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Abstract. In this paper, we consider the Lyapunov spectrum of perturbed random difference
systems of the form

x(n+ 1) = A(n)x(n) + £(n),
x0)=xpeR n=0,1,2,...,

where A = (A4(n)), - is an ergodic stationary matrix-valued sequence and &(n) is a random
perturbation. It is well known by the famous multiplicative ergodic theorem due to Oseledec
and Millionshchikov [3, 4, 5] that the Lyapunov spectrum of the unperturbed system cor-
responding to (1), i.e., x(n + 1) = A(n)x(n) consists of r real numbers A; < A <---< A,
r < d. A wide class of random noise &(n) will be characterized so that this perturbed system
has the unique Lyapunov exponent 4 = max(0, 4,).

1. Introduction

In this paper, we are concerned with the Lyapunov spectrum (i.e., the set of the
Lyapunov exponents of all solutions) of an ergodic stationary difference system
perturbed by a general random noise of the form

x(n+ 1) = A(n)x(n) + &(n),
x0)=x0eR% n=0,1,2,....

A continuous time version of this model has been investigated in [2], where we
have proved that all solutions of an ergodic stationary differential system per-
turbed by Gaussian white noise have a unique Lyapunov exponent A = max(0, 1),
where A; denotes the top exponent of the corresponding unperturbed system.
Unlike in [2] the random noise is now not necessarily Gaussian. An assertion
similar to that in [2] remains true for the discrete model (1) under a fairly general
noise £(n) as we will see in the present paper.

It is necessary to emphasize that some steps of the proof in [2] now must be
changed. Indeed, since the noise is now not assumed to be Gaussian, the law of the

(1)
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iterated logarithm applied to the Wiener process in [2] is no longer used and some
conditional distributions cannot be explicitly computed. However, the diagonali-
zation technique applied to the homogenous system

x(n+ 1) = A(n)x(n),

) 2)
x(0)=x0eR, n=0,1,2,...

by using a discrete version of Floquet-type representation of Wihstutz for the
fundamental solution matrix of (2) (cf. [1, 7]) is still available.

2. The Results

As usual, the Lyapunov exponent of a sequence of d-dimensional random vari-
ables (n{(n)),~ ¢ is defined as

Alr) = lim sup - logln(n)],
n—oo N
where |- | means the Euclidean norm in R?. Thus, A[y] is in general a random
variable.
Let us consider the perturbed difference system (1) and suppose that the system
matrix A(n) satisfies the following condition:
(i) 4 =(A4(n)),»0 is an ergodic stationary Gl(d, R)-valued sequence defined on
some probability space (Q, %, P) such that

Elog*|47Y(0)| < oo, E|4(0)| < oo.

Then note that Oseledec’s integrability condition Elog*|4%1(0)| < oo is satisfied.
Therefore, the deep multiplicative ergodic theorem of Oseledec and Million-
shchikov [3, 4, 5] tells us that there are r (1 <r<d) real numbers

M < Ap < -+ < A, and subspaces Ey, Ey, ..., E, of R? with dimE; = d;, " d; = d,
such that s

R=EQE® -OF
and the exact Lyapunov exponent of the solutions of (2) starting in E; is 4;, i.e.,
1
lim —log|x(n, xo)| = 4
n—on

uniformly for all xq € Ej, |xo| = 1;i=1,2,...,r. It should be noted that r, 4;, and
E; are, in general, random, i.e., r = H(w), 4; = A{w), and E; = Ej(w), o € Q.

By a discrete version of the Floquet type theorem of Wihstutz (cf. [1, 7]) we
know that Eq. (2) has a fundamental solution matrix of the form

¥(n) = S(n) exp(nA + o(n)), @ — 0 as. (n— o0), (3)
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with A = diag(4;, 4, ..., Ag), where 41 < A < --- < 44 is the complete Lyapunov
spectrum of (2) and (S(n)), -0 is a sequence of nonsingular random d x d-matrices
having the columns Si(n), k =1,2,...,d, with |S(n)| =1 for any n >0 and
k=12,...,d.

We now characterize a class of random noises £(r) so that the perturbed system
(1) has the one-point Lyapunov spectrum (see theorem below).

For (1), besides condition (i) on the matrix 4(n), we assume further that the
random perturbation &(n) satisfies the following conditions:
(ii) (&(n)),»o is a sequence of d-dimensional independent random variables with

E|§(n)|2 < oo for any n > 0 and (&(n)), is independent of (4(n)),s -

(1ii) The second order moment of &(r) increases not very fast in the sense that

lim sup%log E|En)* <o0. (4)
(iv) For any & > 0 we have
> P(|én)| > exp(—en)) = oo (5)
n=0

which means that the noise £(n) is not too weak.

(v) There exists a number ny > 0 such that the distribution function of {a, &(ng)>
is continuous for any 0 # a € R, where ¢ -, - > denotes the scalar product
in R4.

Some examples given at the end of this work show that conditions (ii)—(v) on
the noise &(n) in (1) are also necessary for the validity of the following.

Theorem. If conditions (1)—(v) are satisfied, then the Lyapunov spectrum of the per-
turbed system (1) consists of only one element, namely, the number A = max(0, Ay),
where 1, is the top exponent of the unperturbed part (2).

Proof. Using the random transformation

where S(n) is given in (3), the system (1) becomes
y(n+1) = exp(@Qm)y(n) + S~ (n+ 1)&(n),
$(0) = §71(0)x0 =: yo € R?,
where Q(n) = diag(Q1(n), Oz2(n), . .., Qa(n)) = A+ o(n + 1) — o(n). If we denote

(7)

then
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{cf. {1, Remark 4.6]). It is easy to check that the solution of (7) is given by

yi(n+ 1) = exp(Ti(n) +Zexp —Ti)<S G+ 1), €6)d[, )
i=0

where S, !(n) is the k-th row vector of the inverse matrix S~!(n) (k = 1,2,...,d).

Lemma 1. There exist the following limits

lim ’lzlog|S;c ) =0, (10)
1
I}Lrgnlog|Sk n=0k=1,2,...,d (11)
Proof. Of course, only (11) has to be proved because |Sk(n)] = 1. It follows from
|Sk(n)| = 1 and {Sk(n), S'(n)> = 1 that |S;'(n)| > 1. Hence,
11m1nf log|S,c n)| = 0. (12)
By (3), we have
d
det S(n) = det W(n) exp (—n Z Ai + o(n)) ! (13)
i=1

Taking into account
1 d
im — tWn)| = > A4
'lll{gnlog|de (n)| ,-E=1 ;

(cf. [2]), we obtain A[det S] = 0 a.s. By definition, S~!(n) = (Sij(n)/det S(n)), where
Sij(n) is the algebraic complement of the element s;;(n) of the matrix S(n), we get

lim sup— log[S,c n) <0 as. (14)
n—o0
Thus, (11) is proved by (12) and (14). n

Corollary. The random transformation (6) leaves the Lyapunov spectrum of the sys-
tem (1) invariant, or in other words, the systems (1) and (7) have the same Lyapunov
spectrum.
Lemma 2. Under the conditions above, we have

Ax(- ,x0)]=0 as. (15)
for any xq € R?, where x( - , xy) denotes the solution of the Cauchy problem (1).

Proof. Suppose there exists an xo € R such that p(A[x( - ,x)] < 0) > 0. Hence,
there is a § > 0 such that, if B := {w e Q: A[x(- , x0)] < — 36}, then P(B) > 0.
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By the definition of the Lyapunov exponent, for any w € B, we have

lim |x(n, xo)| exp(26n) = 0. (16)
n— o0
Multiplying both sides of (1) by exp(dn), we get
exp(on)x(n + 1) = A(n) exp(on)x(n) + exp(dn)é(n). (17)
Since (4(n)), > is an ergodic stationary sequence and E|4(0)| < co (see (i), we have
nlim A(n)exp(dn)x(n) = nhrg) A(n) exp(—dn) exp(26n)x(n) = 0 (18)

for any w € B.
From (16), (17), and (18), it follows that

lim exp(dn)é(n) =0 (19)

for any w € B. By condition (iv), we have
o0
> Plexp(dn)|E(m)| = 1) =
n=0

Using the Borel-Cantelli lemma, we obtain

lim sup exp(dn)|é(n)| =1 a.s.

n—oo

This contradicts (19). Lemma 2 is proved. |

By the corollary of Lemma 1, it suffices to prove that the Lyapunov spectrum
of (7) contains a unique number A = max(0, Az). Lemma 2 said that A[y( -, yo)] =
Ax(-,x0)] =0 a.s. for any yo € RY, where y(-,y,) denotes the solution of the
Cauchy problem (7). Let us consider the following two cases (a) and (b).

(a) There is an index 1 < k < d such that A, < 0. For each given ¢ > 0, we put

Z exp(i(—A + ¢€)).
It is easy to see that b% T co as n — oo and

lim — log bl =—M +e (20

n—own

By the assumption (iii), there exists a constant A > 0 such that
E|En)|* < M.exp(enfd), n=0,1,. .. (1)
Hence, by using the Chebyshev inequality and Borel-Cantelli lemma, we get
nan; exp(—enf4)|E(n)l =0 a.s. (22)
On the other hand, Lemma 1 implies that
Lim exp(—en/d)[S7 (n+1)| =0 as. (23)
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From (22) and (23), by the Cauchy-Schwarz—Bunyakovskii inequality, we
conclude that

lim exp(—en/2)<S; n+ 1), Em)) =0  as. (24)
From (8) it follows that
}an}o exp (—Tk(n) + (ik — %)n) =0 as. (25)

It follows from (24), (25), and the Toeplitz theorem [6, p. 377] that

bigZexp(—Tk(i)KSk‘l(i + 1), &)

n =0

= blgzexp((e — A)i) exp(—T(i) + (A — /2)i)

n =0

x exp(—eif2){S (i + 1), E()Y — 0

as n — oo. Therefore, by (8), (9), and (20), we get

. 1
Aye] = lim sup~log|ye(n + 1)

n—o0

1
< lim supl Tw(n) + lim sup ” logb;,

n—oo N n—oo

+ limsuplog 1 [y4(0) + Y exp(~Til0)<S7 i+ 1, €0

B i=0

< lim lTk(n) + lim llogbf, =k —At+e=e
n—wop r—oo R
This means A[y;] <0 a.s. Thus, if A4 <0, then A[y:] < 0 a.s. for any
k=1,2,...,d, so Afy] = maxg A[y] < 0. Lemma 2 said that A[y] = A[x] > 0,
hence, A[y] = 0 = max(0, 1).
(b) There exists an index 1 < k < d such that 4 > 0. Based on (4), it is easy to see
that

o0

3 exp(—kn/3E|E(m)] < oo,
n=0

0

Z exp(—24,n[3)D|é(n)| < 0.

n=0

Hence, by the Two-Series Theorem of Kolmogorov [6, p. 373], we conclude
that

> " exp(—in[3)|Em)] < o as. (26)
n=0
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It follows from (8), (11), and (26) that

P(Zexp(—Tk(n)KSk'l(n +1),Em)) < oo) =1.

n=0
In the sequel we need the following.

Lemma 3. Suppose F* = a(A(n)), n =0, 1, ... is the algebra generated by the vari-

ables A(n) (n=0,1,...) and

(a) (g(n))yso is a sequence of d-dimensional random vectors independent of the
sequence (&(n)), 0 such that g(n) # 0 a.s. for each n and there exists an ¢ > 0
such that

P(iexp(sn/2)|g(n)| < oo) =1. (27)

n=0

(B) The sequence (£(n)), o satisfies conditions (ii), (iii) and (v) above.
Then the random variable

0
(@) = g(0) + > _<gln+ 1), &n)>

n=0
is defined almost everywhere and it has a continuous distribution function.
Proof. By the assumption («) and (22), it is easy to check that the series (28) con-
verges almost surely, i.e., # is defined a.s. Using Bayes’ formula, we have

P(n < x) = J P(n < x|g(0) = a0, 9(1) = a1, ... ).P(g(0) € dag, g(1) € dayy, ....).
Q

Hence,

Py < x)= JQ E, . (x).P(g(0) € day, g(1) e day, .. .),

where

Foom,..(%)= P(n < x|g(0) = %, g(1) = 0y,...)

= P(s0+ 3 Gt < %),
n=0

because (g(n)),,- ¢ is independent of (£(n)), -0 (see (a)).

On the other hand, taking into account that (£(n)),, is the sequence of inde-
pendent random variables (see (ii)) and the distribution function of 0,11, &(np))>
is continuous, we can use the property of the convolution operator to conclude
that the function F,, _(x) is continuous in x for any (ao,a,...). From this,
applying the theorem of Lebesgue, we see that the mapping x — P (n < x) is
continuous. Lemma 3 is proved.
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Applying Lemma 3 for g(0) = yp and g(n) = exp(—Ti(n — 1)).S7 n), n=
1,2,..., we obtain

P(yo + ) exp(=Te(m)<Sg (n + 1), &(m)> # 0) =1

n=0

This equality and (9) imply

. 1
Alyx] = lim sup;log|yk(n + 1)

n—oo

20) + 3 exp(~Tel))<Sg (i + 1), ¢<i>>’

1
= lim lTk(n) + lim —log
el i=0

n—oo 1

=M +0=172 as.

Hence, A[y] = max; A[yx] = 4¢ = max(0, 1).
Thus our theorem is proved in both cases (a) and (b). [ |

3. Examples and Remarks

First, let us give two examples of noise sequence £(n) satisfying the conditions (ii)—
(v) stated in Sec. 2.

Example 1. Suppose (é(n)),-o is a sequence of ii.d. random variables such
that E|é(0)|2 < o0, independent of (4(n)),so, and for any o # 0, the distribution
function of the variable <o, £(0)> is continuous (for example, £(0) = (&;(0), £,(0),
..., E4(0)), where &,(0), £,(0), ... ,£,(0) are n independent random variables having
the continuous distribution function). Such a noise then clearly fulfills all the con-
ditions (ii)—(v).

Example 2. We consider a sequence of independent random variables &(n) ~
N(0, Gp), n=0,1,... which is independent of the sequence (A(n)),(, Where G, is
a positive definite d x d-matrix. Denote M, = tr(G,) and the least eigenvalue of
G, by m, and suppose

.
lim sup%log M, =0, llrrlnglf;log m, = 0. (29)

n—aoo

This noise sequence satisfies all the conditions (ii)—(v).

Indeed, all the conditions except (iv) are obviously satisfied and only (iv) must
be checked. To do this, let us first note that (29) implies

il
hm -l—log M, = lim —logm, = 0. (30)
n—oon

n—owon
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By (30), for each ¢ > 0, there is a constant C > 0 such that

exp(—2en)
my

=c (31)

for all n > 0. Using (31), we get the estimation

P(|&(n)| > exp(—en)) = [(2n)” det(Gnn"/zj exp(—x" G, ' x/2) dx

|x|>exp(—en)

= (2n)~* exp(—|y[*/2) dy
JyT Gpy>exp(—2en)

> (2m) | exp(—|y*/2) dy
J1y|">exp(—2en) /my

2 (2m |  exp(=Iy[2)dy.
JylI>C

Thus, the series (5) is divergent, i.e., assumption (iv) is satisfied.

It is interesting to remark that if one of conditions (iii)—(v) on the noise &(n) is
not satisfied, then the assertion of our theorem is no longer valid as shown by the
following counterexamples.

Take d =1, A =1, and é(n) ~ N(0,e"
and, in this case, x(n) = x(n — 1) + én—1

~—

. Then assumption (iii) is not satisfied
. Hence, for all solutions x(n),

~——

#M =0 as,

N —

lim suplloglx(n)| =
n—oo N
i.e., the assertion of our theorem is not valid in this case.

If we take d = 1, A = 1/2, and &(n) ~ N(0, e~2"), then condition (iv) is not sat-
isfied. The Lyapunov spectrum of the unperturbed system x(n + 1) = A(n)x(n) is
{-In2}. It is easy to check that the perturbed system x(n + 1) = A(n)x(n) + &(n)
has the Lyapunov spectrum {~In2} too. Thus, in this case, the assertion of our
theorem is not true.

Finally, if d =1, 4,=2, and P{¢é(n)=1}=1-(1/2"); P{én)=-1}=
(1/2"), then of course condition (v) is violated and the Lyapunov exponent of
solutions of system x(n + 1) = A(n)x(n) equals to In2 for any x(0) # 0. On the
other hand, from

1 1
P{&(1) = 1,82) = 1,...}=g(1_ﬂ) —u>0,

it follows that the Lyapunov exponent of solutions of system x(n+1)=
A{n) x(n) + E(n) with x(0) = —1 equals to 0 with a probability >a.

It is noted that condition (v) is not necessarily one. For example, if d = 1,
A(n) =2, and P{&(n) = 1} = P{&(n) = —1} = (1/2), then it is easy to show that
our conclusion is still true.
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