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Abshact. The theory of Lyapunov exponents is a powerful tool in the qualitative theory of
differential equations. Investigation of the behavior of the Lyapunov exponents is an effec-
tive way to study the problem of conditional stability of linear systems of differential
equations. This paper deals with the behavior of the Lyapunov exponents of an arbitrary
linear non-autonomous system of differential equations under small non-degenerate ran-
dom perturbation. We obtain a lower estimation for Lyapunov exponents of a perturbed
stochastic system by a kind of central exponents of the initial deterministic system.

1. Introduction

Given a linear system of differential equations

* :  A ( t ) x ,

where telR, xelR' and sup,.pl l l ( r) l l  < const (  f@,
random perturbation

dy : A(t)y dt + tiBpy d(1,(t),
k:r

where (p(t) are mutually independent standard Wiener processes, d(p(t) arewhite
noises on a probability space (O,IP) and o is a positive parameter. System (2) is
a system of Ito differential equations. In case the matrix ,87. has only one non-
vanishing entry which is equal to I and is in (l,7) position we can interpret
oBpyd(p(t) as a perturbation of coefficient a6Q) of the system (1) by the white
noise d(e(l) with intensity o.

Throughout this paper we will assume that the perturbation satisfies the fol-
lowing non-degeneracy condition.

There exist positiue numbers p1 and p, such that for any uectors y, z eRn

ptl lv l lz l l ' l l '  < l ln, l , ' ) '  < pr l lv l l '  l l ' l l '  .
k:1

( 1 )

we shall consider its

(2)

(E)
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The condition (E) means that (2) satisfies an elliptic condition.
Denote by X(t,r) and Yo(t,r;o) the Cauchy matrices of the systems (l) and

(2), respectively. We give here the definition of the Lyapunov exponents ,1.7", central
exponents C)7. and @p (k: 1,. . ., n) of (l) (cf. [5, 8, l0]).

Definition l.l. The numbers h,d2t,@p, k : 1,. .. , fr, defined by

).1,: :  +r in max. l imsup]m;;x1r,0y611,
R,_f,+, c Rr (eR,_r_r t++@ I

o,r.:: inf [ ,,-r.ro1F urllx((i+ l)r.rr)' '  
Rr-&+r.Ro Jf  eR+ ^-+6 mT fu i  

r r  \ \ -  '  - / -  ' - -  /11 '1;1.6;az- t+1 rD

@;. :: sup *p, 11- qry ;| fr,,..x 1rr,(i * I ) T) r"r,,*,r ror*o ll 
- r,

RtcRn TeR+ m-+a l1 l l  - .  
O

where R' denotes r-dimensional lineqr subspace in lfrin, Rl : R'\{0}, X1*, denotes
the restriction of x to R', and are called Lyapunou exponents and centralTxponents
of (I ).

If in Definition 1.1 we replace X(t,r) by Y(t,r;a), we shall get Lyapunov
exponents ).1,(o,a) and central exponents {lp(o,a), @p(o,a) of the system (2). We
note that the Lyapunov exponents and the central exponents of(2) actually do not
depend on crr (see [12]). So we will drop crr and denote by )p(o) and Q7.(o), @p(o)
the Lyapunou exponents and central exponents of (2), respectively.

Lyapunov exponents are introduced by Lyapunov [8] to investigate the stabil-
ity of the origin of linear systems of differential equations. They play an important
role in qualitative theory of differential equations. The central exponent e1 has
been introduced by Vinograd (see [4]). It is greater than the top Lyapunov expo-
nent ,1,1 and is an indicator for stability of all systems in a neighborhood of (l ). In
analogy with Vinograd's central exponent O1 Millionshchikov introduced central
exponents {21r, k : 1,. . . , fl, for investigating Lyapunov exponents. C)7. makes an
upper estimation for the Lyapunov exponent 217r, whereas @y. makes a lower esti-
mation. For more references on Lyapunov exponents and central exponents, we
refer to lll, l2l.

This work deals with the problem of parameter dependence of Lyapunov expo-
nents of linear systems of stochastic differential equations. Although this problem
attracts attention of many researchers, not much progress has been made. Results
on the problem are concerned with particular classes of perturbations (see, e.g.,
[1-3, 13-15]). In a general set up, using his turning solution method Millionsh-
chikov [9] proved the continuity of ),(o) provided (1) is absolutely regular. This
paper is based on the method of Millionshchikov [9].

For a non-degenerate n x n matix X, we denote by d1(X)
singular numbers, i.e., the positive square roots of the eigenvalues of the matrix
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X* X. Clearly, for any k e {1,. . . , n}, we have

d1,(x) : iqf sup H$ : ,uo *f. H+. (3)
xz-'t-r -pa xeRJ:'t-r l lxl l pt.p' xenf l lxl l

F o r k : l , . . . , f l , w e p u t

ep(x )  :  A (x ) . . . d r ( x ) .

It is easily seen that

ep(X) : su'
x1, ..,xp e lR'

dim sPan{t1 ,. ,xp}:k

Gxn...xr*

Grr...ro 
'

where Gr,,...r. denotes the Gram's volume of the vectors xl r . . . , x1r, i.e.,

Furthermore, for any k e {i,. .. , n} and matrices X, I,

ei lxY) < ep(x)ep(Y).  (s)

Definition 1.2. The numbers vp defi.ned by

1 J : l
v7,:: l imsuptl1lp"r- 

}i 
lnd1,(X((i + l)T,iT)), k : 1,. . . ,n, (6)

are called auxiliary exponents of the system (1 )'

These exponents are introduced by Millionshchikov [9] for the investigation
of Lyapunov spectrum of linear systems of differential equations perturbed by
random noises.

Definition 1.3. The functions vk(o,T) defined by
'  v k ( o , T ) : : l i m s u p E l n d ; ( f d ( ( t +  l ) T , i T ; a ) ) ,  k  :  l , ' . . ,  f t ,

where E((to) denotes the expectation of the random uariable ((a), are called
auxiliary functions of the systems (2 ).

2. Main Result

Theorem 2.1. For qny e > 0, there exists a positiue number 01 such that for all
o e (0, l) and k :1,.. . , n, the following inequalities hold

h , @ ) > @ r - e .

(4)
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For the proof of this theorem we need the following two lemmas which are
proved in [5] and [6].

Lemma 2.2. There is a positiue constant c such thatfor any ee(0,1), there exists
d(e) > 0 such that for al l  oe (0,1),  Z eN and ke {1,. . . ,n},  the fol lowing
inequalities hold

l@r(o) - vr,(o, Dl < rt/E - ir"Y,

Ar@) - vp(o, T)l < cr,G - 
*"Y

Lemma 2.3. For any o e (0,1) and k e {1,. .., n}, there exists the limit

vp(o): :  
, \y*vr(o,T),

and the following equalities hold 

r€N

O;(o) : )a,(o) : @*(o) : vo1o7.

Proof of Theorem 2.1. We fix an arbitrary e e (0, 1). From the definition of @7., it
follows that there exists a k-dimensional subspace Rf of lR' such that

t  m - l

@76 2 sup limsup-lr llr,flx(ir,(r + l)r)r .ll-t > @r - e.
r.n- a1+p 

ml -i:0 rx((i-r)r'0)nf '

By virtue of the property of the norm of operators we have the following
property of quasimonotonity:

F o r a n y / e N a n d Z e l R +

m - l

l im sup I tn;;x1;r, (r + l)z), . l l-t
'i"1-tP ,:o 

'txtti+rrr'otnf "

< rimsupl*Tril*@r,(r+ l)/r) l l-,.
^-+d ma - 

' 'tx(ti-t)tr,otnf "

Consequently, there exists a natural number 7r e N such that

t  m - l

@r > l imsup -  f  l r r , lx ( i r r , ( r+ l )n) r  , l l - r  >  @r-2e.
m++a l7 l l1 - ._ ,  rx ( ( i+ l ) r l ' o )n i

z e N

Hence, there exists an unbounded set ,il c N such that

t  m - l

@ 7 , >  l i m  - f h l l X ( i r 1 , ( r + l ) r r ) r  , l l - r  > @ * - 2 e .^iJf *t t -,:O 'x((i-r)rr,o)nf '

By virtue of the boundedness of ,4 ( . ), it follows that for any N e N, the following
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inequalities hold

t  m - l

@r. > l im +tlnllx(irr,(r+ t)rr)r , l l-t > @p-2e,- 
m-+6 mI l "i:O 

rx((t+l)7'1,0)Ri

d(m,.i l)<N

where d(m,a/) denotes the distance between the point m and the set .& inthe teal
axis. Consequently, for any N e N,

r  m - l

liminf -+=t lnllx(iNT1,(;+ I)lfrr)r... ....- -, ll-t
m++@ mN' I \a  

' rx ( ( i+ l ) i v r l ' o )Rf

d(nN,/)<N

t  m - l

m1+e nll I 
u_ rx((i+l)r1,0)Ri

d ( m d ) < N  
'  r : u

By the definition of @r, this implies that for any N e N, the following inequalities
hold

I ?:.1
@r > tnir1o ;frn,Dlnllx(rN71, 

(t+ l)Nn)r,u,*,,",,,0,*1 ll-t
d(mNd)<N 

'  ' : ' .

1 !-!

m-+a mNTl 2_ ' "lx11i-rlrvr1,otnf "
d(mNd)<N 

'  t=u

> @r - 2e. (7)

We define a function b(.) : N --+ R by
t  m - l

b(N):: Ufrit{ j-trnep(x((i+ l)Nrr, iNr)).
m + + @  m N l t a

d(mN,.il)<N 
' r:u

From (5) and the boundedness of A('), it follows that b(') satisfies the condition

b(lN) < b(N) for all /, N e N. (8)

Set
b6:: inf b(N).

From (8), it follows that there exist a number Nr e N and an unbounded set
-il1 c .il such that

bo < b(Nr) 3to+ 
{r ,

and

. .  l F
x+-  _w 2 ' lnep(X( ( t+  l )N1Zr ,  iN [ ) )

m + + @  m l \ r  l 1  -
d (mNr , .d t )<Nr  

'  ^  r :u

t  m - l

:  l iminf --=t lnep(X(( i  + l )Nr T1, iN[1)).
m - + @  m l y r t t -

d(mNr,d)<$ 
'  -  r :u



Consequently,

r  m - l  ^2
bs < ...lirn =#It" e1,(X((i+ l)Nr T1,iN1rr)) < bo+*. (9)

m++@ f f lN1 l1u ._o  
-  

EnJ
d(m\,.41)<N1

Hence, by (5) and the definition of b6, for any M e N,

t  m - l

bs < tiglgf 
ir.*Dtnep(X((i * r)MN{1,iMNtT))

d(nM$,.il1)<MN1 
' ' '=u

d(mM$,d1)<MNr '-"

^2
< bo +a1. ( lo)- 6n)

Now we define a function b/('): N -- IR by

b'(N): :  l i  ^ I  ( f '
;Tigf ifrn Ltnepa(x((t + r)Nr1,''Nn)).

d(mN, . /1 )<N 
-  t=u

This function is an analogue of b(.). By (5)and the boundedness of l(.), we have

b'(lN) < b'(N) for all /, N e N.

Put

,6:: int.6'(NNr).

Then there exist a number N{ e N and an unbounded set,il2 c ./1 such that

^2
b 'o<b ' (NINt )  <u ' ,o+#

and

rim 
?:]

.. .ry-+p iN4trtL_oln "ur(x((i 
+ l)'rri'arl Tt,iNlNtTt))

.  d(mNiN1,.dz)sNiNr

: l iminf 
I ({ '

m++@ ;*N*Llnep-1(x((i+ 
1)NiNl Tt,iNlN.l"t)) '

d(nNiN1,d1)<N'rN1 
'  r :u

Consequently, 
r m-r

b ' o < , [ q t  
* . N * D t n e p l ( X ( ( i +  l ) N i r l r r , , N i N l r r ) )

d ( m N i \ , . i l ) < N i N 1  t ' '  t : u

e2<  b 6 +  
B # .

Nguyen Dinh Cong
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Hence, by (5) and the definition of D[, for any M e N

bA< l iminf 
I  ({ '

- m1+@ ;ffi).ln'o-'(x((t+ 
l)MNINtTt,iMNlNtT))

d(nNiN1d2)3MNi\  '  t :u

t  ^ - l

m++6
d (mN'r\,"d2) < M N, * r@ k 

n e k-

<r 'o+J-.  02)" 6nr

Now we set

N 2 . :  N l N 1 .

Denote by 2u the set consisting of those half-intervals liMN2T1,(i + |)MN2T)
such that at least one of the following inequalities holds

l=i - f hep(X(iMN2Tt * sNzTr,iMN2Tt+ (s - DNzrt))I MN2T. ?,_r-'

- 
nin^ e1,(x((i + t)MN2r1)rl = #,

, 1 M
| ' \- r^ epa(X(iMN2Tr * sNzTr,iMN2Tl + (s - l)N2T))I aw2ryfi" '

I  . , . - - . - , , t  e- 
ulsirttnepa(x 

((i + r)MN2Tt))l = 
Ui

From (8), (10), (ll), and (12) and the choice of .il2c.il1,itfollows that for
any M e N the following inequality holds

lir 
meas(Zu o (0,mMNzTt)) 

. r,. i i :P @='",
d(mMN2,d2)3MN2

whete meas denotes the Lebesgue measure on the real axis.
Put

f :: s r p E( ll l - X ((i * l) N271, iN2T1) Yo(iN2T1, (i + l) N2r1; a)ll).
i e N

It is easily seen that there exists a positive constant b1 which depends on N2, T1,
l(.) but not on o such that

0  <  f "  1b1o.

Take a number 4 e (0,1) such that the inequalities lt - tl < N2T1 and
sin l(x, y) < 4 imply

l lx(t,tyll. 1'1 < .-o(*+) llx(r, z)xll . llyll.
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We choose a natural number 3 1 Mr e N such that

6(b1t er1)" ext (*+o) r r,

where the number d : d(e) is defined as in Lemma 2.2, and the inequality M < Mt
implies

1a."*r(tMp\.
\ 8 r 3  )

Let o1 e (0, l) be such that

(16)

( 1 7 )

Nguyen Dinh Cong

(13 )

6o!' exp(eM1N2T1) < 2. (14)

The number o1 depends only on e and on the system (l). Let ae (0,o1) be arbi-
trary. We take a number S > MrNzTt such that

6on'exp(eS):2. ( 1 5 )

Let Mz be the least natural number such that M2N2T1> S. From (13), (14) and
(15), it follows that

f - l \
; *p (  

MzNzr r )< / t ,

6o"' exp(eM2N2T) 22.

We introduce the notation

Xi:  X(( i  - f  l )MzNzTr, iM2N2T1),

Xi,r: X(iMzNzTt * sN2T1,iM2N2T), Xi,s+r,s : Xr,r+tXir,

and similarly for Yo(t,r,a),for instance,

Yo,i(a) : Yo((i * l)M2N2Tf iM2N2T1;a)-

By the definition of the sets 2y, for liM2N2T1,(i + l)M2N2Tt) 42u,, we have
the following inequalities

1 M z - r l e.  o = rr*rv\lne*(x4"+r,,)- ufutneo7)<#,

l M z - t l eo = rNnD lne*-r1x,, ,+r, ,)  -  
f f i rTr lnept(x,) < gnz.

Denote by Mo,i the set of those ar e Q for which the following inequality holds

Mz-r

f 
lt - xi,s+r,s r"-,,1,*r,,(c")ll < fo e-t M2'

By the definition of fo,wehaveP(Mo,;) > I - e. We fix an arbitrary a e Mo,i and
set "/r,;:l l l -Xi,,+r,,Y;,ir,"*,,"(r)ll.Then by (16) and the choice of M1, M2,we
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have

Mz-t  (  /  r  \ \  /  ^ \ r r* . r r r \ .

Dn<. f " ' - 'M,  <z{exn(  - } tuzr , tz r , ) } r ,  <4.*p( - ; ,  -  -  . /
s:o \  \  

(rg)

Fix a number i such that liM2N2T1,(i-ll)MzN2Tr) (2u,.Denote by Rf the
linear subspace spanned by ft first eigenvectors (in order ofdecreasing eigenvalues)
of the matrix Xi Xi. For each fixed s we fix an orthonormal basis xi,s,t, . . . , xi,s,n
of IRn such thatxi,,,1,eX;,,Rik, k:1,...1n. Let X,.ff|," denote the matrix repie-
sentation with respect to the bases x;,',i and xi,s+r,j (,1 : 1, . . . , k) of the restriction
to X;,"Rf of the map given in the standard basis of lR' by the matrix X,,srs,^y.
Clearly, for m 1k,

".6!llr.,) 
< e^(xi,,+r,,).

For m < k,by the definitions of Rf and ri$],' and (5), we have

Mz-t  /  Mr- t  \

n "^6,'j:1,,,) 2e*{ lI ",.f1.' ,,1 : e^(x,1. (1e)
s:o \ s:o /

From the definition of the set 27a, and the choice of the number i, it follows that

e*(xi) >{*r( - fr,u,N,r,)} fi'er(xi,,+r,,). 
(20)

Let i be an arbitrary vector of F.f . We denote !y y, ttt" sinus of the angle between
the vector y, : Yo,;,,(a)x and the subspace X;,rRf ,70 : 0. Assume 7, < 4 for s < .i.
It is easily seen that

where 
/s+t ( Qs+t * l/ s+r'

gs+t : sin l(Yo,;,ra1,r(ol).1", Xi,ral,ryr) 3 rcr,

/s+l : sin l(Xi,ra1,rYr, Xi,r*rRf ).

Now we give an estimation for the number ry'r*1. Denote by x; the vector
Xi,s+r,sxi,s,t (l : 1,. . ., k). From the definitions of xi,r,1, 4llir,, and ek(X), it fol-
lows that

G x r,.., xr" : e ilX iflt.,).

- Q s +1ll X i,, +r,, l,ll e r(x,'lfl,,")
r, l lY'l l
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Therefore,

I s+t 3 t,er+t (x i,,+r,,) | ly" | | . | | xi,,+r,,y" ll 
- t 

{"* (x,.$1,.") } 
- t .

From the way ? was chosen, the assumptiofl /s ( q, and from (3), it follows that

l lxi,,+r,,./, l l . l ly,l l-t>d1,(x!!|,,).rp(-t!4]8)

Hence, by the inequality er+{X) < ep(X)dp(X), we have /"+r ( rc, * g"y", where

g, : e * (x i,, + r,,) d r, (x i,, + t,,1 1e 1, $ !!] r,,) d r,( x,Sl,," ) ] 
- t ..0 (ry) t t

Hence, ror s < i by (18), ,,n,9.i i;ri,;;; #t;l; i and;Ta,,we have
l s  \  s

/ s + r S { D " r ) f l n "
\i:0 / i:l

< ry r*p (- # *r*rrr) 
fr 

' 
e p(xi,,a1,s) dp(xi,,+r,")

x 1e 7, x,(,!1 r,,) d o V,!I,,,,)l-' "-o (#)

< ry .*p ( - fi, u rn rrr) T.' u r r*,,"* r,") [e* (x,$],,,)r -' 
]'

< ry"*p( - fira,w,r,Xfr' "0{r,"*,,,)) @pgi))-2

< ry"*p( - 
fira,Nrr,)*o(6*,Nzrt) :,1.

This implies ls 34.Consequently, Tr 34 for any se {0, 1,..., Mz - l}. Hence,
using the property of 4, we get

| | Y,,;(ro) xll. I l tl | 
-' : T7t | | 

Xi'"+r'"v" | | . | | r'l'r+r'" (ar)x I I
:t llxll llxi,'+r,"Y"ll

= fi' dr,6!!1,,,)*o( - # *")l",'*#;;cri
s:0

M l - l t t - \ / c \

s:0

/  ur.-r  ^ \arr-r
= "*o (- ! "" - fi, a2n2r1) 

il 
,U*,1f1,,,)[,*-, (x,1f],,")l-'
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= {*o (-o ",,0 ( ffi iv,u,r,) - # r,*,r,)\"rt*,t
Mz- l

, l[ [,r_r(4|f],,")l-'
s:0

= *o( - r - f, azNzrt)er,(xt) *p( - 
# r,*rr,)ko-,(x))-'

= *o( - firurNrr, - firarNrr, - firururr,)+r*,1
= "*o( 

- fi,a,n,r,)orw,l
Therefore, for xe n!,1t*t2tl2f1,Q+|)M2N2T) f 2a, e)e Mo,i, the following
inequality holds

l lY",1(a)xll. l lrl l 
- ' = "*n ( 

- 
# *r*rrr) orfr,l

Hence, by (3), for [ iM2N2T1,(i * l)M2N2Tr) 42u,, tD e Mo,i, we have

d1,(Y,,i(a))= *o ( - fi, arwrrr) orf*,1 (2r)

Denote by X@) the characteristic function of the set Mo,i in the space (O,P).
From the definition of Mo,i, it follows that 0 < EX@) < e. By virtue of (21) for
l iM2N2T1,( i  + l )MzNzTt) 42a,,

1  /  I  r \

urt Trvtn 
dp(Y'''(a)) t 

lr*ntn 
dp(x i) - fr ) 0 - x@t))

.  ,  , l ndp (Y" . i@) )
+ X\@)--MrN;T, (22)

Since l('), is bounded, there exists a number bz e IR+ such that for k e {1,..., z}

! o 1n aoI,,,(r)) \''l '/'
\" \  ann ) |  

3bz'

ln*^^or6')l=b''
and the positive constant b2 does not depend on M2, N2, i, T1 and o e(0, 1).
Consequently, the inequality (22) implies

ffi"*(Y",i(a)) . G*nh d1,(x;) - #) (r -,)

= ffitnd1,(Xi) 
- ebz - 

f,O 
- e) - bzr/E.
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Hence, for liM2N2T1,(i + l)M2N2Tr) 42a, we have

nr"*jr=i,'9oD > -l- rn dt (x,) - bz,/E, (23)
MzNzTr 

- 
M2N2T1

where the positive constant b3 does not depend on M4 Nz, Tt, i, k and
o e  (0 ,  l ) .

By the definition of M2, il, ilt and .il2, the inequality (23) implies

vp(o, M2N2T1)

. .  I  
m - l

: t 
n:.y * r, * n! 

r n a1 1 Y, ((i + l) M 2 N 2T 1, i M 2N 2T 1 ; a))
z e N

I 3:.1

d(mM2N2,.d) 3 M2N2

d(mMzNz,dz)<MzNz 
- - ':.

1  m - l

i l (mM2N2, i2)<M2N2 
-  -  ' '=v

m++co',n eN ffin>:lndp(xi) 
- bz'/E-2b2e'

d(mMzNz,d)3MzNz

Hence, by (7),

vp(o, M2N2T1) > @r - 2e - fu1/i - 2b2e.

By Lemmas 2.2 and2.3 and (17), this implies that for any o e (0,1), we have

vk(o) > v1,(o, M2N2T1) - ,r/E - 
ffi^tg

) @r - 2e - ht/E - 2bze - c^/i - e

> @r - b+G,

where the constant ba does not depend on o, e and k. Because e is arbitrary, the
theorem is proved. I

Remark. By virtue of Lemma 2.3, the central exponent @r of the initial system (l)
gives a lower estimation also for central exponents Q7.(o) and @r(o) of the per-
turbed system (2).
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