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Absfract. We investigate the inventory control problem. Based on the specially structured

feasible set, we present an algorithm with polynomial complexity to solve it. The result can

be also applied to more general problems'

1. Introduction

This paper presents an algorithm for a non-convex optimizatton problem closely

"on"*iog 
ihe inventory control system. Consider the dynamic inventory control

problem introduced in [l]. Our aim is to make a plan to stock a sort of goods in a

iime interval partit ioned into n subperiods lt i,t i+r)(i:1,2,"',n), so that the

buying and carrying costs would be minimum. The mathematical model of the

problem is described as follows.
Minimize

subject to

f  (*,y):f{o,signx7 * cixi * I lgrp)
j :1

Y j + r :  Y i  +  x i  -  D i ,  i  : 1 , 2 ,  "  ' ,  n

r ; ) 0 ,  i : 1 , 2 , " ' , n

! i + t ) - 0 ,  i : 1 , 2 , " ' , n

where the constants
0 Ai U : l, 2, . . . , n) denotes the fixed charge for received order in the period

It1, Q+r),
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(11) c-1 Q:1,2,...,n) the buying price of a unit of the goods in the period
It1, t1+t),

(111) Ij (j : l, 2,. . . , n), the inventory carrying charge in the period lti,t1ql,(iv) D1 > 0 (i : l, 2,. . . , n), the demand of the goods in the period'(rr,ir*rl,
(v) -yr , the quantity of the goods at the beginning of the planning time,"

and the variables
(vi) I; (/:1, 2,...,n) denotes the received order of the goods in the period

It1, t1+rJ,
(vii) 411 (j : l, 2,..., n),the remain quantity at the end of the period lti, ti+|.

It is clear that the objective function of the problem (l)-(a) is concave, so we
have a concave programming problem with linear constraints. In order to solve
the problem, Hadley and whithin [l] applied a method of the dynamic program-
ming. Based on the study of the structure of the feasible set for the given problem,
we present an algorithm with polynomial complexity to solve it.

2. Background ofthe Algorithm

At first, the problem (l)-(4) is modified into a simprer form, which depends only
on the variables x,.

From condition (2), we obtain

t l

l i + t :  r r  +  !  , ,  - D D , ,  i  : 1 , 2 , .  ' . ,  n .
i - l  i - l

Let

l

d , : D D , -  y r ,
i : l

n

C j : c j + \ I i c ; ,
i:j+t

f r @ i ) :  A l s i g n x l - |  C i x i ,  j : 1 , 2 , . . .  r n .
Then the problem can be rewritten in the following equivalent form:

. \  ^ ,
J \x) : l l i\xi) + min

j:t

subject to

I

D 4 r d , ,  i : 1 , 2 , . . . , f t ,
j : l

x i  2  0 ,  j  :  1 , 2 , . .  . 1  n .

Denote by O the set of all feasible solutions of the problem (6)-(g).

(s)

(6)

(7)

(8)
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It is clear that the function/(x) is still concave. Denote by Dp(1),)'2 d1, the

polytope defined by the following system of inequalities:

f r , r o , ,  i : 1 , 2 , " . , k - l ,
j:r

x i  2 0 ,  i  : 1 , 2 , . .  ' ,  k '

Lemma l, Suppose *k:(4,4.,.'.,xt) is a uertex of the polytope Dp(1) and

" I + : { 1 ,  j r , j z , . . . , j q 3 k }  ( l < h < . . . < i q )  i s  t h e  i n d e x  s e t  o f  t h e  p o s i t i t s e

coordinates. Then

4 :  d i , - t

4r: dir-t - dj,- '

4n,:  dir-r  -  dio-r- t

4 , :  l  -  d jo_ ' .

Proof. Since xk is a vertex of Dp(l) and has 4 * I positive coordinates at indexes

l, jri. . . , jq, it must strictly satisfy 4 * 1. inequalities obtained from the system (9)

Uy eiimi"aiing the null coordinates of xk as follows:

x1 ) d.1

x l 2 d z

x1 ) dir-t

x t * x i r z d i ,

\ * x i r 2 d i r + r

" 
* *:. ' .2 d1'-r

(e)
K

t-
)  x ; ) 4 ,
j:r

(10)

( 1 1 )
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x t * x h + x h + " . t x i , 2 d i o

xt * xh * x1, * ... * xjq ) dir+l

x r r x h l x T I . . . * x i o >  ) . .

(r2)

T

From the proof of Lemma 1, it is easy to see that each vertex of D;(,1) is
completely defined by the index set of its positive coordinates. Therefo.., th.
number of vertices of Dp(l) is 2k-t and the one of the polytope C) is 2,-1.

Corollary 1- (4,4,...,rf) is q uertex of D1,(),), then
O DL,f

(1 i )  x f :C io  -d r - r .

Proof. Indeed, it is clear that (i) follows directly from the final equality of system
(12) and (ii) follows from the final equality of (10). I

Now let

Pp(l) : min{s7.(x) : fi(xr) + fz(xz) + . .. I fi,(xp) : x e Dp(A)},
7 > d i l  k : 1 , 2 , . . . , n .

Lemma 2.

h(  ) : f i ( l ) ,
Pp(),,) : min{P7._1 (}') +f1,(0),P6(drr) +f*(A - d*_)},

k  : 2 , 3 , .  .  . , f l .

Proof. Equality (13) follows directly from the definition of the function pr(A).
Suppose k > l. since g7.(x) is concave, its minimum value is attained at some
vertex of Dr(l). on the other hand, by corollary l, the ith coordinate of which-

x1 : dir_t

"  
* ' j . '  

. :  

d j " - t

x t * x h * x i r * - . . * x i r -  ) .

Solving the system (12) gives (10). The lemma is proved.

(  13)

(14)
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ever vertex of DilI) must be 0 or,l, - dt-r' So

Since

PkQ) :min{min{g/,(x) : x e Dr(}'), xr : 0},

min{g7.(x) : x e Dp()), xp : )' - d*-r}}.

min{g;.(x) : x e Dp(l), xk : 0}

:  min{fr(x1) + ' ' '  +f i , - t (x*r)  +fr(O): x e Dpa(l)}

: P*r(l) +ft(o),

and

min{g/.(x) : x e Dp().), xk : A - dr-r}

: min{-fi ("r) +' .. I fi,-r(xr-t) + fi,(l - dr-r)t x e Dpa(dp-1)}

: Pr-r(dr-t) + "fr(l 
- dr-r),

the equality (14) holds. The proof is complete. I

Lemma 2 suggests the development of an algorithm for solving the problem

(6)-(8).We now turn to the description of the algorithm.

3. Algorithm

It is clear that the problem is equivalent to the following:
Calculate

P,(d,) : min{/(x) : x e o : D"(d")}'

Taking into account Lemma 2, we can rewrite the expression (14) as follows:

pp(),) : min{/r(,l) +fz(O) +,6(0) + "'+t(0),

h(d) +fz( l -  dr)  +fz(0) + " '+/k(0) '

Pi-r(di-)  +f ' (1- di-1) * f ;a1(0) + ' ' '  +, fk(O),

P*r(drr) + fi,()' - d*-t)\.

solution for each problem Pildi, respectively.
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Algorithm 1.
Initial step. Calculate

f i  : f , ( 0 ) , i : 2 , 3 , . . .  , n ;

f i i  :  f i (O) + f ,+t(O) + . . .  +fr(O),  2 I  i  < j  < n.

Step 1. Let P1(d1) : fi(dt) and71 : 1.
Step k = 2, 3, ..., n. Calculate

F* : f t (d r )+ fz r ,

Fzr:  h(dr) +fz(& - dr)  r fzr,

F*: 4_t(di_t) +rt@r - di_t) *fi+t.r,,

Fn : P*_r(dr_r) +fr(dt - dn_r).

Let

P n ( d p ) :  m i n { F , * :  i : 1 , 2 , . . . ,  k } ;  j r :  a r g  m i n { f ' a :  i : 1 , 2 , . . . ,  k } .

At the end of the algorithm, we obtain Pr(dn), the optimal value of the objec-
tive function (6), and a sequence of indices 71 , jz, . . . , jn. To determine the optimal
solution 

"* 
: (xf , x|,.. . ,xj), we use the following:

Procedure @.
Step I. Let k : n,ds: Q.
Step 2. Let

' l : 0 ,  h - t l  < j  < k ,

xi :  dt  -  dio-r .

Step 3. lf k : l, then stop. Otherwise, let k : jt - I and return to Step 2.

Theorem. The algorithm prouides the exact solution to the problem (6)-(s) and has
the computational complexity O(nz).

Proof. By Lemma 2, the algoithm must be exact. It is evident that the initial step
requires O(n2) oprations. Besides, since every other step requires O(n) operi-
tions, the algorithm has the computational complexity O(nz).

The proof is complete. t

4. Combinatorial Problem on the Exftemal Points of Polytope Q

Let F(x) be a separable function of the following form:

F ( x ) : f 1 ( x 1 ) * r f z ( x z ) * 2 . . . ' , , - 1 f r ( x r ) ,  r :  ( x r ,  x 2 t . . . t  r o )  e C ) ,  ( 1 5 )
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where *1, *2,...t xr-1, denotes an ordered sequence of additions, multiplications
or exponents, andf lr(xp) 20,k:  l ,  . . . ,  f l .

Consider the following optimization problem:

Minimize r'(x), subject to x e V(Q), (16)

where Z(O) denotes the vertex set of Cr.
Let

Fe(x) :  f1(xr)  \ f2(x2) ,r2 . . .  *1,-1fp(xp),  k :  1,2,.  .  .  ,  n,  x e Dk(l) .

It is easy to see that F(x): F"(x) and the functions r'r(x) satisfy the following
property:

min{.F;(x) : x e Dp(l), xr : const}

: min{Fr-r(x): x e Du(A - xk)} **tfr(xr).

Therefore, based on the structure of the polytope Dp(l), we can modify Algorithm
I to solve the problem (16).

Algorithm 2.
Step I. Let p1(d1) : fi(dt), h : l.
Step k :2,...,n. Calculate

Fk : fi(dk) *t fz(O) *z _fi(0) 4 . . . ,x1,-1 fp(0),

Fzt : pr(dr) *r fz(dr - dr) *z "6(0) *: . . . *pt fr(0),

Fir": pi-r(di-r) xi-r f,@r - di-t) *i f*r(0) *i+l ... *r,-t f*(0),

Fw: pp-t(dr- t)  **r  f i ldD.

Let
Pr (dD :  m in{F* :  i  :  l ,  2 , . . . ,  k }

and
jt  :  ar9min{F,7. :  i  :  l ,  2, . . . ,  k}.

In order to find the optimal solution x*, we can use the procedure p.

Remark.If F(x) is a concave function satisfying (15), then the problem

min{,F(x): x e O}

can be reduced to the problem (16) and, therefore, solved by Algorithm 2.
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