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Abstract. Let d be a universal Clifford algebra induced by an rn-dimensional real linear
space. A linear subspace L of ,4 is said to be invertible if every nonzero element of it is
invertible. In this paper, we obtain the necessary and sufficient condition for some subspaces
of .cy' to be invertible. A generalized Cauchy-Riemann operator, which linearizes the Laplace
operator is presented.

1. Symbol of Clifford Numbers

Let V^ be an z-dimensional (m>l) real l inear space with a basis {et,...,e^}.
Consider the 2u-dimensional real linear space .il with a basis

E  :  { e q r € l r . . .  r € m r € \ 2 r . . .  r € m - l m r . . .  r e z  . m } .

A product of two elements eA,eB e E is given by

€1€s :  ( - l ) l ( l ^ r )1 -  IYV 'B)eAoB'  A ,B c .  {1 ,2 , .  . . ,m} ,  (1 )

where

andflA denotes the number of elements of A. CTearly,

p(A + B) + p(B + A) + i l@n-B) : fr(A x B). (2)

Every element a : Donrn in .il is called a Clifford number. The product of two
A
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Clifford numbers a:Da,4e1, b:lbses is defined by
A B

ot:Dlotbta"u.
A B

It is an easy matter to check that, in this way, -el becomes a linear, associative,
noncommutative algebra over IR. It is called the Clifford algebra over V*.

It follows from the multiplication rule (1) that eq is the identity element and
that

e i e i * e i e ; : 0  f o r  i l j ,  4  :  - t  ( j  : 1 , 2 , . . . , m ) ,

e k f t z . . . k , :  e k t e k 2 . . . e k r ,  |  < h  < k z < . . . 1 k t  1 m .

The involution for basic vectors is given by

Et: Ekr.. ft" : (-l)"(t+1)/2ek, .n".

For any o : D aAeA e .il, let 6 : I aa71.
A A

Sett ing €0:€0 and reindexing the vectors {rn,. . . t€m_rm,.. . ,ep.. .^}  inthe
basis E, we rewrite

E  :  { e O r € l r € Z r .  . .  r € m r € m + l r .  . .  r € n - l } ,

whe te  n :2  .
n-l

Let a: D ot",. Denote by o(a) an (n x n)-matrix with elements in the set
i:0

{l as, I a1, . . . , I ar-t} defined by the formula

n-l

ax :  (e0,€r , .  .  . ,er - )o(a)(xs,xt , .  . . ,xr - t )T,  for  a l l  Jr  :  t  x ie i  e  , i l ,  (3)
j:0

where Mr denotes the transpose of the matix M.

Definition l. o(a) defined by (3) is called the symbol of a. The set of all symbols of
Clffird numbers is denoted by 2(e.).

We therefore obtain a matrix representation of d. This representation is an iso-
morphism between ,il andl;[il), and o(es):1, where l is the identity (nxn)-
matrix. It is easy to see that Z(il) * "l/o fthe algebra of real (n x n)-matrices).

We now find symbols of basic vectors 11 e ,il (0 < k < n - l).

Let k be fued, o(ep) : (Aij), and x : 
Z*,"t. 

Then, by (3) we have

n-l n-l I n-l \

D_o{r*Srt :  ekx: 
E 

(; eiAtl)x1.
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Since x is arbitrarily chosen, this implies

n-l

€p€i :D"r^, t  for al l  7 € {0, .  .  . ,n -  l } .
j:0

n-l

Hence, ek: D )'i1@iE), i.e.,
i:0

( l, if ep - eiei,

l , i  :  
\  

-1 ,  i f  ep:  -s .4. ,

( 0, otherwise.

Lemma 1. o(ab) : o(a)o(b) and o(a + b) : o(a) + o(b) for all a,b e ,il.

Proof. By Definition 1, we have

(ab)x : (eo, er, . . ., e,-1)o(ab)(xs, x1, . . ., x,-r)r .

On the other hand,

(ab)x : a(bx) : (eo, et, . . ., en-1)o(a)(qo, 4r, . . ., 4n-t)r,

where

(qo ,T t ,  - . . ,4 r - t ) r  :  o (b ) (xo ,x t ,  - . . , x r - t )T  .

Hence,

(eo, et,. . ., en-1)o(ab)(xs, x1, . . ., xn-t)r

: (€0, €1, . . ., er-)o(a)o(b)(xs, x;, . . ., xn-t)r,

which gives o(ab): o(a)o(b). The second relation is checked in the same way. I

Corollary l. Euery one-sided, inuertible Cliford number is inuertible.

Proof. Let a e .il be left invertible and let a(t) be its left inverse, i.e., aa(I) - es.
Then

I : o(ed : 6lsa1)1 : 6(a)66(t)1.

flence, o(a)o@(t)1 : I and this follows that o@U)1o1a) : I, which gives

aa(t) : a(r)a _ ,0. I

Lemma 2. (See [1]) (o(a))r : o(a).

Proof. Wirte o(e1,) : to$)), oteo) : @!?1. From (4), we find

( l ,  i f  ek: s,7i ,  (  l ,  i f  Ep: etd,,
oi i :  |  -1,  t f  ep -  -s,4.,  and di i :  |  -1 ,  i f  Ep: -s ipr,

" l l
( 0, otherwise ( 0, otherwise.
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By (2), we have eIeE - EeEl for €1,€s E.E. Hence,

(  l ,  i f  Ep:  e iEi ,

61 :  
\  

-1 ,  i f  ek:  -s t4 ' ,

( 0, otherwise,

which gives o(ep)r :614o1. n-l
Then, for any number o : D akek e ,il, we get

k:0

/  n - l  1  I  n - l  n - l

(o(a))r : ( t qtco(e*)) : t ak@@t))r :laro(eil : o(a). I
\ ft:o / k:O k:O

2. Invertibility of Subspaces in .e/
/  \ r / 2

For every Clifford number a : De1€tr, wa write lal : lD*nl
A  \ l  /

Definition 2. A linear subspace X of .il is said to be right inuertible (left inuertible,
inuertible) if euery nonzero element in X is right inuertible (left inuertible, inuertible).

Corollary I shows that, in any Clifford algebra, every one-sided, invertible
subspace is invertible. Therefore, in the sequel, we shall only deal with invertible
subspaces. m

It is well known that (see [1]), for Clifford numbers of the form o: Dq&i * 0,

a-r :  d. l la l2.Hence, L(e0,. . . , r^)d!- l in{e0,.  .  . ,€m]} is invert ible.  
i :0

Let {e^11,€m*2t...,€-+r} be s distinct basic elements of .il, whete e^apS

{"0 , . . . ,e^ }  fo r  a l l  k  e  {1 , . .  . , s } .  Def ine

L ( e 0 , . . . , € ^ + r ) : l i n { e o ,  ' . . , e - + s } .  ( 5 )

Theorem l. L(es,.. .,€^+r) (s > 0) is inuertible if and only if the following condi-
tions simultaneously ho ld:

( i )  m:2(mod4) ,
( i i )  s :  l ,

(ii i) e-.'.1 : etz...m.

Proof. Sfficiency.
m

Let a: D o*rt + aem+t, whete e^a1 : en...m.Then
ft:0

a: la4t - f  aE*,r1: laFt * u(-r1^(*+r)/2e^+r: la4t -  d€m+r.
/=0 /:0 /:0
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Hence, by (2), one gets

oa: (iooro+ o"-*,) (i",u,- de.+r)
\ f5 / \-r=o /

:iol"o *lawt@*Er * eF*)
k:0 k+l

+ m
+ 

"Ld1e6a1E1 
- olot4 

"^,r1 
- a2e^11e^a1

l:0 k:0
m

S '
: 

Loi"o I uage^11e9 - d.a\e\em+l
k:o

m
- 

| aa r@ ̂ +1 e k + e *e n+ r) - a2 (- 11^+ n (r'2' "''nj'{1'z' "''^}) eo
k:1

m m
: \af ,eo -  d2(- l )^(^+r)/2eo -Dooo

k:0 k=r

x ( ( - I )( - I ) 
p (r'z'"''n\'k) + ( - I X - I F @'{t'z' "''m}) p rL,...,,n}\{/<}

m
: 

\ aa*(( - l)t(r,2, " ', m\,D 
1 ( - | )u 

-r( {t,2, " ',m},k) - t 
7e{ r,..., n }\{ft }

k:r
/ m  \  / m  ^ \

+ ( lpi * a2 les: ( t 4 + o' les : lal2es.\ f f i ^  /  \ 7 = o '  /

Similarly, we find qa : lal2eo. Hence, if a * 0, there exists a-t : allalz.
Necessity. Suppose s > l. Without loss of generality, one can assume €m+r: €A

w i t h l < l A : q < m .
Let q:0(mod4) or q- 3(mod4). Choosing a: eolel  and, b: eo -  eA, we

find

ab:  eo le , t -  eA-  eAeA-  eo  ? l1e{e+t11 ' "0 :  eo-  eo :0 .

Hence, the nonzero numbers a and b are not invertible.

.  L e t  q :  l ( m o d 4 )  a n d  i e  A a { 1 , . . . , m } .  C h o o s i n g  a : e r * e A ( + 0 )  a n d .
b : 4 - ea (+o),by (2), we find

ab : (ei + e)(ei - et) : egr * eter - €ie11 - €aea

- -eo+ ((- lX- l)p?,t)  -  (- lX- l)p( ' ' r ))"r \{+ -  (- t )ck+t)/2eo

- -eo+ ((-l)P(t,r) - (ly-n{i"q-r)e,r\{' * es : Q.

Hence, a and b are not invertible.
Finally, we deal with the clse q: 2(mod4). Since 4 1 m, tJtere is at least one

j e {|,...,m}\A. Choosing a: ej * e1 and b : ej - e,t, by (2), we have the



r38 Nguyen Canh Luong and Nguym Van Mau

following equalities:

ab : (ei + e)(ej - et) : ejej + eAej - ejeA - eAeA

- -e0 + ((gr@'d - eDe(i,A))e.qw,' - et)sk+r)/2eo

: -e0+ ((-l)p(r'l) + eDc-p@'i)*\"nu{i} + e0 - 0.

Therefore, for s > 1, there are noninvertible numbers in .L(es, . . ., e-+r)\{0}, i.e.,
L(e0,. . ., €*+r) is not invertible.

Consider now the case J: l. Let e^11 : eB ar.d lB: q > l. There are three
dist inct cases to deal with:  4:0(mod4) or q:3(mod4), Q: l(mod,4),  and
q:2(mod4) .

If 4 - 0(mod 4) or q: 3(mod4), then a : €0I en * O is not invertible. Indeed,
in this case, a(es - en) : e0 - eBeB: 0 with eo - en * 0.

l f  q :1 (mod4)  and c :  e i *en  Qe B) , then c (e ; -  en) :0 ,  i .e . ,  c  i s  no t  inver -
tible.

Final ly,considerthecase Q:2(mod4).I f  q < m,thenthereisT € {1,. .  . ,m}\8.
It is easy to check that bd : 0 for b : ej I fi and d : ei - ep, i.e., b and. d are not
invertible. Thus, q : m and e m+t : €12 m.The proof is complete. I

Corollary 2. Euery quaternion (.il :lin{es,e1,e2,ep}) is inuertible.

Proof.lndeed, every quaternion is a Clifford algebra induced by a 2-dimensional
real linear space with a certain basis {e1, e2}. Hence, m :2: 2(mod4).

3. Remarks on Monogenic Functions

Let m : 4p * 2 (p e N). Consider the differential operator

P:T , ,a, , ,  where €m+r: €12 m (6)
i:0

and the conjugate operator ofD
m+l

D:1c i0 , , .  (7 )
t:0

Actions of D and D on functions from the left and from the right are governed by
the rules (see [1])

Df :De;e1|y, f1, fD :Deae;Ta, fa
i,a i,A

and

Df :DEieaOy, f4, fD :De1efiy,f1
i,A i,A

for all f(x):Dqfe6). Here, the functions fa@) are real-valued.
A
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Lemma 3. DD : DD : Lm+2€0, where L^12 denotes the Laplacian in R^+2.

Proof. Since e,,11 : e12...m and m:4p +2 (p e N), we find Eaal - -e-a1. For
every i e {1, . . .,m}, we have

eQ*+t I €m+lEr : -€i€m+l - €m+t€i

: - (t - t ) t - t)nQ,{t '2,' '*}) * ( - I )( - I )P({1,2'" ',n}' i)) e 1r,2,...,,u}\r4

:  ( ( - l ) , - t  + ( l * - i )e11,2, .  ,z) \ { i }  :0 ,

because (t - 1) + (m - i) : m - 1 is odd.
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Therefore,

l m  
\oD: lY ",A,,  + r,

\Ed 
t" 'mox^*t 

)
(i*u.,*u, ̂ u*-,)

\ - 1  \ - ,:  )  e iE id r ,1 r ,  I  L (e i / . . - l e1  . . . ^E i )0 r ,0 r - * r *e r . .mc r
i ' j:o i:o

m a 2
I _ U

:  )  .e iE i  u  I  e1  . . ^d1  .^
fr dxi

o-
f r q  Iox'-+t

o-
^ 1
oY^+l

: Lm+2€o'

Similarly, one can check the equality DD: Lm+2e0.
Lemma 3 permits us to introduce the so-called left (right) monogenic function

in a certain open domain g2 - pn+2 as for the case C) c R.k (/c < m * l) in [1, 2].
T

Definition 3. A function f e6t(Q;.il) is said to be left (right) monogenic in dt if
and only if Df :0 (fD :0) in Q.

Following all the procedures for monogenic functions as in [l], we can obtain
the main function theoretic results as cauchy's integral formula, Morera's Theo-
rem, Taylor expansion theorems, and Laurent series for pointwise singularities,
etc.

Remark. Thus, for the case A:4p+2 (p eN), the theory of monogenic func-
tions can be extended to IR'+2. If p : g, we get regular functions of a quaternionic
variable (see [3-7]) as a particular case of monogenic functions in Clifford analysis.
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