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In 1963, Freudenthal [1] posed the following interesting:

Problem. When is the inequality
n
Z|a,~| = Z la; +a;| + Z lai +aj +ax| —---
i=1 I<i<j<n Igi<j<n
+ (D" Yoy +ar+---+a,| =20 (1)
always true for all a1, a3, ..., a, € R™?
Obviously, if n = 1, (1) is true.
If n = 2, (1) is the Minkowski inequality
la+ b| < |a| + |b|.
If n = 3, (1) is the Hlawka inequality
la| + |b| +|c| — la+b|—la+cl—lb+c|+|la+b+c|20.
But if n = 4, Luxemburg [2] gave a counter-example showing that (1) is not
true, witha; = ¢ (i =1, 2, 3), as = —2¢ (c # 0).

When n > 5, the problem has not been settled. In this paper, by means of the
elementary method, the problem is solved completely.
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Then the problem becomes: When is f,(4,) > 0 always true? If n =4, m = 1,
letting A4 = (c,¢,¢,—2c) (c # 0), we have f3(44) = —2|c| <0, so (1) is false, as
mentioned above.

Now let

gn(An) lanl _Z|a1+an,+ Z Iai+aj+an|—"'
1gi<j<n—1
+(=D"MNar+ a2+ +a

n—1
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Za,j+a,,
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Lemma 1. If A,=(a1,az...,an), 4 €R”, j=1,2,....n, then f,(4,)=
Jo-1(An-1) + gn(4n).

Proof.
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+ |an] - Z laj + ax|
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+ Z lai +a; +ay| — -+ (=1)"! Za,-+a,,
1si<j=n-1 i=1

=f;l—1(An—I) +gn(An)- |

Lemma 2. If A,=(aj,a...,a,)eR", beR, and b> Z |ai|, then
gn+1(An,b) =0. aisO

Proof Since b > E|a,| then for 1 <k < n, Za,+b —Za,+b>0 and

i=1 =1 i=1
a;<0 a; <0 a; <0

In+1(4n, b) = ,b|+z Z Zalj+b

I<ih<ib<-ig<n|j=

=b+g(—1 Yox D= (Za,1+b)
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Lemma 3. If Cpyn = (Am, By) = (a1, .., Gm, b1,..., by) e R™" and b; > Z |a:l,

i=1
;<0

ji=1,2...,n, then fuin(Copin) = fon(Am).
Proof. By Lemma 1,
fm+n( m+n) fm+n(Am;Bn)
=fm+n—l(Am7 Bn—l) + gm+n(Ama Bn)
n
=fm(Am) + ng+k(Am,Bk) .
k=1
n n
Since b; > > || 20,j=1,2...,n, thenfor | <k <n, »_ |b;| =0, and

i=1 i=
=0 b <0

b > Z]a.l+2|b|
a,so biso
By Lemma 2, g,k (Am, Bx) = 0, and fiutn(Cmsn) = fiu(Am). The lemma is thus
proved. |

We now pass to the proof of our result.

By Lemma 3, for all ¢ > 0, if 4, = (¢, ¢, ¢, —2¢, 2¢, ..., 2¢) € R", then f,(4,)
= fa(e,¢,c,—2¢) = —=2¢ < 0.

If 4, = (a1,a2,..., an), a: € R, i=1,2,...,nletay =ay =a3 = (¢, 0,..., 0),
—ay=as=--=a,=(2c0,...,0),thenalso f,(4,) = fa(c,c,¢c,—2¢c) = -2¢ < 0.

From the above, we have

Theorem. For any ay, as, . .., a, € R™, the inequality (1) is always true if and only
ifn=1,2,3.
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