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Abstract. In this paper, the solvability of linear multipoint BVPs for DAEs is studied. It will
be shown that if multipoint boundary conditions are stated properly, then the bounded
linear operator generated by a multipoint BVP is continuously invertible. Otherwise, it is a
Noether operator of a negative index. A formula representing general solutions of linear
multipoint BPVs for transferable DAEs is obtained.

l. Introduction

This paper is motivated by a series of works of Miirz and her colleagues on two-
point BVPs for DAEs (see [,2] for an exhaustive bibliography) and Sweet's
results on multipoint BVPs for ODEs [3,4]. It is also closely related to our papers
on nonlinear BVPs at resonance [5-8]. It will be proved thatMdrz results remain
true for regular multipoint BVPs. In irregular cases, our results are essentially new,
even for two-point BVPs. On the other hand, when DAEs are regular implicit
ODEs, we obtain again Sweet's results.

As is well known, DAEs arise in various applications, especially in describing
dynamical processes with constraints.

In some cases, it may be of interest to consider more general boundary con-
ditions than endpoint ones for DAEs.

We shall omit all discussions concerning motivation for the problem studied
below. Further examples and comments can be found in the literature (see [1-4,
el).

* Sponsored by Vietnam National Fundamental Research Program under contract
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We are interested in the following linear multipoint BVP for a transferable
differential algebraic system:

A(t)x '( t )  + B(t)x(t)  :4U), T e J : :  l to,  Tl ,  ( l )

l x :  t ,  ( 2 )

where ,4, BeC(J,R""') are continuous matrix-valued functions, qeC::
C(,f, IRn), / € R' and f : C --+ lR' is a bounded linear operator.

By the Riesz representation theorem, there exists a matrix-valued function of
bounded variation 11 e BV(J,lR"n) such that lx : SI ar1g\r1t1.

In the remainder of this section, we state some known facts about transferable
DAEs (see [1,2]) .

The DAE (1) is called transferable if:
(1) There exist continuously differentiable projector-functions P, Q. Ct (/, R"')

so that P(t) :  t  -  QU), Q2(t) :  Qft) , lmQU):KerA(t)  for al l  t  e J.
(2) The matrix G :: A -t BQ is nonsingular for all / e ,I. Denote QrQ) ::

QQ)G-t( t)B(t) ;  P,( t) :  I  -  Q,U); S(r)  : :  {( .  n '  I  B(t)(  elmA(t)} .  The
transferability implies the decomposition IRn : S(/) @ Kerl(t). Moreover, Q,
is a projection onto Ker A(t) along S(t).
Since ,4x' : APxt : A(Px)'- APtx, we should ask for solutions of (1)

belonging to the Banach space

y :: {x e C : Px € Ct("f, R.')}

with the norm llxl l ,: l lxl l- + l l(Px)' l l-.
It has been proved thatX is invariant with respect to the choice ofthe projector

functions P, Q. Let IZ be the fundamental solution matrix of the ordinary IVP:

Y' : (P'P, - PG-t B)Y, Y(ts) : 7,

and X be the fundamental solution matrix, whose columns belong to 1, satisfying:

AX, + BX :0, P(t})(X(t}) - 1) : 0.

It holds that X(t): P,(t)Y(t)P(t0), and ImX(l) : S(t), Ker X(t):KerA(to).
Finally, a solution of the IVP:

Ax, + Bx: q,  p(to)(x(/o) _ xo) :0

can be represented by:

where /r(r)  : :  P(t)( I  + P'( t))G-l( t )q(t) .

2. Regular Multipoint BYPs for DAEs

Denote the so-called shooting matrix ff aap\Xltl by D and let

lt
x( t ) :  x( t )xs+ x( t )  |  r -11s; r1s)h(s)ds+ QoG-t ( t )q( t ) ,  (3)

J t n

f rs : : rmr :  
{1 .  

d r1( t )x ( t ) ,  x  e  c }  -  n "
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Theorem 2.1. The BVP (l), (2) has a unique solution for any q e C and y e As if and
only if the shooting mqtrix D satisfies conditions:

KerD: Ker A(ts),

I m D :  Q o .

(4)

(s)
Proof. Consider an operator I :9[ - U :: C x Qs, generated by multipoint
BVP (l), (2) such that:

9x:: f  
t"),  

where Lx:: Ax, + Bx.
\ r"/

rhe norm 
"r (;) 

e c x esis denned 
"' l l(;)l l 

,: ttntt- * lyl, and | | denotes

an arbitrary norm of lR'. Clearly, I is a bounded linear operator and

Ker 9 : {X(t)xo : xs e KerD},

Now observe that the inclusions:

Ker A(ts) c KerD, ImD c 9s

hold trivially.
First suppose (4) and (5) are satisfied. Then from the fact that KerX(r) :

KerA(ts) and relations (4), (5), (6), it followsthatKerg: {0}, i.e.,9 isrinjec-

tive. By virtue of (3), (5) and using the definition of 8s, we have Y(a I eo!,
y - j[ daQ)x(t) I:,Y-'(s)l(s)ds - II arOOU)e-rQ)qQ) e qo:tmo\:v /

Consequently, we can find xs e IR' such that

l l " l l  < r ( l l q l l -+ l v l ) . (e)
Now let I be continuously invertible. For any x6 e KerD, we define x(t) :
X(t)xs then Lx:0 and lx:Dxo or 9x:0. The unique solvability of
(8) impl ies that x(t) :X(t)xo:0 or xseKerX(t) :KerA(to).  Combining (7)

(6)

(7)

Dxs:, - 
I : ,ary4x@l', ,

Putting

x(t) :: X(t)xs + x(t) [' ,-'(s)P(s)ft(s)ds + Q(t)G-t (t)q(t)
J t o

we get Lx : Q and fx - y. From the last relations, it implies that

/ n \g x : l -  t .  ( 8 )
\ Y /

Thus, I is a surjective operator. The well-known Banach theorem ensures that g
possesses a bounded inverse and the unique solution of (8) satisfies estimate:

r-r (s)p(s)/,( ia, - f,dry 
(t) e(t) G-, (t)q(t).
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4 o : I m D . Q.E.D.

As a direct consequence of Theorem (2.1), we obtain the following result on
the solvability of the DAE (l)with the multipoint BVP:

fx ,: D Dix(t;) : y,

with the last inclusion, we get Ker A(ts): KerD. Further, for an arbitrary

TeQo, there exists a unique solution x, such that 9x: ft). This means
\ v /

that  x :X( t )xo,  and y: lx :Dxe,  hence,  ye lmD. From (7)  i t  impl ies

(10 )
t : l

w h e r e  / 6  (  / 1  (  t z 1 . - . < t m < T  a n d  D i e R n ' n  ( i : 1 , . . . , m )  a r e  g i v e n  c o n -
stant matrices.

Corollary 2.1. The BVP (l), (10) rs uniquely soluable on 9[ for any qeC qnd

y e Im (Dr, D2,..., D^) if and only if the shooting matrix D : D D;X(t;) has the
properties: i:l

Ker  D :  Ker l ( rs ) ;  ImD:  Im(D1 ,  D2, . . . ,  D^) .

3. Irregular Multipoint BVPs for DAEs

In this section, the solvability of (l), (2) in irregular cases, where conditions (4), (5)
are not fulfilled, is studied. Consider a bounded linear operator I acting from ff
i n t o U : : C x l R ' .

Let dim Ker A(ts): v, dim Ker D : p and {w!}i be an orthonormal basis of
Ker 4(ls) c KerD. We extend {w!}i to an orthonormal basis of KerD, i.e.,
(*?)t *l :6ij, G, j : l, -. . , p), where in what follows the superscript Z will
denote "transpose vectors or matrices. Then {w!}{*, is a basis of KerD u
(Ker,4(le))a and

Ker 9 : {X(t)xs : x0 € KerD n (Kerl(16))r}. ( l l )

We define vector-valued functions plt) : X(t1w! (l : v * 1,..., p) and a column
matrix O(4 : (e,*t!),. . ., ep\) e IRnx(P-vr.

Lemma 3.1. The uector-ualued functions q,(t) are linearly independent, hence, the
Gram matrix A t: ff Or Qlbglat is nonsingular. Further,

Ker 9 : {AQ)a: a e IRP-'}.

p p
Proof.Let L o,p,:0andputxg: t  a;wl, , thenwehave X(t)xs:0. Clearly,

i :Y*1

xs eKer A(to) ̂  D n (Ker,4(rs))r, therefore, x0 :0. The linear independence of

{r l }p,*t  impl ies that a; :0 ( i :v* 1, . . . ,p).The remaining statements are
obvious. Q.E.D.



Multipoint Boundnry-Value Problems ..

Now we define a bounded linear projector Q,/ : ff ---+ ff by:

. t r
(stx)(t) : Q(t)M-t I orls;x1s;as.

J t "

Lemma 3.3. The inclusion ( n\ .lm I hotds iJ and only if, for euery w e Ker Dr ,\ v /

,', - [' *r dq.f - [' ,'a4qG-'q : o, (rz)
Jrn J to

where f (t) : X(t) J,f r-t1";r1 s)h(s)ds and h : P(I + P')G-t q.

Proof. Clearly that ( 1) . lm 9, if and only if there exists x e #, such that

s * :  ( q \ , - i . "  .  
\ Y  /

\ v /
x( t )  :  X( t )xs + x( t )L^"- ' (s) i (s)ds + Q(t )G- t ( t )q( t )  (13)

and

| : Dxo + [ ' a,t@f (t) + [ dtt@Q(t)G-t (t)q(t). (14)
Jto Jto

Since Dx6 e ImD: (KerDr)', for every w eKer Dr, (14) implies that

wr v : 
" I',,0r, + 

" f ,a'19e-t 
q'

Denote by {r t} Ian orthonormal basis of KerDr, i .e. ,w{ wi:6u ( i ,  j  :1, . . . ,  p).

For a giurn (a) eW::Cx IR', we define a bounded linear projector 7.:"  \ v /
U - U given by the formula:

3 5 1

Lemma 3.2. (l) Qtz : Ql,Im U = Ker g.
(2) g = Ker% @Ker 9.

Proof. For an arbitrary xe9f,, putting a:: M-t JIA'p7r1t1dt,wehave 4/x:
aQ)a.rherefore, 4t2x : at@a) : aQly-r (rl tttrl* 6)^)": o(r) M-t Ma :
Q(t)a : allx.

Fur ther ,  for  any xegf , ,4 tx :@(t)aeKer9,  hence,  lm% c.Kerg.  Con-
vefsely, if x e Ker 9, then x(t) : Q(t)a and 4tx : Q(t)M-t pta : Q(t)a : x(t).
Thus ,  x  e lm4 l  o r ImQl :Ke r9 .

Now suppose xeKer I oKer%, then 0:%x: x. Observe that, for every
x e 9 f , ,  g : : 4 l x e I m Q l : K e r 9  a n d  Y : : x - g e K e r Q t ,  w e  c o m e  t o  t h e  d e -
composition 9[ : KerQt @ Ker 9. Q.E.D.

Q.E.D.
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where
t T  tT

ct : wTy - | *Taryf - | wlaaqc-tq
J t6  J to

Lemma 3.4. (l) '/ '2 : {,Ker//' :Im9.
( 2 )  o ! : l m g  @ I m { .

Proof. Since
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such that

*0:"(fu",,,) : (t:,,)

d i :  w l f ' , ' ,  :  
" ,  

( i :  1 ,  " ' ,  p )
j:r

it follows that {2 : {.

"  
f  

n )  e K e r ' / / ' , t h e n  f  c i w i : 0 ,  h e n c e ,  c i : 0  ( i  : 1 , . . . ,  p ) .
\ v  /  i : l

For an arbitrary w eKer Dr,we have * : fc; w;, therefore,
i : -

1 T 1 T P
wr y-  

J , , r 'nr f  
-  

J , , r 'orQG- 'q :Do, t , :9 .

( q \  (  o  \  / o \  / q \
{ l ' l - l _  l : l  l , i . e . ,  l ' l . K e r { ' .

\ r /  \ D " ' ' ' l  \ o /  \ Y /
Thus, Im 9 c Ker {, therefore, Ker { : lm 9.

Now suppo* (:) elmg alm{, then there exists

(') : n(;,) ),1/,,,,
\ v /  \ r r l

(3) :  "O:, ' (n ' ,) :o( ' ; , ) :  ( : , )

Taking ̂t  ( : r)  e U anddef ining ci  ( i  :  r , .  . .  ,  p)by (15),  we get

( ' : , , )  :  "0 erm{

( n ' , )  ' *



Multipoint Boundary-Value Problems

Further,
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' ( , - { , , , , )  :  ( t : , ' , ) '

where

e i :  wl (y - 
D r, r) - 

[ '  * l  dq"f - 
[ '  * l  orgG' q : c 1 - c 1 : e-  

J h  J r o

( i :  l ,  . . . ,  p ) .  /  o  \
It means ( : ) eKer'/r ' : lmg. Thus, the decomposition 0!:

\ l  -  L c i w i  /
lm9 @lmNr is proved. Q.E.D.

Now we are able to state the main result of this paper.

Theorem 3.1. (l) I : ff - U is a bounded linear Noether operator and

Ind I : dimKer I - codimlm g : -dimKer A(tg).

(2) Multipoint BVP (l), (2) with giuen data q e C, y eRn is soluable if and only if:

* (, - ]',*, - Ji,*no-'n) : o, (16)

/  wT\
t l

where "t/r : | : l,f(t) : x(t) I:,Y-'(s)P(s)ft(s)ds and h : P(I + p')G-tq.
I  t ' "
\*[ I

(3) A general solution of (l), (2) can be represented as:

x(t) :  x(t)(ro * {sa) + f (t) + QU)G-\ Q)qQ) + Q(t)a, (17)

where'Ws : (r9*,,. . . ,  wor) and

xo: D-t (,  - [ '  dqf - [ '  dryec-'q\. (18)
\  J r n  J h  /

Further, D is a restriction of D onto lmDr ,

u : -M-t [' o'1,17x14x0 + f (t) + e(t)G-t (t)q(t)dt
J to

and a is an arbitrary Dector of IB.p-v.

Proof. By Lemmas 3.1 and 3.4, Ker I is a (p - v)-dimensional subspace, Im g is
closed and codim Im g : dimIm"/. : dimKer Dr : dim Ker D : p. Thus, _5/ is
a Noether operator withlnd I : dimKer 9- codimlm g : (p - v) - p : -y :
-dimKerl({o). Further, relation (16)follows directly from (12) and Lemma 3.3.

Now let I be a restriction of I onto Ker %. Since g is a one-to-one and onto
mapping from Ker,?/ to lm9, the Banach theorem ensures that I possesses
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a bounded inverse. For any (n).Im?, there exists xe$ such that

gr:  (n).  o."o-posing 
" 

into\J(u- or *  eKerQl and i  e Ker 9,we have
\ r /

x : Q(t)a wherc a is an arbitrary vector of IRl-u and gx : 9i.
Further, form (13), it follows that x: X(t)xs 1z(l), where

By virtue of (14)

tt
z(t) :: *@ 

J,"v-t 
r$)n1s)ds + QG)G-\ (t)q(t).

l r
Dxs :  y -  

I  ̂ daQ)z(t)  
e ImD.

Since xs:xo*is,  where IgeImDr, f tgeKerD, i t  impl ies that Dxs: y-

I i ,  aq\r l t l . I t  leads to (18).

Observingthat i  eKerQt,wegetO :  Qt(X(t)xo + z(t))  :4t(X(t) io + X(t)xga
z(t)) : 0 or % X (t)*g : -qt (X (t)*o + z(t)) .

As i6 e KerD, ;o : 
,I 

uiwl,it follows that

We arrive at (17\. Q.E.D.

When ,4(l) is nonsingular, i.e., v :0, I is a Fredholm operator (of index 0)
and we obtain Sweet's results [3, 4].

x(t)xs: x(t)( , : t , . , ,1) :  
,* ,o,rp,:  

Q(t)a,

therefore,

%X(t)xs: 0tQ(t)a: @(/)a :  -at(X(t)xo * z(t))  :

-aOM-t [ 'ot1r l1xis)"to + z(s))ds.
Jro

The last relations imply that

u:  -M-1[ t  o t1r ;1x is)xo + z(s) )ds.
J to

If there are two vectors o(, o(- € IRp-v such that (D(l)a: <D(l)a for all t e J, then
Or14O1l)a : Oz(4O(t)u, and hence, Ma: Ma, therefore, a : s. Thus, x0 :

p

to * D aiw! + is, with an arbitrary is e Kerl(ts), and
j : v * l

( P )

x( t )  :  x ( t )xs + z( t )  :  x ( t ) \ *0+ t  a ,*? |  +  zQ).
t  ' # ' )
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4. Examples

Consider equation (1.1) with given data

I r  - t  r ' \  / t  - ( 1  + 4
n : l o ,  - , 1 ,  

" : l o  
- r

\ o  o  o )  \ o  o

" I : :  [0,  1]  and qe C(J,R3).
The boundary conditions are given by

11 1 l

Jo 
xr (s)ds:  21,  

)oxz! )ds:  
yr .

355

r,: i), 
(,e,

(20)

By definitions, we can find:

/ 0  0  0 \  l t  0  0

o : l o  0 , 1 , " : l o  1 - r
\ o  o  t )  \ o  o  o

\  / t  
- r  r 2 + r \

l ,  G : : A + n g : l o  1  - t - t l ,

)  \ o  o  r  )

Q , : :  Q G - t B :  Q ,  P , :  P ,

,  : ( i :  - t , ' ) ,  P ' P , : 0 ,  P G - t B : ( t o  , t  " ' , * ' )

\ o  o  o )  \ o  o  o  )
The fundamental solution matrix Y satisfies the following equation:

" '  
: ( -ot  - t ,  

- '1,- ' \ r ,  
v(o):1,

\ o  o  o  )
.therefore,

",,, : (;, i  
2,_t_,_r,:::_,," '),

hence,

" ': (i : 'i')

x(t)  :  P,( t)Y(t)P(g):



Boundary conditions (20) can be written as

.":il[,; : :) (i""""),,: |;,)" " \ o  o  o ) \ ' , r , 1 /  \ o /
The shooting matrix in this case is of the form

. / r  o  o \ / e - t  r c - t o \  f t - " - t  t - 2 e - '  o \

" :  i l [ "  ' l [  '  e -  o  l r , :  l  '  t -e - ' \  ' l
' o \ o  

o  o / \ o  o  o )  \  o  o  o )
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Obviously,

Ker D :  Kerl(0) :  Span 110, O, t ; t1.

ImD : Qo :  Span{(1, 0,  0)r ,  (0,  l ,  0)r} .

According to Theorem 2.1, BVP (l), (2) with data (19), (20) is uniquely solvable
for any q e C(J,|R3) and 1, ,rz e lR.

Now suppose we are given another multipoint boundary condition:

In this c-ase, the shooting matrix D remains the same as before, but ImD: IR',
fro : Rr , hence, Theorem 2.1 cannot be implemented. Note that

/  t '  - te t  ( t2  -  t  +  1 )e ' -  I  \
Y - . f t \ : l o  e t  r - f i - t \ e t l

\ o  o  r  )
and

1 l

Jo 
xi(s)ds :  y1 ( i  :  1,2, 3),  i .e. ,  dr1 :  J67. (2r)

we have Ker Dr : Span {(0,0, l)r}.
Let wr : (0,0, 1). It is easy to show that [i r'dryf : 0, where

t t  ,  - f l  f l

f  :  x( t) .Jo 
"- ' (s)p(s)f t (s)ds 

and wr 
)oanQe-'n 

:  
Jocn(t)dt.

Thus, by Theorem 3.1, the necessary and sufficient condition for the solvability
of BVP ( l i ,  (2) with data (19),  (21) and qe C(,r , lR3),  y:(yt ,yz,yz)r eR.3 is

JI a{t)dt: y.

t)



Multipoint Boundary-Value Problems . . . 357

' ':(:' ; l) ":(l ;i) "':(: l;)
The shooting matrix is of the form

Finally, let us consider Eq. (1) with given data (19) and a three-point boundary
condition:

/ r \
D1x(0 )  +  Drx \ ; )  - r  hx ( r ) :  y ,  (22 )

where

l o  t  o \
D: DrX(o) * o,*(t) + D3x(t, : 

l: : :,)

In this case all conditions of Theorem 2.1 are not fulfilled. Indeed,

K e r D :  S p a n { ( 1 , 0 , 0 ) t ,  1 0 , 0 ,  t ; 1 1  * K e r A ( 0 ) :  S p a n 1 1 o , o ,  t ; 2 1 ,

ImD :  Span{ (1 ,0 ,0 ) t }  *  4s  :  t s .3 .

According to Theorem 3.1, the three-point BVP with data (19), (22) is solvable for
qeC(J .R3)  andyeR3 i f ,  and on ly  i f ,  fo r  any  weKerDr :Span{ (0 ,1 ,0 ) r ,
(0,0, l ) '  ]  we have

* 'y:  wr (o1s1o1* o*( \ \  + r . ,s( t ) ) ,  (23)
\z /

where

I t
sU) : x@ 

)rr-11s;r1s;1r 
+ p'(s))G-'(s)q(s)ds + eU)G-t(t)q(t).

Taking w : (0,1,0)" and w : (0,0, l)t, respectively and using (23), we get

rz: ei nrl.) - sz(o), v3: s3(1) + s,trl
\2./ \z/

A simple computation shows that Sz(t) : qQ) and Qz(t) : tq(t) + ,-' Iid q2(s)ds.
Thus, we come to the following necessary and sufficient conditions for the solv-
ability of the above-mentioned three-point BVP;

I  _ r  /1 \  n  / l \
vr :  r"  nt l t )*  Jo ""  

q2(s) ds '  h :  4t  (zJ *  n ' t t l '
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4. Concluding Remarks

(1) The result of this paper can be applied to the investigation of nonlinear multi-

point BVPs for transferable DAEs:/ (xt , x, t) : 0, Jot dr1 g@Q),4 : 0.
(2) Most of the results described here can be extended to higher index DAEs.
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