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Abstract. A ring R is called a right SC-ring if every singular right R-module is continuous.
Similarly, a module M is said to be an SC-module if every M-singular module is continuous.
In this paper, several characterizations of right SC-rings and SC-modules are given.

1. Introduction

Throughout this paper, R is an associative ring with identity and Mod-R denotes
the category of all unital right R-modules. For amodule M € Mod-R, by ¢[M], we
denote the subcategory of Mod-R whose objects are submodules of M -generated
modules. The socle, the singular submodule and the injective hull of M are denoted
by Soc(M ), Z(M), and E(M), respectively. A module N € Mod-R is said to be
semisimple if Soc(N) = N, nonsingular if Z(N) =0, and singular if Z(N) = N.
For a given module M € Mod-R, a module N € Mod-R is called M-singular if it is
singular in o[M], i.e., there exists a module K € o[ M ] with an essential submodule
L such that N ~ K/L. By [1, 2], the class of all M-singular modules and the class
of all singular modules are closed under taking direct sums, submodules and
homomorphic images. For a module N € Mod-R, the maximal M-singular sub-
module of N is called its M-singular submodule and is denoted by Z(N ).

For a module M € Mod-R we consider the following conditions:

(Co) If M = M) & M, then M, and M, are relatively injective.

(Cy) Every submodule of M is essential in a direct summand of M.

(C,) Every submodule of M isomorphic to a direct summand of M is itself a
direct summand of M.

(Cs) If 4 and B are direct summands of M with A " B = 0, then A @ B is a direct
summand of M.

A module M is called continuous (resp., quasi-continuous) if it satisfies (C;) and
(Cay) (resp., (Cy) and (Cs)). By [6], every quasi-continuous module satisfies (Cg)
(see [6, 2.10]).

It is easy to see that the following hierarchy holds:

semisimple => quasi-injective = continuous = quasi-continuous = (Cy).
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A module M € Mod-R is defined to be an SI-module (resp., SC-module) if
every M-singular right R-module is M-injective (resp., continuous). If M = Rg,
we have notions of right SI-rings and right SC-rings, respectively.

Let .« be a class of modules in Mod-R. We say that a module N € Mod-R is
o/ -injective if it is 4-injective for every 4 € </

The class of right SI-rings was introduced by Goodear [2]. Later, Yousif and
Huynh developed this idea in relation to modules. Right SC-ring and SC-modules
are weaker forms of right S7-rings and S7-modules, respectively. In this paper, we
generalize some results in [5, 8] and develop the idea used in [4] to give some
characterizations of SC-modules and right SC-rings.

2. Results

In the first part of this paper, we give some necessary and sufficient conditions for
the fact that every module in a given class to be continuous. Then we apply these
to obtain some characterizations of SC-modules, SC-rings, locally noetherian
modules, right noetherian rings. In the second part, we give characterizations of
SC-modules and SC-rings by requiring singular continuous modules satisfying
the restricted semisimple condition (RSSC) to be injective relative to all singular
modules.

Theorem 1. Let o/ be a class of modules in Mod-R such that <« is closed under
taking direct sums and submodules. Then the following statements are equivalent:
(a) Every module in s is semisimple.

(b) Every cyclic module in o is semisimple.

(c) Every module in o is quasi-injective.

(d) Every module in o/ is continuous.

(e) Every module in < is quasi-continuous.

(f) Every module in of satisfies (Cy).

(g) Every module in of is of -injective.

Proof. (b) < (a) = (c) = (d) = (e) = (f) are obvious.

(f)=(g). Let A, B be modules in /. Since &/ is closed under taking direct
sums, we have 4 @ B e .. By (f), A ® B satisfies (Cy), therefore, 4 is B-injective.
Hence, A4 is «/-injective. _

(g) = (a). Let A4 € & and B be a submodule of M. We must prove that B is a
direct summand of 4. Since .« is closed under submodules, we have B € <. By (g),
B is o/-injective. Then B is A-injective. Hence, B is a direct summand of 4. W

As a consequence of Theorem 1 we obtain the following results.

Corollary 2. [8, Theorem 3] The following statements are equivalent for a module
M e Mod-R:

(a) M is a SC-module.

(b) Every M-singular right R-module is semisimple.
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c) Every M-singular cyclic right R-module is semisimple.

d) Every M-singular right R-module is quasi-injective.

) Every M-singular right R-module is quasi-continuous.

) Every M-singular right R-module satisfies (Cy).

2) Every M-singular right R-module is A-injective for each M-singular right R-
module A.

Corollary 3. The following statements are equivalent for a ring R:

(a) R is a right SC-ring.

(b) Every singular right R-module is semisimple.

(c) Every singular cyclic right R-module is semisimple.

(d) Every singular right R-module is quasi-injective.

(e) Every singular right R-module is quasi-continuous.

(f) FEvery singular right R-module satisfies (Cy).

(g) Every singular right R-module is A-injective for each singular right R-module A.
The equivalences (a) < (b) & (c) & (d) & (e) in Corollary 3 have been obtained

in [7].

Let ¢ be a cardinal. Following [3], we call a module M € Mod-R c-limited if
the cardinality of every family of independent submodules in M is at most c. In
terms of c-limited modules, several characterizations of rings with chain condi-
tions have been obtained in [3]. A module M with an essential socle is called an
ES-module. A module is locally noetherian if every finitely generated submodule
is noetherian. As is well known, a ring R is right noetherian if and only if the class
of injective right R-modules is closed under taking direct sums (cf. [9]). By [5],
this is equivalent to the fact that every direct sum of injective right R-modules is
(quasi-)continuous. By [9], a module M is locally noetherian if and only if the class
of M-injective right modules is closed under taking direct sums. On the other hand,
we easily see that the condition (Cy) is inherited by direct summands. The following
easy proposition extends some results obtained in [5].

Proposition 4. The following conditions are equivalent for a module M € Mod-R:
(a) Every direct sum of M-injective right modules is quasi-continuous.
(b) Every direct sum of M-injective right R-modules satisfies the condition (Cy).
(c) There exists a cardinal c such that every direct sum of M-injective modules is a
direct sum of a module satisfying (Co) and a c-limited ES-module.
In this case M is locally noetherian.

Proof. (a) = (b) is obvious.

(b) = (a). Let 4;, i € I be M-injective modules and B = @;.;A4;. Then B@ Bis
a direct sum of M-injective modules. By (b), B @ B satisfies (Cy). Thus, B is quasi-
injective. Hence, B is quasi-continuous.

(b) < (c) follows from [5, Theorem 1].

In this case, let B= @;-;4; be a direct sum of M-injective modules 4; and
E(M) the injective hull of M. Then by (b), B@® E(M) satisfies (Cy). Hence, B is
E(M )-injective. Thus, B is M-injective as desired. [ |
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Corollary 5. The following conditions are equivalent for a ring R:

(a) R is right noetherian.

(b) Every direct sum of injective right R-modules is quasi-continuous.

(c) Every direct sum of injective right R-modules satisfies the condition (Cy).

(d) There exists a cardinal ¢ such that every direct sum of injective right R-modules
is a direct sum of a module satisfying (Cy) and a c-limited ES-module.

Similarly, we get some characterizations of semisimple modules.

Proposition 6. The following conditions are equivalent for a module M € Mod-R:

(a) M is semisimple.

(b) Every module in 6c[M] is (quasi-)continuous.

(c) Every module in 6] M satisfies the condition (Cy).

(d) There exists a cardinal ¢ such that every module in o[M is a direct sum of a
module satisfying (Co) and a c-limited ES-module.

Proof. (a) < (b) follows from Theorem 1 and the fact that a module M is semi-
simple if and only if every module in o[M] is semisimple.

(b) & (c) by Theorem 1.

(c) < (d) follows from [5, Theorem 1].

Corollary 7. The following conditions are equivalent for a ring R:

(a) R is semisimple.

(b) Every right (left) R-module is (quasi-)continuous.

(c) Every right (left) R-module satisfies the condition (Cy).

(d) There exists a cardinal ¢ such that every right (left) R-module is a direct sum of
a module satisfying (Co) and c-limited ES-module.

A module M is said to satisfy the RSSC if, for each essential submodule E of
M, M|E is semisimple. It is clear that every semisimple module satisfies the RSSC,
but the converse is not true in general. The following theorem characterizes SC-
modules by M-singular continuous right R-modules satisfying the RSSC. The fol-
lowing lemma of [4] is important for the proof of the next theorem.

Lemma 8. [4, Lemma 1] Let M be an indecomposable guasi-injective right R-module.
If H is a submodule of H such. that M|H is noetherian, then H is a continuous
module.

Theorem 9. Let M be a right R-module and Sy the class of all M-singular right R-
modules. Then the following conditions are equivalent:

(a) M is a SC-module.

(b) Every M-singular continuous right R-module is Syr-injective.

(¢) Every M-singular continuous right R-module satisfying RSSC is Syr-injective.

Proof- (a) = (b) = (c) are clear.
(c)=>(a). By Theorem 1, it is enough to prove that every M-singular cyclic
right R-module is semisimple.
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Let N be an M-singular cyclic right R-module. First, we claim that N has a
finite uniform dimension. Assume on the contrary that N has an infinite uniform
dimension. Then N contains an infinite direct sum of nonzero submodules @ ;¢ V.
For each i € I, let x; be a nonzero element in N;. Then N contains the infinite direct
sum @®;c;x;R. Each x;R contains a maximal submodule Z;. Then @®;.;(x;R/L;) is
an M-singular semisimple module. In particular, it is an M-singular continuous
module satisfying the RSSC. Put L = @;.;L;. Then N/L contains a submodule
K such that X is isomorphic to the direct sum @;c;(x;R/L;). Thus, K is an M-
singular continuous module satisfying the RSSC. By (c), K is M-injective and
hence N/L-injective. Thus, K is a direct summand of the cyclic module N/L, a
contradiction.

To continue, we assume that Uy, Us, ..., U, are finite many independent uni-
form submodules of N such that the sum

U=U00:@---0 U,

is essential in N. We wish to show that every submodule U; is simple. First, we
show that each U; is noetherian. Assume on the contrary that there exists a mod-
ule U; which is not noetherian. Then U; contains an infinitely strictly ascending
chain of the form:

VNIReyiR+y:Rc--- . (%)

Then y1 R contains a maximal submodule H;. The factor module y; R/H; is an
M -singular simple module. By (c), it is M-injective, and hence, (31 R + y»R)/H;-
injective. This means that (y;R + y,R)/H, = y1R/H; ® Nj/H;, where N; is a
suitable submodule of y;R + y»R containing H;. For a maximal submodule H,
of Ny containing Hj, (y1R + y2R)[Hy ~ ((y1R + y2R)[Hy)/(H>/Hy) ~ y1 R[H; @
N1/H, is semisimple. By induction we easily see that, for each integer number m> 1,
ViR4+y:R+ -+ y,R contains a submodule H,, containing H,,_; such that,

(VIR+y2R+ -+ yuR)Hp ~E\@E, D --- @ Ep,

where E; is simple, for all i =1,2,...,m. Since each M-singular simple right R-
module is M-injective, we can find a submodule H contained in the union of the
chain (*) such that N/H has the infinitely generated socle. Then Soc(N/H ) is Sy-
injective, and hence, N/H-injective. Thus, it is a direct summand of the cyclic
module N/H, a contradiction.

- We now show that each.module U; satisfies the RSSC. Suppose there is a
module U; which does not satisfy the RSSC. Then U, is not artinian. Since U; is
noetherian, it contains a submodule D maximal with respect to the property that
the module K = U;/D is not artinian. Then U;/D’ is artinian for every submodule
D’ of U; properly containing D. Hence, each factor module of K by its nonzero
submodule is artinian, hence, semisimple. This means that K is a uniform module
satisfying the RSSC. Let V' = E(K) be the injective hull of K and Zy(V) the M-
singular submodule of V. Then V is uniform and Z (V') is a nonzero fully invar-
iant submodule of V' containing K. The sum W of all cyclic submodules of V'
satisfying the RSSC is also a nonzero fully invariant submodule of V. Then
F = Zy(V') n W is a nonzero fully invariant submodule of V. Hence, F is a quasi-
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injective submodule of V. Moreover, F is an M-singular module satisfying the
RSSC. By (c), F is Sy-injective. Then it is Z(V )-injective. Hence, F is a direct
summand of Z,( V). This means that Zy(V') = F, and hence, Zs(}’) satisfies the
RSSC. Let x be a nonzero element in Z, (7). Then xR contains a maximal sub-
module X. Since xR/X is an M-singular simple module, xR/X is Z(V)/X-
injective. Thus, xR/X is a direct summand of Zy(V)/X, say, Zy(V)[X =
XR/R@® Y /X, for some submodule Y of Z/(V') containing X. Thus, Zp(V')[Y ~
(Zy(MX)(Y]X) ~ xR[X is simple. Since Z/(V') is quasi-injective, Y is then a
continuous module by Lemma 8. On the other hand, Y is an M-singular sub-
module of Z/(V) satisfying the RSSC. By (c), Y is Sy-injective, and hence,
Zp(V )-injective. Thus, Y is a direct summand of Z(V'). Since Zy (V') is inde-
composable, we have Y = 0. This means that Z,(1) is simple. Thus, X is simple,
a contradiction. Hence, each module U; satisfies the RSSC.

To end the proof, we may use the previous argument to show that each module
U; is simple. Then the sum

U=U00® - -®U,

is a M-singular semisimple submodule of N. Again by (c), U is a direct summand
of N. Thus, N = U, i.e., N is semisimple as desired. [ ]

Corollary 10. Let R be a ring and S the class of all singular right R-modules. Then
the following statements are equivalent:

(a) R is aright SC-ring.

(b) Every singular continuous right R-module is S-injective.

(c) Every singular continuous right R-module satisfying the RSSC is S-injective.

We note that the following results have been obtained in [4]:

(i) A ring R is semisimple if and only if every continuous module is injective.

(ii) A ring is right SI if and only if every singular continuous right R-module sat-
isfying the RSSC is injective.

One can obtain from (i) an interesting fact that, whenever a ring R is not
semisimple, Mod-R contains two continuous right R-modules N and M such that
N @ M is not (quasi-)continuous.
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