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In 1963, Freudenthal [1] posed the following interesting:

Problem. lAhen is the inequalitY

! l o , l -  t  l a i+a i l+
r : l  |  < i< j  <n

t
l < i <  j S n

l a ; * a i l a * l -

+  ( - l ) " - t l a r  t  az *  " ' +  an l  >  o  ( l )

always true for all a1, a2,. . . , an eR^?

Obviously, if n : l, (l ) is true.
lf n :2, (1) is the Minkowski inequality

l a + b l < l a l + l b l .
lf n : 3, (l) is the Hlawka inequalitY

lal + lbl + lrl - lo + bl - la + cl - lb + cl + la + b +cl > 0.

But if n:4, Llxemburg l2l gave a counter-example showing that (l) is not

t rue ,  w i th  q i :  c  ( i :  1 ,2 ,3 ) ,  a+ :  -2c  (c  #  0 ) .
when n > 5, the problem has not been settled. In this paper, by means of the

elementary method, the problem is solved completely. 
/ m \l/z

Let An : (at, a2, . . . , an), ar : (xr, xizr. .. , x;) e R^, lail : lD-i ) , and
U=r /

f,(A^): i(-r)*-t
k=l I  <tr

t
<r2 <
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Then the problem becomes: When isfi(,4") > 0 always true? If n :4, m: l,
let t ing Aq:(c,c,c,-2c) (c*0),  we have f i (A+):-2lcl  <0, so ( l )  is false, as
mentioned above.

Now let

n-l\ .-,g"(A") : lanl - 
Llo, + anl +
i : l

+ ( - l ) ' - t  lo t  +  az  - l  . . .  *  an l

n-l

:  la, l  + I(-r)o
k=t I  s,r

t
< 1 2 < ' . .,r=,-,lh'o * ̂ l

L e m m a  1 .  I f  A n : ( a r , d 2 , . . . , c n ) , a i e R m ,  j : 1 , 2 , . . . t f r ,  t h e n f , (A") :
f "-r(A"-r)  *  g^(A").

Proof.
n

f , (A,) :2{-r )o- '
k:r

n-1
:  \ - / - t ' r k - l-  

Z 2 \ - r )
k:1

t
1< i< j<n - l

l a i + a i a o , l - . . .

I t ,  I

t ll',,l
l < \< i z< " . i r <n  I  j : l  I

l k  I

D lD'ul*
l3 i r< iz<." i*Sn- l  I i= l  I

l a ; + a i - t , a n l - " ' + ( - l )

:.f"t(An-r) t On(A") .

I ,emna 2 .  I f  Ar :  (a t ,  e2 t . . . ta r )  e  R ' ,  6  e  R,  and b ,  D
gn+r(An,b) :0' [;Jo

, | * | n

Proof. Sincea = D la;1, then for I < k < n, I D ", 
* bl : D o, * U

i : t  l i : r  I  E
a i 3 0  l r r < 0  |  a , < 0

gn+r(An,b) : lbl+ f t-rf I lf ", * rl
k: l  13i7 <i2<. . . i1<n I  i : l  I

n / t \
:  r+  t ( - r ) f t  D  ( \ "a+ r l

k : l  l < t r . < b < . . . 4 < u  \ t : l  /

_,,.,_ $r_,* I r ")t .  (X _l) p_)" '  f i '  
^ '  

t \ f t

D
l3 i< j<n- l

n-l

l",l -Dla1* a,l
i - l

ln-r  I
n - l  l S r  I

lLa i  *  an l
l l : r  I

I

latl, then

> 0, and
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: b , ( : ) ( - r )u  - f  o ,T ( ;  r ) r - , l o
f r ; \K / '  7 i  

'  - t : o \  K  /

/ n  \

: b . o -  I t a ; l . o : 0 .  r
\fr '/

L , e m m a  3 .  I f  C ^ + n : ( A ^ , B n ) : ( a t , . . . , a m , b r , . . . , b r ) e R - + n  a n d b i >  f  V l ,
i : l

j  : 1 ,2 . . . ,  n ,  t hen f -+n (C^+n ) : f * (A - ) .  
a i 3o

Proof. By Lemma l,

f^*n(C-+n) : f^+,(A^, Bn)

: f-+n+(An, B,-t) + g*+o(A^, Bn)

n

: f^(A^) + \ o ̂+r(A^, Br) .
k=l

o r n
,  f - ,  ,  S : ' ' ,u o ,  

h l a i l  
+  L l D i l '

ar30 h30

By Lemma 2, g.+*(A^,Br) :0, andf^ar(C^+") : f^(A^). The lemma is thus
proved.

We now pass to the proof of our result.
By Lemma 3, for al l  c > 0, i f  An: (c,  c,  c,  -2c,2c,. . . ,2c) eR',  thenf"(A")

= f+(c,c,c,-2c) :  -2c < 0.
I f  An  -  (a t ,  az ,  .  .  . ,  d r ) ,  d ;  €  iRm,  i :1 r2 , .  .  . ,  n ,  le t  a t  :  az  :  a3  :  (c ,  0 ,  .  .  . ,  0 ) ,

- a 4 -  a s : . . . :  c t n :  ( 2 c , 0 , . . . ,  0 ) ,  t h e n a l s o f " ( A " ) : . f + ( c , c , c , - 2 c ) :  - 2 c  < 0 .
From the above, we have

Theorem. For any dr, d2,...t aneY, the inequality (I) is always true if and only
i f n : 1 , 2 , 3 .
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