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The Property (O) and Holomorphic Functions*
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Abshact. It is shown that a nuclear Frechet space E has the property (O) if and only if every
holomorphic function on z{ (a) with values in E* is of uniform type.

1. Introduction

Let E be a Frechet space with a fundamental system of semi-norms ll ' llr. We say
that E has the property

' l l ; * ' .  c l l  ' l l ,  l l  ' l l ; ,

l l  '  l l ; '* '  < cl l  ' l l ;  l l  l l ; '

Here, for each subset B of E and y* e E*, the strongly dual space of E, we put

l lYl l i  :  suP{lY(x) l :  x e B}

and, for every p, we write

l l  ' l l ; :  l l  ' l l l t , '  where  Uo:  {x  eE:  l l x l l ,  <  1 } '

The properties (DN), (O), (O), and others were introduced and investigated by
Vogt in [9, l0]. Recently in [4], M-eise and Vogt have proved that if a nuclear
Frechet space ,E has the property (O), then every scalar holomorphic function on
E is of uniform type. Here, a holomorphic function / from a locally convex space
E to a locally convex space F is of uniform type if there exists a continuous semi-
norm p on.E such that f can be holomorphically factorized through the canonical
map @p: E - Ep, where we denote the Banach space associated to p by Ep.

Now let E and F be locally convex spaces and' f:E--+F a holomorphic
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function. We say that f has Dirichlet representation if there exist {27.} c. E*, ttre
strongly dual space of E, and {yr} - F such that

F;xp: f (x):Dyoexpup(x) for x e E,
k > 1

where the series is convergent to f in the compact open topology of H(E, F).
In the present paper, we shall prove the following.

Main Theorem. Let E be a nuclear Frechet space. Then the following conditions are
equiualent:

(i) E has the property (A).
(ii) Euery holomorphic function on N1@) with ualues in E* is of unifurm type for

euery exponent sequence ,x: (u) for which Ar(oc) ls nuclear, where

( _ l
A 1 ( a )  : { ( ( , ) . C " ,  I l ( i l r ' ' < a  f o r  0 < r c l f .

t "  E '  )
(iii) E has the property ({2) and euery holomorphic function f on Nr(a) with ualues

in E* has Dirichlet representation:

(Exp)  :  f (y ) : l&exnn} )
k > _ l

which is absolutely conaergent in H(Nr(u),E*) for every u as in (i1).
(iv) Euery holomorphic function "f fro^ E to lta@) has Dirichlet representation:

(Exp) : f(x) : | 1o 
"*v 

uol*)
k > 1

which is absolutely conergent in H(E,Ar(a)) for euery a as in (11).

The proof of the Main Theorem is given in Sec. 2. Moreover, in this section,
we prove that, if E is a Frechet-Hilbert-Schwartz space with the property (f1,)
tnd D is a pseudoconvex neighborhood of Elll . ll, in Er, then there exists B > p
such that Imrapo c D, where roB, is the canonical map from Ep to Er.

2. Proof of Main Theorem

(i) implies (ii). Let f e H(Kr(a),.8*), where a as in (ii). Without loss of generality,
we may assume that /(0) : 0. Then / induces a continuous linear map / from
H(E.) to 116(z\ (a)), the space of holomorphic functions p on z\]'(a) with p(0) : 0,
by the formula

Gd1): q(f(y)) for q e H(E.) and y e ,l!,(a).

Let Dl denote the open polydisc in z\(a) given by
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and,et R be the.",,n"l',":i1;fi#i;:;:;,11,. - known r5r that
H(Dt) = Ar(f(oc)),

where p(a) is the increasing arrangement of the family

((al*)): 
{t  u1m1: m e *t}

and

M : {m : (ry) e N{: ry : O for almost all j e N}.

Now we consider a map u : E ---+ H(E-) given by u(t)(g) :9(l). Then the map
Riu: E -- H(D) = A1(p(a)) is a continuous linear^map. By 19, Satz. 4.21, there
exists a neighborhood U of 0 e,E such that B : Rf u(U) is bounded in Ho(Dr).
Let d : D1--+ H[(Dr) be the canonical map. Then a-ltdl is a neighborhood of 0
i n  D 1  a n d  j u p { l , f ( y X x ) l  : x e  U , 6 ( y )  e l P l :  s u p { l l ( x ) ( y ) l : x e U  d ( y ) e d } :
sup{ld(yXl(x))l : x e (/, 6(y) € d} < 1. Hence, / is bounded at 0 e D1. Similarly,
it follows that f is bounded at every point of z\(a). Write

ztr(o) : 
9_r*",

where {K,} is an exhaustion sequence of compact sets in Al(a) such thatnKnc
Kn,1 for n > 1. Since / is locally bounded for each n ) l, there exists a neighbor-
hood U, of 0 e .rt(a) such that f (K^ + U,) is bounded. Put

U -

Then U is a neighborhood of0 e Aj(a) and

f(nu) = f(nK^ * U"+t) = f(Kn+r * U,+)

for n ) l. This implies that f is of uniform type.
(ii) implies (i). By [9, Satz. 4.2], it suffices to show that every continuous linear

map T : E ---+ A1(a) is of uniform type. Indeed, by the hypothesis ?* : .A!(a) ---+ E*
is ofuniform type and, hence, Z is ofuniform type.

(ii) implies (iii). Since (ii) implies (i), E e (O) and, hence, r e (O). Now, given
f eH(Nr(a),E*),by (ii), there exists a continuous semi-norm p on Al(c) and a
holomorphic function g on (Al(a)), with values in.E* such that

g @ p : f .

Choose a continuous semi-norm B on ̂ rt (a) such that f > p arLd the canonical
map T from (Al(a))p into (A,(a)), is in the form

T(x) :\).1u1@)e1,
j > 1

where

t27

!,(o. 0 u^*')
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a:Dvl l<@, l l r ; l l  <  l ,  l l r ; l l  <  t .
j > r

Consider the Taylor expansion of g at 0 e (Ar(a))B

s(x):DP,s(i,
n20

where

P,s(x):: I l!! a,
2ni Jp1:, tn+l

f o r a l l z > 0 a n d r > 0 .
By [3], there exist complex number sequences {1*}, {ar} such that, for z e C,

we can write

\ - -, :  
kekexpc tkz

and

C, :D l ( r lexp  la l l r  <  *oo
k > 1

f o r a l l r Z 0 .
Formally, we have

kT) (x ) :  s (Tx)
/ \

P"slD).1ulfle1l
\ i > t  /

:  t  ) , j , l j r .  . .  i i , f ig1ei, , .  . . ,e i , )ui , (x) .  . .ui ,@)
n20  i r , h , . . . , i , > l

: , ,  t j , A j , . . .  ) . i , f i g @ i , , . . . , e j , )
n>o  i 1 ' i 1 , . . ' i " >1

/ . - -  \ - -  . . \
" I L (pexp u16ui,@ . .. L (pexp apu1,@) ]

\ t > t  t  > t  /
: t  t  t j ,A j , . . . t r i ,E* , . . . ( r ,

n20 i r  iz '  
, '  

in>r

, fig1"ir,.. ., ej,) expfal,ruir(x) + . . . + up,ui,(x)),

wherc fu denotes the continuous symmetri c n-linear map associated to Prg.
It remains to be checked that the right-hand side is absolutely convergent in

11(Ar(a), E*). For eachr ) 0, we take D > Crea, where

c,:Dl(r lexpr laT. l  < oo. ( t )
k > 1

Now, let .B be an arbitrary bounded subset of ,E. We have
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lltski,, . ., g,)11." < n" I nt6"llsll;,5,

where

l lsll i,a : sup{lls(x)ll i : l lxll <6}.

Without loss of generality, by the nuclearity of Nt(a), we may assume that g is
bounded on every bounded set in (Ai(a))'.

From (l) and (2), we have

t D oi,l lt i, l. l l i, l l&",|. . .ltk^lllP"s@i,,. . .,q)ll1;
n>O i r , iz '  , in l r

\ '  t c n > l

x exp[r lap, l  + . . .  + r lap, l l

< lcio"n'lnt6"llsll;,5 < @ for llxll< r.
n > 0

(iii)implies (i). By [9, Satz. 4.2],it suffices to show that every continuous linear
map T from z\(a) to E* is bounded on a neighborhood of 0 e AL(a). Write Z in
Dirichlet representation

@\ - .t \ y ) :  )  (1exp! \x1) ,
j :1

w h e r e x T e A l ( a ) , y e z \ ( a )
Since .E is a Frechet space,

is absolutely convergent in fl(Ai(a), E.).
semi-norm p on E such that

By the hypothesis, that E has the property (O), there exist q and a compact set
B in E such that

l l . ll; '. ' < ll . ll; ll . ll; '

for some d > 014, Lemma 3.61.

, 
Then, for every k > l, we have

D tt<'ttl expllx;ll; < D tt<'tt;""*o'll1'll;'0"*') expllx;ll2
j > r  j > r

= D Ilrrll;"xp(1 + d)ll*ilb,+ t l l(rl l; ( *co.
j > t  j > r

Thus, Z continuously maps Ai(a) to Ei. Hence, Z is bounded on a neighbor-
h o o d o f 0 e { , ( a ) .

(i)implies (iv) as (i)implies (iii).
(iv) implies (i). By [9, Satz. 4.2], it suffices to show that every continuous linear

map f : E --+ A1(a) is of uniform type. Write / in Dirichlet expansion form

t29

(2)

and the series is absoh
we can find a semi-no

Dllr'll; < -rco'
j > I
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(Exp) :/(x) :l lpe*pup1r1,
k > l

where the series is absolutely convergent in H(E,Ar(a)).Since Ar(q) has the
property (DN), we can find p > 1 such that

Y q l s , C , e ) 0 :

Since .E is a Frechet space, we can

l l  ' l l ; * '<  c l l  ' l l , l l  ' l l ; .

find a semi-norrn m on .E such that

D ll t Al, exp llu pll.- < a -
k > l

It rernains to be checked that

\ - " -  "  , ,  , , *
\ll(*llqexP llaT.ll- < co for q > P'

Given q t o, 
"nooJ"it, n) ,, t, C )0 such that the property (DN) is satisfied.

Then

D
k > l

t P ,  I  , ,  r *

Wt<fuexP U r11u1,11-

< cott+E) D llgolljttt*4111011?/r+e) exp1ft llarll|
k > l

< s o t | +e) f f l]4ff, + ;+_ ( | | (/. I l, exp | | 2,. | | ) ))
o ? \ l * e  I + e " ' " '  " " ' /

< s(t/t+e) f ! ttr,.tt, + D ll(/.l lp exp llaT.ll)l < co.
L k > l  k > r

This deduces from the following. Since the series | (pexpup(x) is absolutely

convergent in H(E,Ar(a)) and, hence, for s the r"rititD ll(rll"explap(0)l < co.

This shows that ! ll(rll, < oo. Thus, / is bounded o" dlfn" theorem is proved.
k > l

Proposition. Let E be a Frechet-Hilbert-Schwartz space and let E haue the prop-
erty (H), i.e., euery holomorphic function on E is of untfurm type. Then, for euery
continuous semi-norm p on E and euery pseudoconuex neighborhood D of E lker p in
Eo, there exists a continuous semi-norm B on E with P > p such that lmia.po c. D,
where apo : Ep ---+ Eo is the canonical map.

Proof. Since the topology of -E is defined by Hilbert semi-norms, without loss of
generality, we may assume that Eo is a Hilbert space. Choose a continuous semi-
nonn d on,E such that a > p and the canonical map from Eilto Ep is compact. Let
r denote the linear metric topology on H(D) generated by the uniform convergence
on the sets
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(  r )
K, :  laopQ); l l r l l<  , ,aorQ) e D,d is t (aorQ),AD >_ : .1.

t  r )

Since the canonical map lH(D),rl ---+ H(E) is continuous and since

H (E)ao, = limind H6(Er) [4),

where I1(E)6o, denotes the bornological space associated to H(E) and for each q
by H6(Eq), we denote the Frechet space of holomorphic functions on Eo which are
bounded on every bounded set in Eq, we can find a continuous semi-norm P on E
such that B > a and H(D) c. H(Ep).It remains to be checked thatlm'lrpo c D. In
the converse case, there exists ze-Ep such that apoQ) edD. Choose a sequence

{tn} = Elker p which converges to z. Since E, is a separable Hilbert space, we can
find ,f e H(D) such that

suplfapoQ)l : oo.

This is impossible because f aflp e H(Ep).
The proposition is proved. I

Remarks. In [6], Ha and Khue have proved that a nuclear Frechet space E has the
property (H") if and only if every holomorphic function on E can be written in
Dirichlet representation.
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