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Abstract. The purpose of this paper is to describe some new general constructions of p-adic
L-functions attached to certain arithmetically defined complex L-functions. These con-
structions are based on the use of the p-adic Mellin transform. We explain that these con-
structions are equivalent to proving some generalized Kummer congruences for critical
special values of these complex L-functions. This paper is based on a talk by the author
at the French—Vietnamese Colloquiumn on Mathematics held in Ho Chi Minh City, 3-8
March 1997. A part of the work was done at the Mathematical Science Research Institute
(MSRI) Berkeley, USA, in 1995 [21].

1. Kummer Congruences and p-Adic Integration

The starting point in the theory of complex and p-adic L-functions is the expan-
sion of the Riemann zeta-function {(s) into the Euler product:

() =T[a-p=)" =30~ (Re(s)>1).
P n=1

The set of arguments s for which {(s) is defined can be extended to all se C,s # 1,
and we may regard C as the group of all continuous quasicharacters

C = Hom(R},C*), y—y°
of RY. The special values {(1 — k) at negative integers are rational numbers:

m-m:-% (k> 1)

where By are Bernoulli numbers.

The proof of these facts which is due to Riemann is based on the Mellin
transform, the construction which associates to a function 4(y) on R} (with certain
growth conditions for y — o0 and y — 0) the integral
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.
L) = [ ho» 2
x y
(which probably converges not for all values of s). For example, if {(s) = Y .2, n~*
is the Riemann zeta function, then the function {(s)I"(s) is the Mellin transform of
the function A(y) = L5

{T(s) =

so that the integral and the series are absolutely convergent for Re (s) > 1. This
identity is immediately deduced from the well-known integral representation for
the gamma-function

[l
o l—e?” y’

@ d 7 d

I'(s) = J e‘yys—y, n—T'(s) :J e_"yys—y (Re(s) > 0)
0 Wi 0 y

where < is a measure on the group R which is invariant under the group trans-

lations (Haar measure). The idea of Riemann was to replace the integral

2 ‘“r‘ by a certain contour integral giving an analytic continuation to all

n‘l

s€ C. The dbove formulas for {(1 — k) are obtained using the Taylor expansion of
the function
e -1 & K

and an evaluation of such a contour integral in terms of residues.
For an arbitrary function of the type

0 .
— Z a(n)e2mnz
n=1

with z=x+ iy € H in the upper half plane H and with the growth condition
a(n) = O(n°) (¢ > 0) on its Fourier coeflicients, we see that the zeta function

L(s,f) =Y a(mn~,
essentially coincides with the Mellin transform of f(z), that is,
T(s) J & s
y —_—
Gl ) = | Sy
Both sides of this equality converge absolutely for Re (s) > 1 + ¢.

The numbers {(1 — k) have remarkable integrality properties: by the classical
Sylvester—Lipschitz theorem we know that

B
ceZ implies c*(c* - I)Tk eZ.

The proof [16] uses the function

fo)=

Cy_l

eV el

ety e,
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and the Taylor expansion of the function
d e? —1 ' Bky
2 og( = gL
dyog(ey—l) o)~ ¢ +Z

One sees on the one hand that £(0) = ¢ and £%(0) € Z, and on the other

k—1
(e = )2 = S 10RO

The result follows from the identity:

d=1 d a1 (P ) _ PR s abhied)
712,08 V) = g (f(y)) ST

where P(X1,...,Xx) € Z[X,. .., Xk], a universal polynomial with integral coeffi-
cients (this is easily proved by induction).

The theory of non-Archimedean zeta-functions originates in the work of
Kubota and Leopoldt containing p-adic interpolation of these special values.
Their construction turns out to be equivalent to classical Kummer congruences for
the Bernoulli numbers, which we recall here in the following form.

(k=1

Theorem. (Kummer) Let p be a fixed prime number and ¢ > 1 an integer prime to
p. Put

(o) = (L=p*)(1 = (k)
and let h(x) = Y"1, a; x* € Z[x| be a polynomial over Z such that
i=0
(n,p) = 1 = h(n) = Omod p".

Then we have that

> w CE;))(—i) ep"Z,.

=0
Note that CE;))(—k) €Z,nQ is p-integral due to the theorem of Sylvester—
Lipschitz and the theorem of Kummer implies in particular that the numbers
ng))(—k) depend continuously on k in the p-adic sense: if we take h(x)=
x* — xk with k' = k mod(p — 1)p", we have by Euler’s theorem that h(n) =
O0mod(p — 1)p”, and the theorem implies that

L0 (—k') = (o) (~kymod(p — 1p".

The proof of the theorem is deduced from the known formula for the sum of kth
powers:

N-1
M) = 3 = g B ) = Bev



182 A. A. Panchishkin

in which Be(x) = (x + B)* = ¢ ; (*)Bix*~! denotes the Bernoulli polynomial.
Indeed, all summands in Si(N) depend p-adic analytically on k if we restrict our-
selves to numbers n, prime to p, so that the desired congruence follows if we

express the numbers CE;))(—k) in terms of Bernoulli numbers. More precisely, we
express the Bernoulli numbers in terms of Si(N):

1
By = lim —Sk( ),

m—»oop

(the p-adic limit) which follows d1rect1y from the above formula for Si(N). Con-
sider now the sum Si(p™) = ” . For each n with (p,n) =1, we have the
congruence 4(n) = 0(mod p?). Let

-1
Sy(p™) = Z n* = Su(p™) — p*Si(p™ ).
(yp) 1

Then

1 . 1 m m—
lim — Sy(p )_nl.l-r»l}oﬁ[sk(p ) =P Se(p™ )]

m—voop

1
= lim LSk(p ) —p*! lim — Sk(p™ =1 -p*¥NB,.

m—»wp —>oop

In order to prove the congruence
er, £ (i) = 0(mod p")
where C(C) (k) = (1 = p¥)(1 = c*+1)¢(~k), we rewrite it as
(1= p')(1 = ¢ P2 = o(mod p*)
- 1 i+ 1 b
and we choose m > N such that
¥ | dgnsnsy s
(1-p* "By = E);Sk(l"" ") mod p".

Then the left-hand side is transformed into

1 Syp™) 1 Al pitt (nc)'™!
1— l+1 k = : c d N,
Za( 1+1 p" zl:a i+1 g " (mod p)

(n,p)=1

where n. € {1,2,..., p™ — 1} with n, = ncmod p™. Write t=u;,,,Ez eZ,

n* — (ne)™ = (ne +p™t)™*! — (ne)™! = (i + 1)p™t(nc)' (mod p*™).
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We see that the left-hand side becomes

and it remains to note that 3, a;(nc)’ = O(mod pV),m > N Q.E.D.

The domain of definition of p-adic zeta functions is the p-adic analytic Lie
group

Xp = Homcontin (Z; ) C;)

of all continuous p-adic characters of the profinite group Z;’ where C, = Qp
denotes the Tate field (completion of an algebraic closure of the p-adic field Q,),
so that all integers k can be regarded as the characters x}‘: y+— y*. The con-
struction of Kubota and Leopoldt is equivalent to the existence of a p-adic ana-
lytic function {,: X, — C, with a single pole at the point x = x;l, which becomes
a bounded holomorphic function on X, after multiplication by the elementary
factor (x, x — 1) (x € X,), and this function is uniquely determined by the condition

L(xf) = (1=p5)(=k) (k= 1).

This result has a very natural interpretation in the framework of the theory of non-

Archimedean integration (due to Mazur). We recall that a p-adic measure x on

a profinite group G = limG; (i eI) is a bounded C,-linear form on %(G,C,),
i

notation: u € Meas(G,C,). Then the theorem of Kummer is equivalent to the
fact that there exists a p-adic measure 4/ on Z; with values in Z, such that
[z x;f ulel = Ct;}}(—k}. Indeed, if we integrate h(x) over Z,, we exactly get the
above congruence. On the other hand, in order to define a measure u') satisfying
the above condition it suffices for any continuous function ¢: Z; — Z, to define
its integral [,. @(x) u#©). For this purpose, we approximate ¢(x) by a polynomial
{for which the integral is already defined) and then pass to the limit. The Kummer
congruences guarantee that the limit is well defined.

2. The Non-Archimedean Mellin Transform

Let x be a (bounded) C,-valued measure on Z;' Then the non-Archimedean Mellin
transform of the measure u is defined by

L,(x) = pu(x) = Jz* xdu (xe€Xp),
P
which represents a bounded C,-analytic function
L,: X, — C,.

Indeed, the boundedness of the function L, is obvious since all characters x € X,
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take values in ¢, and 4 is also bounded. The analyticity of this function expresses
a general property of the integral, namely, that it depends analytically on the
parameter x € X,. However, there is a pure algebraic proof of this fact which is
based on a description of the Iwasawa algebra. This description also implies that
every bounded C,-analytic function on X, is the Mellin transform of a certain
measure u.

2.1. The Iwasawa Algebra

Let € be a closed subring in 0, = {z€ Cp||z|, < 1} and G = hmG (iel) a pro-

finite group. Then the canonical homomorphism G; Nl G; mduces a homomor-
phism of the corresponding group rings

0[Gi| — 0[Gj).
Then the completed group ring O[|G]] is defined as the projective limit
o[6]] = lim O[[G] (i ).
Let us also consider the set Distr(G, 0) of all O-valued distributions on G (finite-
additive functions on open-compact subsets of G' with values in @), which itself is

an ¢-module and a ring with respect to multiplication given by the convolution of
distributions, which is defined in terms of families of functions

d)ie-o
(see the previous section) as follows:

(i * )¢ Z ﬂl (r)u ) () 01, »2€Gy).
Y=y

Then Meas(G, C,) = Distr (G, 0,) ® ¢,C, and

j B0y * 1)) = J B2 O)im).
G G

Now we describe an isomorphism of ¢-algebras O[[G]] and Distr (G, 0). In the
case, when G = Z,, the algebra ¢[[G]] is called the Iwasawa algebra.

Theorem. [18, Chpt. 1]
(a) There is the canonical isomorphism of O-algebras

Distr(G, 0) = 0[[G]],
(b) if G = Z,, then there is an isomorphism

ollG] = o[[x1],

where O[[X]] is the ring of formal power series in X over O. The isomorphism
depends on a choice of the topological generator of the group G = Z,.
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In order to prove this result, one needs to construct a measure (an ¢-valued
distribution) attached to a power series in ¢[[X]]. A convenient tool to construct p-
adic measures is given by the following:

Theorem. (Abstract Kummer congruences) [11, p. 258] Let {f;} be a system of
continuous functions f; € (G, U,) in the ring (G, Op) of all continuous functions on
a profinite group G with values in the ring of integers O, of C, such that Cp-linear
span of {f;} is dense in €(G,C,). Let also {a;} be any system of elements a; € Up.
Then the existence of an Op-valued measure i on G with the property

J fidp=a;
G

is equivalent to the following congruences: for an arbitrary choice of elements
b; € C,, almost all of which vanish,

Zb,-fi(y) € p"0, for all y € G implies Zb,-a,- € p"0,.
i 1

Remark. Since C,-measures are characterized as bounded C,-valued distributions,
every C,-measure on G becomes a 0,-valued measure after multiplication by some
nonzero constant.

Proof. The necessity is obvious since

Zb,-a,- = J (p"0p-valued function)du
i G

=p" J (0,-valued function)du e p"0,.
G
In order to prove the sufficiency, we need to construct a measure x from the

numbers g;. For a function f € 4(G, 0,) and a positive integer n, there exist ele-
ments b; € C, such that only a finite number of b; does not vanish, and

=) _bifiep"%(G,0p)
according to the density of the C,-span of { f;} in (G, C,). By the assumption, the
value Y, a;b; belongs to ¢, and is well-defined modulo p” (i.e., does not depend on

the choice of b;). We denote this value by “[,, f dumod p™”. Then we have that the
limit procedure

J fdu=lim “J fdumod p"’ € lim 0,/p" 0, = O,
G oo Jg &

gives the measure .

2.2. Formulas for Coefficients of Power Series

We have noticed above that C,-analytic bounded functions on X, can be described
in terms of measures. Indeed, these functions are defined on analyticity compo-
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nents of the decomposition X, as certain power series with p-adically bounded
coefficients, that is, power series, whose coefficients belong to 0, after multi-
plication by some nonzero constant from C,. We give a direct computatlon of
these coefficients in terms of the correspondmg measures Let us consider the
decomposition Z, = A x T" where A = (Z/p"Z)*, T = (1 +pYZ,)", where v = 1
for p > 2 and v = 2 for p = 2. Then the group I" ~ Z is topologlcally cyclic with a
generator y =1 + p*. Consider a € A and let u,(x) = u(ax) be the corresponding
measure on I" defined by restriction of x to the subset al” < Z’< Consider the iso-
morphism al” > Z,, given by

y=ay" (xeZ, yel).

Let u, be the corresponding measure on Z,. Then this measure is uniquely deter-
mined by values of the integrals

JZ (ch) duy(x) = a;,

4

with the interpolation polynomials (), since the C,-span of the family

()} eero

is dense in ¥(Z,, 0,) according to Mahler’s interpolation theorem which says that
any continuous function f: Z, — Q, can be written in the form:

x)=§;an<z>,

n=»

with a, — 0 ( p-adically) for n — co. For a function f(x) defined for x € Z, x > 0,
one can write formally

where the coefficients can be found from the following system of linear equations

700 =3 (1),

an =31 (") 169,

=0

that is,

This property of the interpolation polynomials implies that

Zb ( > = 0(mod p") (for all x € Z,) = b; = O(mod p").

We can now apply the abstract Kummer congruences, which imply that for arbi-
trary choice of numbers a; € 0,, there exists a measure with the desired property.
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On the other hand, we state that the Mellin transform L, of the measure y, is
given by the power series Fy(z), that is,

ri = [ xooante) =3 ([, (7 )amco) -1y

i=0

for all characters of the form x,, x(, () = ¢, |t—1], < 1. It suffices to show that
this identity is valid for all characters of the type y > y™, where m is a positive
integer. In order to do this we use the binomial expansion

= aeom-0r =3 (F)om -1,

=0
which implies that

mx > X m i

J y" du(ay) = J Y (x) =y (J ( .)du;(x)) (™ - 1),
r Z, i=0 z, \!

establishing the formulas for the coefficients of F,(1).

Example. The p-adic Mazur measure and the non-Archimedean Kubota—Leopoldt
zeta function. Consider again a positive integer ¢ € Z; nZ, ¢ > 1 coprime to p.
Then for each complex number s € C, there exists a complex distribution x; on
G, = Z, which is uniquely determined by the following condition

w0 = 1= e )1 = 2(p)p*)L(=5,%)-
The right-hand side is holomorphic for all s € C including s = —1. If s=k > Oisa
natural number, then the right-hand side belongs to the field
Q) =Q*<=Q

generated by values of the character y, and we get a distribution with values in
Q™. If we now apply the fixed embedding i,: Q — C,, we get a Cp-valued distri-
bution x(9 = i,(4§) which turns out to be an Op-measure, and the following
equality holds

#OGexy) = i (0))-

This identity is verified as above using the abstract Kummer congruences for
characters x(y)y*; it relates the special values of the Dirichlet L-functions at
different nonpositive points. The function

L) =1 —c %)) Lok (reXp)

is well defined and it is holomorphic on X, with the exception of a simple pole at
the point x = x, € X,, and we have that

Cp(X(J’)yk) =(1 —X(p)Pk)L(—k,x) (k=0,x¢e XptorS).

The function ¢, is called the non-Archimedean zeta function of Kubota—Leopoldt.
The corresponding measure (9 is called the p-adic Mazur measure.
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The original construction of Kubota and Leopoldt was successfully used by
Iwasawa for the description of the class groups of cyclotomic fields. According to
a conjecture of Iwasawa proved by Mazur and Wiles in 1984 [14], the power series
representing (, describes the structure of p-ideal class groups in certain cyclotomic
extensions of Q as Galois modules over Z; = Gal(Q*(p, 0)/Q) where
Q*(p, ) = Q(p™/1) is the maximal abelian extension of Q unramified outside
of p and co. Since then the class of functions admitting p-adic analogues has
gradually extended.

3. Admissible Measures

Now we recall the notion of the h-admissible measures on G, and properties of
their Mellin transforms. These Mellin transforms are certain p-adic analytic func-
tions on the Cj-analytic Lie group X,. Recall that a p-adic measure on G, may be
regarded as a bounded C,-linear form u on the space €(Gp) of all continuous C,-
valued functions
9 — ulp) = JG dueC,,0c%(G,),
P

which is uniquely determined by its restriction to the subspace %'(G,) of locally
constant functions. We denote by u(a + (Q)) the value of x on the characteristic
function of the set

a+(Q) ={xeGylx=amod 0} = G,.
The Mellin transform L, of u is a bounded analytic function

L,: X, — Cp, Lﬂ(x):J xdpeCp, XEX,,

{4

on X,, which is uniquely determined by its values L,(y) for the characters
XEXES.

A more delicate notion of an A-admissible measure was introduced by Amice—
Velu and Vigik (see [1]). Let ”( G,) denote the space of C,-valued functions which
can be locally represented by polynomials of degree less than a natural number 4
of the variable x, e X, introduced above.

Definition. 4 C,-linear form
H (gh(Gp) -G

is called a h-admissible measure if for all a € G, and for all r =0,1,... h— 1, the
Jollowing growth condition is satisfied

= o(|Q);™.

sup J (xp — ap) du
a+(Q)

aeG,

It is known due to Amice—Vélu and Visik that each h-admissible measure can
be uniquely extended to a linear form on the C,-space of all locally analytic func-
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tions so that one can associate to its Mellin transform

L,;:X,—C,, Lux)= J xdueC,, xelXp,
P
which is a Cp-analytic function on X), of the type o(log x{,‘). Moreover, the measure
4 is uniquely determined by the special values of the type

L,(xx;) (xeXpr=0,1,....,h—-1).

4. Further Generalizations

L-functions (of complex variable) can be attached as certain Euler products to
various objects such as diophantine equations, representations of Galois groups,
modular forms, etc., and they play a crucial role in modern number theory. Deep
interrelations between these objects discovered in the last decades are based on
identities for the corresponding L-functions which presumably all fit into a general
concept of the Langlands of L-functions associated with automorphic representa-
tions of a reductive group G over a number field K. From this point of view, the
study of arithmetic properties of this zeta function is becoming especially impor-
tant. The major sources of such L-functions are:

(1) Galois representations of Gk = Gal(K/K) for algebraic number fields X,
r: Gx — GL(V), V is a finite-dimensional vector space, and one can attach to
r an Euler product due to Artin.

(2) Algebraic varieties X defined over an algebraic number field K. In this case,
one can attach to X /K its Hasse—Weil zeta function.

(3) Automorphic forms and automorphic representations. In the classical case, one
associates to a modular form f(z) = Y_> a, exp(2ninz) its Mellin transform
L(s,f) =Y.2, an~*. In general an automorphic form generates an auto-
morphic representation in the space of smooth functions over an adelic reduc-
tive group, and one can attach an Euler product to it using a decomposition
of such a representation into a tensor product indexed by prime numbers p
and co.

Conjecturally, all the three types of L-functions can be related to each other
using a general theory of motives over Q with coefficients in a number field 7,
IT: Q] < oo (this field coincides with the field Q({ax}, ) generated by the co-
efficients of the corresponding L-function L(M,s) =) ,>,a,n~*). For a fixed
prime number p, one can also in many cases attach to the above complex L-
function a p-adic L-function. These p-adic L-functions are certain analytic func-
tions in a p-adic domain obtained by an interpolation procedure of certain special
values of the corresponding complex analytic L-functions. Their existence is equiv-
alent to certain generalized Kummer congruences for the special values.

5. Non-Archimedean L-Functions of Jacquet-Langlands

These L-functions corresprond to certain automorphic representations on the
group G = GL; and G = GL, x GL, over a totally real field F, and they are
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reduced to zeta functions of the form
= ZC(n,f) A (m)”, L(s,f,g) ZC (n,f) C(n,g) A (m)~",
n

where f, g are Hilbert automorphic forms of “holomorphzc type” over F, where
C(n,f), C(n, g) are their normalized Fourier coefficients (indexed by integral ideals
n of the maximal order Oy < F) which also coincide with the eigenvalues of Hecke
operators T(m). One can regard f, g as functions on the adelic group G, =
GL>(Ar), where A is the ring of adeles of F and we suppose that f is a primitive
cusp form of scalar weight k > 2, the conductor ¢(f) = O, and the character ¥
and g is a primitive cusp form of weight / <k, the conductor ¢(g), and the
character @ (¥,w: Ay — C* are Hecke characters of finite order). The non-
Archimedean construction is based on the algebraic properties of the special
values of the function L(s,f,g) at the points s = /,...,k — | up to some constant,
which is expressed in terms of the Peterson inner product <{f, f> of the automorphic
form f. Our theorem on non-Archimedean interpolation is equivalent to certain
generalized Kummer congruences for these special values.

We need some more notations for the precise formulation of the result (in a
simplified form). Let y*,w* be the characters of the ideal group of F associated
with ¥, v and

= ) V@ m)s @)
n+c=0r

= [ 0-v®o@re™
p+e=0r

the corresponding Hecke L-function with ¢ = c¢(f)e(g). We now define the nor-
malized Rankin zeta function by setting

\IJ(S, f7 g) = yn(s)Lc(zs + 2—k-— l’ ‘/’w)L(Sv f7 g)7
where n = [F: Q] is the degree of F,
7a(8) = 27) 5 T(s)"T(s + 1 — )"

is the gamma-factor. Then the function ¥(s, f,g) admits a holomorphic analytic
continuation onto the entire complex plane and it satisfies a certain functional
equation. Put Q(f) = (f, Ye(f)> then we know due to Shimura [22] that the number

¥ +rfg)
)" 1=0Q(f)

is algebraic for all integers r with 0 < r <k — I — 1. For the non-Archimedean
construction, we introduce the p-adic completion

Orp=(0r®Z,) =[] 6
plp

of the ring Or. Put
Sr = {p|p divides p}
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and let Gy, = Gal(F?(p, c)/F) be the Galois group of the maximal abelian
extension F2°(p, o) of F unramified outside places over p and co.

The domain of the definition of our non-Archimedean L-functions is the p-adic
analytic Lie group

-%‘p = Homcontin(GF,p, C;)

of all continuous p-adic characters of the Galois group Gr,, with C, being the
Tate field. Elements of finite order y € Z, can be identified with those Hecke
characters of finite order whose conductors are divisible only by prime divisors
belonging to Sr, via the decomposition

x: A yclaay ficld ooy Grp— Q* & CI’:.
We shall use the same symbol y to denote both the Hecke character and the cor-
responding element of Z,. Since Q™ (p, ) c F*(p, o), the restriction of Galois
automorphisms to Q*(p, co) determines a natural homomorphism
NG p— Gy = L.
We let A'x, denote the composition of this homomorphism with the inclusion
ZX < CX.

d We ﬁote first that an analogue of the Kubota—Leopoldt zeta function in this
case was constructed by Deligne and Ribet [5]. In 1976, Manin [12] constructed a
p-adic analogue of the series L(s,f) = 3, C(n,f) #"(n)™* under the assumption
that the cusp form f is p-ordinary, i.e., that for the fixed embedding Q — C, and
for all p| p, there exists a root a(p) of Hecke p-polynomial of f such that
lip(«(p))|, = 1. These p-adic L-functions satisfy a certain functional equation
similar to the complex analytic one. In the case F = Q, Ha Huy Khoai [7] proved
that the p-adic functional equation characterizes f.

In order to construct p-adic L-functions of two automorphic forms f and g, we
make again the assumption that the cusp form f is p-ordinary. We then fix roots
a(p) with |i,(x(p))|, = 1 and extend the definition of a(m) to all integral ideals
m < O by multiplicativity.

Theorem. (On the non-Archimedean convolutions of Hilbert modular forms)
Under the above notations and assumptions, there exists a bounded C,-analytic
function ¥,: &, — C, which is uniquely determined by the condition: for each
Hecke character of finite order y € ¥ 1‘,"’5, the following equality holds

=, 21 T(X)Z‘/le—l "P(lv f7 gp()?))
¥p(x) =1p <DF " (m) a(m)z (—277:i)n(1—1)<f, f>> ’

where D is the discriminant of F, ©(x) the Gauss sum of x, and g? () the cusp form
obtained from g by complex conjugation of its Fourier coefficients and then by
twisting it with the character y.

This result is also valid for the special values W(/+rf,g(x)) with r=
1,...,k — 1, if we replace x € &, by xA'x, € Z, [18, Chpt. 4]. Note that this result
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was established by Hida [9] in a much more general but p-ordinary situation. On
the other hand, this construction was extended by My Vinh Quang [17] to the non-
p-ordinary, ie., supersingular case, when |i,(a(p)|, < 1 for both roots a(p) and
p|p. In this situation the functions ¥, are also uniquely determined by the above
condition provided that they have a prescribed logarithmic growth.

6. p-Adic Families of Motives and Their L-Functions

We consider in the rest of the paper a motive M over Q with coefficients in a
number field T (see Section 7 for definitions) and its L-functions L(M,s). We de-
scribe a general conjecture on the existence of a p-adic family Mp of motives
coming from M. The most important known example of such a family is given by
Hida’s families of p-ordinary cusp forms

{ fi = i a,,(k)exp(27rinz)}

of weight k. In this case, P = Py, k > 2 and motives of the family Mp, are char-
acterized by the condition L(Mp,,s) = L(s, f) (the Mellin transform of f;). The
functions k — a,(k) € Q admit an interpolation to certain Iwasawa functions of
k. A famous application of Hida’s families was given in the proof of Wiles of
the Fermat Last theorem and the Shimura—Taniyama conjecture [24]: in order to
associate to an elliptic curve E over Q a modular form of weight & = 2, one finds
first a modular form gmodp attached to E, with p = 3 or 5. Then one lifts this
form to characteristic 0 and includes it to a family of Hida f;. By putting k = 2
one gets the answer. Other interesting examples of p-adic families of automorphic
forms were given recently by Tilouine and Urban [23].

In a more general situation this family is parametrized by some dense subset of
algebraic characters P of a p-adic commutative algebraic group (which we call the
group of Hida). This group can be regarded as a maximal torus of the p-adic part
of the motivic Galois group Gy of M (the Tannakian group for the tensor cate-
gory generated by M). The important condition of motives Mp of the above
family is that they have the same fixed p-invariant 4 = hp, which is defined as the
difference between the Newton polygon and the Hodge polygon of a motive at
certain point d* (the dimension of the subspace M+ of the Betti realization Mjp
of M). The corresponding p-adic L-functions of this family can be unbounded (of
Amice—Vélu type [1]) but they form a family which is conjecturally bounded in the
“weight direction”, that is, for P parametrized by algebraic characters of Gy, .

More precisely, the values of the function P L(Mp,0) satisfy generalized
Kummer congruences in the following sense: for any finite linear combination
> _pbp- P with bp € C, which has the property Y, bp - P = 0(mod p"), we have
that for some constant C # 0, the corresponding linear combination of the nor-
malized L-values

L(p,oo)(MPaO) b N
CXP:bpcp(Mp) - e (M) = O(mod p").
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Here, c,(Mp) and c(Mp) denote a p-adic and a complex period of Mp so that
113 CP (M R ) 29
Co (MP)
function L(Mp,s) normalized by multiplying by a certain canonically defined
Deligne’s p-factor corresponding to a choice of inverse roots al)(p), ...

«“@*)(p) e C, of p-local polynomial of M such that

ord,(«!V(p)) < ord, (@@ (p)) < --- < ord, (2 (p)),

d being the common rank of the family Mp and d* the T-dimension of the
Deligne’s subspace M* of M (the fixed subspaces of the canonical involution p of
M over T).

Recent examples of such families related to modular forms were constructed
by Coleman [4] who proved the following:

the ratio is uniquely defined, and L(, ,\(Mp,s) denotes the above L-

b

Theorem. [4] Suppose o € Q and &: (Z/pZ)™ — C, is a character. Then there exists
a number ny which depends on p, N and ¢, and o with the following property: if
keZ,k > a+ 1 and there is a unique normalized cusp form F on X|(Np) of weight
k, character e and slope &, and if k' > o+ 1 is an integer congruent to k modulo
p™t™, for any positive integer n, then there exists a unique normalized cusp form F'
on X\(Np) of weight k', character ew™"', and slope o (w denotes the Teichmiiller
character). Moreover, this form satisfies the congruence

F'(g) = H(mod p™*!).

This result can be regarded as a generalization of the work of Hida [8] who con-
sidered the case « = 0 and constructed interesting families of Galois representa-
tions of the type

ppi Gg = GL2(Z,[[T]]), Go = Gal(Q/Q),

which are unramified outside p. These representations have the following property:
if we consider the homomorphisms

Z,([T]] i»Zp, 1+ T (1+p)*,
then we obtain a family of Galois representations
pi: Go — GLa(Zy),

which is parametrized by k € Z, and for k = 2,3,..., these representations are
equivalent over Q, to the p-adic representations of Deligne, attached to modular
forms of weight k. This means that the representations of Hida are obtained by the
p-adic interpolation of Deligne’s representations. A geometric interpretation of
Hida’s representations was given by Mazur and Wiles [15] (cf. [13]). For example,
for the modular form A of weight 12, Hida has constructed a representation

Pp,A* GQ — GLZ(ZP[[T]])v
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as an example of his general theory, where the prime number p have the property
7(p) # O(mod p) (e.g., p <2041,p # 2,3,5 and 7). The boundedness property is
the subject of a recent research by Stevens, Mazur and Gouvéa. Note that other
examples may include Rankin products, Garrett triple products of elliptic and
Hilbert modular forms and standard L-functions of Siegel modular forms.

To describe this conjecture more precisely, let M be a motive over Q with
coefficients in T, i.e.,

MB; MDRa Mla IOO’ Ib

where Mp is the Betti realization of M which is a vector space over T of dimen-
sion d endowed with a T-rational involution p; My = M+ @ M~ denotes the
corresponding decomposition into the sum of +1 and —1-eigenspaces of p. Mpg is
the de Rham realization of M, a free T-module of rank d, endowed with a
decreasing filtration {F)z(M) < Mpg|i € Z} of T-modules; M is the i-adic reali-
zation of M at a finite place 4 of the coefficient field T (a T-vector space of degree
d over T, a completion of T at 1) which is a Galois module over Go = Gal(Q/Q)
so that we have a compatible system of A-adic representations denoted by
ru, . =r: Gg — GL(M,).
Also,

Io: Mp®@7C — Mpr®7C
is the complex comparison isomorphism of complex vector spaces,
L:Mp®@rT) — M,

is the A-adic comparison isomorphism of Tj-vector spaces. It is assumed in the
notation that the complex vector space Mg ®q C is decomposed in the Hodge
bigraduation

Mp®rC=@®;;M"
in which p(M*/) = M’>' and
h(i, j} = h(i, j, M) = dim¢ MY
are the Hodge numbers. Moreover,

Io( @y > M™) = Fi (M) ® C.

Also, I, takes p to the r;-image of the Galois automorphism which corresponds to
the complex conjugation of C. We assume M is pure of weight w (i.e., i +j = w).
The L-function L{M,s) of M is defined as the following Euler product:

L(Ma S) = HLP(M,p_S),
p
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extended over all primes p and where
Ly(M,X)™" = det(1 - X - ra(Fr; ") | M)
= (1-aY(p)X)-(1-a?(p)X)-.... (1 - D (p)X)
=14+ 4,(p)X +--+ Ada(p) X°.

Here, Fr, € Gq is the Frobenius element at p, defined modulo conjugation and
modulo the inertia subgroup I, = G, = Gq of the decomposition group G, (of any
extension of p to Q). We make the standard hypothesis that the coefficients of
L,(M,X )_1 belong to 7', and that they are independent of A coprime to p.
Therefore, we can and we shall regard this polynomial both over C and over C,.
We shall need the following twist operation: for an arbitrary motive M over Q
with coefficients in T, an integer m and a Hecke character y of finite order, one can
define the twist N = M(m)(y) which is again a motive over Q with the coefficient
field T'(x) of the same rank 4 and weight w so that we have

L(N,s) = [[ LM, x(p)p ™).
P

7. The Group of Hida and the Algebra of Iwasawa—Hida

Now let us fix a motive M with coefficients in T = Q(<a(n),)) of rank d and of
weight w, and let End7M denote the endomorphism algebra of M (i.e., the alge-
bra of T-linear endomorphisms of any Mg, which commute with the Galois action
under the comparison isomorphisms). Let

G, = Gal(Q,/Q) = Z*

denote the Galois group of the maximal abelian extension Q;,'f’oo of Q unramified
outside p and co. Define 07, = O1r ® Z,.

Definition. The group of Hida GHy = GHy p is the following product
GHy = Gu,p X Gy,

where (EndrM)™ (Ot ) denotes the p-adic group of O, ,-points of a maximal torus
of the algebraic T-group (EndrM)™ of invertible elements of EndrM (it is im-
plicitly supposed that the group Endr M possesses an Or-integral structure given
by an appropriate choice of an Or-lattice).

Consider next the C,-analytic Lie group
'%‘M,p = Homm,,,,-,,(GHM, C;)

consisting of all continuous characters of the Hida group GH)s, which contains
the C,-analytic Lie group

-%‘p = Homcantin(Gpa C;,()
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consisting of all continuous characters of the Galois group G, (via the projection
of GHys onto G,).
The group %, contains the discrete subgroup .o of arithmetical characters of
the type
X" 'x;n i (Xa”?m);

where

tors

XE%MYP

is a character of finite order of GH}yy, 7 is a T-algebraic character of Gy, ,, m € Z,
and x, denotes the following natural homomorphism

X1 Gy = Gal(Q¥, /Q) = ZY - C), x,e%,.

Definition. The algebra of Iwasawa—Hida Iy = Iy, of M at p is the completed
group ring O,[|GH )], where O, denotes the ring of integers of the Tate field C,.

Note that this definition is completely analogous to the usual definition of the
Iwasawa algebra A as the completed group ring Z,[[Z,]] if we take into account
that Z, coincides with the factor group of Z; modulo its torsion subgroup.

Now for each arithmetic point P = (y,#,m) € &/, we have a homomorphism

ve: Iy p — O,
which is defined by the corresponding group homomorphism
P: GHy — (9;,< = C;.
For an Ij,-module N and P € &/, we put
Np=N®j,.,, 0p

(“reduction of N modulo P”, or a fiber of N at P). Therefore, for a Galois repre-
sentation

ry: Gg — GL(N)

of the above type, its reduction ry, = rmod P is defined as the natural composi-
tion:

Go — GL(N) — GL(Np).

Remark. In his very recent work, Hida [10] gives another version of the above
definition, but he starts from a Galois representation ¢: Gal(F/F) — GL,(1),
where I = Og[[Ta(Z,]] and T, is the maximal split torus of Resy,/zGL(n) for the
integer ring Oy of F and for the integer ring Ok of a sufficiently large finite
extension K of Q,. He is interested in representations ¢ satisfying the following
condition:
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There are arithmetic points P ‘‘densely populated'* in Spec(I(K)) such that the
Galois representation pp = P o ¢ is the p-adic étale (see [10]) realization of a rank n
pure motive Mp of weight w defined over F with coefficients in a number field Ep in

Q.

We are trying to resolve an inverse problem and to include a given motive M
in a maximal possible p-adic family Mp parametrized by arithmetic characters of a
certain group which we suppose consists of an “algebraic part” G, and of a
“Galois part G,.

8. A Conjecture on the Existence of p-Adic Families of Galois Representations
Attached to Motives

Note first that the fixed embeddings T — C,
iv: Q — C, ll,,:Q—»Cp

define a place A(p) of T attached to the corresponding composition
T—Q &2 C,.

Conjecture L. For every M of rank d with coefficients in T, there exists a free Iy-
module M| of the same rank d, a Galois representation

Fr: GF = (}L(M[)7

a dense subset sf' < s of characters, and a distinguished point Py € o/ such that
(a) the reduced Galois representation

r17p0: GF — GL(MI,PO)

is equivalent over C, to the A(p)-adic representation ryr ;) of M at the distin-
guished place A(p);

(b) for every P e o', there exists a motive Mp over Q of the same rank d such that
its A(p)-adic Galois representation is equivalent over C, to the reduction

rrp. GQ s GL(MI’P).

We call the module M; the realization of Iwasawa of M.
8.1. A Generalization of the Hasse Invariant for a Motive

We define the generalized Hasse invariant of a motive in terms of the Newton pol-
ygons and the Hodge polygons of a motive. Properties of these polygons are closely
related to the notions of a p-ordinary and a p-admissible motive.

Now we are going to define the Newton polygon Pyewion(¥) = Pwewron(tt, M)
and the Hodge polygon Pp,uge(tt) = Proage(u, M) attached to M. First we con-
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sider (using i) the local p-polynomial
Ly(M,X)" =1+ 4i(p)X + -+ Aa(p)X*
= (1= (p)X)- (1 =P (p)X)-... (1 - D (p)X),
and we assume that its inverse roots are indexed in such a way that

ord,aV(p) < ord,a?(p) < --- < ord,a®(p).

Definition. The Newton polygon Pyewion(#)(0 < u < d) of M at p is the convex hull
of the points (i,ord,4;(p)) (i=0,1,...,d).

The important property of the Newton polygon is that the length of the hori-
zontal segment of slope i € Q is equal to the number of the inverse roots al/)( D)
such that ord,«(/)( p) = i. (Note that i may not necessarily be integer but this will
be the case for the p-ordinary motives below.)

The Hodge polygon Progge(u) (0 <u < d) of M is defined using the Hodge
decomposition of the d-dimensional C-vector space

MB = MB@TC = (-Biijl’j,
where M*/ is a C-subspace.

Definition. The Hodge polygon Prouse(u) is a function [0,d] — R whose graph con-
sists of segments passing through the points

0,0), ..., (Zh(i',j>, Zi'h(i',j)),
i<i i'<i
so that the length of the horizontal segment of the slope i € Z is equal to the dimen-
sion h(i, j).

Now we recall the definition of a p-ordinary motive (see [2, 3]). We assume M
is pure of weight w and of rank d. Then M is called p-ordinary at p if the the
Hodge polygon and the Newton polygon of M coincide:

PNewton(u) = PHOdge(u)'

Furthermore, if M is critical at s = 0, then it is easy to verify that the number d, of
the inverse roots al/)(p) with

ord,a)(p) < 0 is equal to d* = d*(M) of M.

However, it turns out that the notion of a p-ordinary motive is too restrictive, and
we have introduced the following weaker version of it.

Definition. The motive M over F with coefficients in T is called admissible at p if
PNewton(d+) - PHodge(d+)-
Here, d* = d*(M) is the dimension of the subspace M+ < Mjp.



Non-Archimedean Mellin Transform and p-Adic L-Functions 199

In the general case we use the following quantity (a “generalized slope™) & = A,
which is defined as the difference between the Newton polygon and the Hodge
polygon of M:

hp = PNewton(d+) - PHodge(d+)

of M at p. Note the following important properties of 4:
(i) h = h(M) does not change if we replace M by its Tate twist.
(il) A = h(M) does not change if we replace M by its twist M = M(y) with a
Dirichlet character y of finite order whose conductor is prime to p.
(iii) # = k(M) does not change if we replace M by its dual M".
In the next section we state in terms of this quantity a general conjecture on p-
adic L-functions.

8.2. A Conjecture on the Existence of Certain Families of p-adic L-functions

We are going to describe families of p-adic L-functions as certain analytic func-
tions on the total analytic space, the C,-analytic Lie group

Xump = Hom onin(GHy, C;)’
which contains the C,-analytic Lie subgroup (the cyclotomic line) Z, = Zuy,p:
%, = Homonin( Gy, C;,‘).

In order to do this we need a modified L-function of a motive. Following Coates
[2], this modified L-function has a form appropriate for further use in the p-adic
construction. First we multiply L(M,s) by an appropriate factor at infinity and
define

A(w)(M,5) = E(M,5)L(M,s),
where Eq,(M,s) = Ex(1,Rp/qM, p,s) is the modified I'-factor at infinity which
actually does not depend on the fixed embedding 7 of T into C. Also we put
(M) = (c"(M)1) = ¢"(RM) (22i) ®™) & (T ® €)%,
where
v=(=1)"r(M)=)_jh(i, )
j<0

¢’(M) is the period of M. Note that the quantity r(Af) has a natural geometric
interpretation as the minimum of the Hodge polygon Proze(M).
We define

A(po)(M(m)(x), 5) = Gx) 4" MO TT 4,(M(m)(x), 5) - Agaoy (M (m)(2), 5),
plp
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where

15 s 111 = 2(P)a® (p)p~)
A (M(),5) = 4 XTI = 2O () ), for p fe(n)

a+ ( _L) ordpe(x)

i=1\z(p) otherwise .

)

Let o be the discrete subgroup o of arithmetical characters,
x-m-xy = (x,mm)ed,

' < of a certain “dense” subset of characters, Py € o a distinguished point of
Conjecture I. Let & = o’ be the subset of critical elements, which consists of
those P, for which the corresponding motives Mp are critical (at s = 0). Now we
are ready to formulate the following:

Conjecture IL. There exists a certain choice of complex periods Q4 (P) € C* and p-
adic periods Q,(P) € C; for all Pe /" such that “the ratio” Q,(P)/Qu(P) is
canonically defined, and there exists a C,-meromorphic function

$M5 ng,P — Cp

with the properties:

i)

Ap o) (M(m) (%), 0)
Q. (P)

Zm(P) = Qp(P)
Sor almost all P € o7";
(ii) For arithmetic points of type
P=(x,n,m)e "

with 1 fixed, there exists a finite set E = % u, of p-adic characters and positive
integers n(&) (for & € 2) such that for any go € G,, we have that the function

TT (x(g0) — €(90))™® Zas(x - P)
el

is holomorphic on &,;
(iii) For arithmetic points of type
P=(x,n,m)e A"
with 7 fixed, the function in (ii) is bounded if and only if the invariant
h(P) = h(Mp) vanishes;
(iv) In the general case the function Ly (P - x) of x € %, is of logarithmic growth
type o(log(-)™) with

h()=[h]+1.
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(v) For arithmetic points of type
P=(ynm)esd"

with y and m fixed, the function in (ii) is always bounded if the Hasse invariant
h(P) = h(Mp) does not depend on 1.

Note that the assertion (v) means in particular that the values of the function

P Q,(P)—22
P( ) Qoo ( P)

satisfy generalized Kummer congruences in the following sense: for any finite

linear combination 3 pbp - P with bp € C, which has the property > pbp- P =

0(mod pV), we have that for some constant C # 0, the corresponding linear

combination of the normalized L-values

,oo)(MPaO)

CZbPQp(P)-A(”Q 5 = 0(mod p™).
P [o o]

In the case of families of supersingular modular forms studied by Coleman [4],
the invariant 4(P) reduces to the slope of a modular form in such a family.
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