T n-ring, we have [I'/T(A), M /A] = R/A* under the
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mapping
S i+ T(A), xi+ 4] =Y [y, x] + 4.

i

Lemma 2.2. If M is a I'-ring with the right operator ring R, and P is a prime ideal of
R or M has right unity and P is an ideal of R, [['y M/P*| is the right operator rings
of T-ring M /P*, then we have [T’ M/P*| =~ R/P under the mapping

Z[yi)xi"'P*] — Z['yi,xi]"i_P

The proof of Lemmas 2.1 and 2.2 can be easily verified by direct computation.

Lemma 2.3. Let M be a I'-ring with the operator ring R. Then the mapping P — P*
defines a one-to-one correspondence between the set of semiprime ideals of R and M.
Moreover, (P*)*' =P

The proof of Lemma 2.3 is an easy modification of [5, Theorem 1].
As an immediate consequence of Lemmas 2.2 and 2.3 and [5, Theorem 1], we
have the following result.

Theorem 2.4. Let M be a I'-ring with the right operator ring R. Then the mapping
P — P* defines a one-to-one correspondence between the P-ideals of R and that of
M. Moreover, (P*)* = P,

Let # = 4% be a supernilpotent radical of rings; for any I'-ring M with right
operator ring R, Booth [3, Theorem 2.3] proved that Z(R)" = Z¢r)(M). How-
ever, we prove the following.

Proposition 2.5. Let M be a T'-ring. Then Rp(R)" = Ry (M).
Proof. By Theorem 2.4, we have

Rory(M) = [\ {P*|P is a P-ideal of R}
= (" {P|P is a P-ideal of R})
= [Rp(R)]".
A T'-ring M is said to have right unity if there exists an element Xn:[é,—, a)eR

=l

such that Z xb;a; = x for all x e M. It is easily verified in this case that Z[&,, a;)

=1
is the umty of the ring R. ' ]

We now prove the next theorem which indicates one way to construct new
P-T'-rings from given ones.
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Theorem 2.6. Let M be a I'-ring with right unity and P satisfies (), then M € 21
if and only if My, p € P(1). ;

Proof. Suppose M € 2. Then, R = [I', M] € 2 and M satisfies MT'x = 0 which
implies x = 0. Denote the right operator ring of M,,, by [y m, Mmn»]. Recall
that [['y m, My ] = R, (see [5, p.376]) and R, is semiprime and e;1R,e1; = R. We
have that [T, ;, My, 5} € 2. Also, if My nInm(Xi;) =0, (xij) € My, », then for all
me M, yeT, we have

0 e 0
0 = (mei)(vew) (X)) = | myxp == myxpn | (7).
0 0

Therefore, MT'x;; = 0 for all 1 <i<m, 1 <j < n and, consequently, x;; = 0 and
(xi7) = 0. Hence, the Iy ,-ring My, n € 2 ().

Conversely, suppose @'y n-ring My, € Zx). Then [[pm, Mpyy =R, € 2.
Hence, Re #. Also, if MT'x = 0,x € M, then M,, ,.I', mxe;; = 0 and so xe;; =0,
i.e. x =0. Hence, M € 2 ). |

Lemma 2.7. If IaM, then the matrix Iy p-ring (M/I),,
U m-ring My, n/Ln ».

. IS isomorphic to the

By easy modifications of the proof of [5, Theorem 2], we can prove the fol-
lowing lemma.

Lemma 2.8. Let M be an arbitrary I'-ring. Then, the semiprime ideals of the matrix
Ly m-ring M,, , are precisely the sets Pym, where P is a semiprime ideal of the
T-ring M.

As a consequence of Lemma 2.8 and Theorem 2.6 we have the following.

Theorem 2.9. Let M be a T'-ring with right unity and P satisfies (). Then the
P-ideals of the matrix T'y -ring My, are precisely the sets Py, where P is a
P-ideal of the I'-ring M.

Theorem 2.10. If M is a D'-ring with right unity and P satisfies (x), then
Ry (Mmn) = (Rox)(M))

Proof. By Theorem 2.9, we have that
Ro(r)(Mim,n) = N {(I) /1 s @ P-ideal of M}
= (({I|I is a P-ideal of M}),

= [Rpay(M)], - u
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3. 2-Radical of M-Ring I and the Ring M,

Let (M,T) be a T'y-ring. Let R and L denote, respectively, the right and left
operator rings of the I'-ring M. The set

= (o 2)={(n )

is a ring with respect to the obvious operations of matrix multiplication and
addition. For details, see [1, 6].
The proof of the following lemma can be easily verified by direct computation.

reR,yeF,meM,leL}

Lemma 3.1. Let (M,T") be a I'y-ring. Then the left operator ring L' of the M-ring
[ is isomorphic to [I', M| /K, where K = {x € [T', M]|xT" = 0}. In particular, if M is
a semiprime I'-ring, K = 0.

Let (M, T’) be a I'y-ring. It is easily verified that an ideal P of M is a P-ideal if
and only if M /P is a #-I'/T'(P)-ring. From Lemmas 2.1 and 3.1, and [1, Theorem
3.3], we have the following.

Proposition 3.2. Let (M,T’) be a weak Iy-ring. Then the mapping A — T'(A)
defines a one-to-one correspondence between the sets of P-ideals of T'-ring M and
that of M-ring T. Moreover, M(T'(4)) = A.

Corollary 3.3. Let (M,T') be a weak Iy-ring. Then Rp(sr)(T) = I'(Rpry(M)).
Proof. By Proposition 3.2, we have that

Raan(T) = () {I'(4)|4 is a P-ideal of M}
=T((\{4|4 is 2 P-ideal of M})
= T'(Rgr)(M)). u
We need the following results.

Proposition 3.4. Let (M,T") be a T y-ring. Then Mz is a semiprime ring if and only
if M is a semiprime T-ring..

Proposition 3.5. Let (M,I') be a T'y-ring. Then a subset P, of M, is a semiprime

ideal if and only if
A¥ T(A)
PZ i ( A A+I )1

where A is a semiprime ideal of T-ring M.

Propositions 3.4 and 3.5 can be proved by easy modifications of [1, Theorems
3.5 and 3.6].
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Theorem 3.6. Let (M,T") be a Ty-ring and the I'-ring M has right unity and P
satisfies (). Then M, € 2 if and only if M € 2 1).

Proof. Suppose the I'-ring M € Z). Then Re# and M is a semiprime I'-
ring. By Proposition 3.4, M, is a semiprime ring. Since eMje = R € &, where

1 0
e= <0 0>,thus, My e 2.

Conversely, suppose M, € 2. Since eMse = R, R € 2. By the semiprimeness of
M, and Proposition 3.4, M is a semiprime I'-ring, thus, MT'x = 0, x € M implies
x = 0. Therefore, M € 2(r). [ |

Proposition 3.7. Let (M,T") be a I'y-ring and the I'-ring M has right unity and #
satisfies (x). Then a subset P, of M is a P-ideal if and only if

AY T(4)
P, = A A+I )
where A is a P-ideal of M.

Proof. Suppose P; is a P-ideal of M;. Then P; is a semiprime ideal of M>. Hence,

by Proposition 3.5,
A* T(A)
P2 = ( A A+I )7

for some semiprime ideal of M. Now

R/A* 1“/1"(,4))e Iy

MZ/PZ‘%" (M/A L/4*

Hence, by Theorem 3.6, M /A4 € 21, i.e.,, 4 is a P-ideal of M.
Conversely, if A is a 2-ideal of M, then M /A4 € 2 ). Hence, by Theorem 3.6,
M,/P, = (M/A), € 2, ie., P, is a P-ideal of M. |

The following result encompasses and generalizes the corresponding result of
Kyuno [6]. ‘

Theorem 3.8. Let (M,T) be a Ty-ring and I'-ring M has right unity and P satisfies
(). Then

_{ Re(R) Raun(D)
Ro(M>) = (Ry(r)(M) Ro(L) )

Note. It is still unknown whether or not Theorems 2.9 and 3.8 are true for arbi-
trary I'-ring or arbitrary weakly special class.
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