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1. Introduction

This paper is devoted to study the existence of bounded solution for a difference
equation of the form

Xnt1 = ApXxy +ﬁx(xn) (1)
under the assumption that the linear part of Eq. (1), i.e., the equation
Xni1 = AnXn (2)

is exponentially dichotomic.

Suppose B is a complex Banach space and 4, belongs to the space L(B) of all
bounded linear operators acting in B.

To Eq. (2) we associate an operator S:H — H, so-called characteristic
operator of Eq. (2) acting on the Banach space H defined by

(SX) 41 = AnXn, 3)
where H = {x : Z — B|sup||x.|| < ©} endowed with the sup-norm given as
follows: if x € H then, ||x]| = sup ||x,||- In [2], Aulbach and Minh have shown that

the spectrum o(S) of the oerator S does not intersect the unit circle S; =
{ze C:|z| =1} if and only if Eq. (2) has an exponential dichotomy on the
condition

sup || 4| < oo (4)
n
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even when 4,, is not invertible. Basing on this property, the authors have given a
new criterion for the exponential stability of difference equations.

It is easy to show that the spectrum o(S) of the operators S is invariant under
the rotation around the origin. Therefore, saying that the spectrum o(S) does not
intersect with S; means that the equation

Xn+1 = AnXn +ﬁt (5)

has a unique bounded solution (see Lemma 1 in Sec. 2). This result can be
extended to the space L, under the assumption that 4, is invertible and

sup |4, < co. (6)

In this case, the equivalence between spectral dichotomy and exponential dichot-
omy is still valid (see Lemma 3 in Sec. 2).

The aim of this paper is to generalise their results to the nonlinear difference
equation (1). Our main result (Sec. 3, Theorem 2) claims that, in the general case,
Eq. (1) has a unique bounded solution if its linear part has spectral dichotomy and
{/n(x)} satisfies the Lipschitz condition with a small Lipschitz constant. Theorem
3 follows from this result for the nonlinear difference equation (1) and the result in
[2].

The paper is organized as follows. In the next section, we will give necessary
definitions and state the results mentioned above. In Sec. 3, we show that the
operator T of Eq. (1) is continuous.

Theorem 2 is our main result. To prove Theorem 2, we shall use the evolution
operator (see [4]) and the inverse function theorem satisfying the Lipschitz condi-
tion as in [4].

In this paper, we will suppose f,(x,) satisfies the Lipschitz condition with a
Lipschitz coefficient sufficiently small.

2. Statement of Results

In this section, we state the main results of spectral dichotomy for linear spectrum
of the characteristic operator, associated with the underlying linear difference
equation

Xnt1 = AnXy,

where x, belongs to a given Banach complex space B and 4, belongs to the space
L(B) consisting of all bounded linear operators acting in B.

Now let us introduce necessary definitions to state the results. First, we refer
the concept of exponential dichotomy in the sense of Henry (see [3]) and it is
defined as follows:

Definition 1. Eq. (2) is said to have an exponential dichotomy (with M, 8) if there
are positive constants M, 0 < 1 and a sequence of projections { P,,n € Z} on B such
that
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(1) AP, = n+1An-
(il) An|g(p,) is an isomorphism from R(P,) onto R(P,.1), where R(P,) denotes the
range of Py,
(i) If X(n, m) = Ap_1 - Ams14m for n > m, X(m, m) = Id,
X, m)(T = Pa)xl] < MO™[x], (1> m).

(i) 11X (n, m)Pux]] < MO™ |||, (n < m).
Further, we can define the operator X (n, m)P,, when n < m as the following:

X (n, m)Ppx =y € R(P,) if and only if Py(x) = X(m, n)y, (n < m).
To Eq. (2), we associate an operator S : H — H, defined by

(8%) (1) = AnXn (7)

for all n e Z, where H = {x : Z — B| sup||x]| < oo}.
n

The following definition deals with the spectral dichotomy and can be seen
in [1].

Definition 2. Eq. (2 is said to have a spectral dichotomy if the spectrum a(S) of the
operator S does not intersect the unit circle.

Under the assumptions that 4, is not invertible and suppose the condition (4)
holds in [2], Aulbach and Minh have proved the following results.

Lemma 1. Eq. (2) has a spectral dichotomy if and only if 1 ¢ a(S) or, in other
words, for every bounded sequence { f,, n € Z}, the following difference equation

Xn+l = ApXxy +fn (8)

has a unique bounded solution {x,(f),ne Z}.
This means that the spectrum o(S) is invariant with respect to rotation.

Lemma 2. Eq. (2) has an exponential dichotomy if and only if it has a spectral
dichotomy.

Under the assumptions that 4, is invertible and the condition (6) holds, they
have following results in the space L, = L,(Z, B) as in [2].

Lemma 3. Assume that in addition to Condition (4), Eq. (2) satisfies the following
conditions
(1) A, is invertible for ne Z,
(ii) sup |4, < co.
n

Then, Eq. (2) has an exponential dichotomy if and only if it has a spectral dichotomy.

Lemma 4. Under Lemma 3’s assumptions, where Eq. (2) has an exponential
dichotomy if and only if for every sequence { f,, n € Z} c L,, there exists uniquely a
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solution in L, to the following equation
Xnt1 = AnXn +ﬁn neZ.

Now we recall the so-called Inverse Function Theorem satisfying the Lipschitz
condition by Nitecki (see [4] Lemma 2.1, p. 78) to estimate Eq. (1).

Lemma 5. Suppose X is a Banach space, L is an invertible mapping from X into
itself, ¢ is a mapping satisfying the Lipschitz condition such that Lip(¢) < ||L71|| ",
Then (L + @) is invertible and (L + @)™ satisfies the Lipschitz condition. Moreover,
1

< — ,
1L~ Zip(9)

Zip(L+¢)7) )

By using an evolution operator as in [1, 2] and Lemma 5, we shall show that
Eq. (1) has a unique bounded solution.

3. Main Results

Let us return to Eq. (1)
Xntl = AnXn + fr(Xn).

We suppose A, is not invertible and the condition (4) holds.
We consider Eq. (1), when x, € B, 4, € L(B).
Let H={x : Z — B| sup ||x,| < o0}.

We define an operator T : H — H given by

(TX) (1) = AnXn + fu(Xn), neZ. (10)
Put

F,(x,) = Apxn + fu(xn), neZ. (11)

In this section we only consider f,(x,) satisfying the Lipschitz condition with a
sufficiently small Lipschitz coeflicient.

Definition 3. Eq. (1) is said to satisfy the condition (H) if it satisfies the following

conditions:

(i) fa(x) satisfies the Lipschitz condition with respect to x, where the Lipschitz
coefficient is independent of n and x, i.e., there is a positive constant I, such that

12 (%) =N < 2l =y, (12)

forallneZ and x, y € B.
(i) The linear part of Eq. (1) is exponentially dichotomic.

Under the assumption that f,(x) satisfies the Lipschitz condition with respect
to x, we shall show in the following proposition that the nonlinear operator T
associated with Eq. (1) is continuous.
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Proposition 1. If f,(v) satisfies the Lipschitz condition with respect to v, then the
operator T acting in H is continuous.

Proof. Let the sequence {v*, k € N} < H tend to 1° as k — oo, where {v*}, 1% € H.
Then the sequence {v*}, .y tends to v2 € B for any n e Z.

From the definition of the operator T and the Lipschitz condition of (f,(x)),
we get the following estimate

IT* — T0%|| = sup | Fa(vy) — Fu(op)l
n

n
= sup || 4ty + /(o) = Anth = fu(oD)]
< sup((jl 4| +Dlloy ~ v3l)- (13)
The proof is complete. ||
Remark 1. The operator T is nonlinear and in general it is not invertible.

Remark 2. Bvery sequence x = {x,} is a bounded sotution of Eq. (1) if and only if
it is a fixed point of the operator T'.

We shall show that the existence of fixed points of the operator T is equivalent
to exponential dichotomy for the linear part of Eq. (1).

Proposition 2. The linear part of Eq. (1) has a spectral dichotomy if and only if the
operator T has a fixed point.

Proof. By virtue of Lemmas 1 and 2, since the linear part of Eq. (1) has a spectral
dichotomy, the operator (I — S) is invertible.

Put ny") = (I - S)_lf,,(v,(,k_l)). We have
9 — o) = (T~ ) A — /0

n

<1 =8)7 2l — o).

- n

Ifp=|(I-8)"|{<1, then {o®} — o°.
It implies the desired result; the proof is complete. -

When Eq. (1) satisfies condition (H), then we will get the following results.

Theorem 1. Assume Eq. (1) satisfies Condition (H), and the Lipschiiz coefficient |
is small enough, then (I — T') is invertible.

Proof. Let S be the operator of the linear part of Eq. (1) defined by (7). By virtue
of Lemma 1, since 1 ¢ ¢(S), then (I — S) is an invertible operator. Put L =1 — S,
6=S-T.

From Condition (H) it follows that ¢ satisfies the Lipschitz condition, and
Zip(¢) = I. Applying the inverse function theorem satisfying the Lipschitz condi-
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tion (see in [4]), if / < ||(I — $)7![ !, then we get (L + ¢) to be invertible. This
means that (I — T) is an invertible operator. This completes the proof of the
theorem. ]

The main result of this paper is the following.

Theorem 2. Under the assumptions of Theorem 1, Eq. (1) has a unique bounded
solution.

Proof. This is a direct conclusion from Theorem 1 and Remark 2. ]

In [2], it is proved that Eq. (2) has an exponential dichotomy if and only if, for
every bounded sequence {f,, ne Z}, Eq. (8) has a unique bounded solution
{/2(f), ne Z}. We shall prove below that this is still true for Eq. (1) if it satisfies
Condition (H).

Theorem 3. Under the assumptions of Theorem 1, for every bounded sequence
{qn, n € Z}, the following difference equation

Xny1 = Fy(%n) + gn (14)

has a unique bounded solution {x,(q,), n € Z}.
Proof. From (14), we have
Xnt1 = Txn+1 + qn. (15)

It implies that (I — T)Xy41 = gn.

From Theorem 1, it follows that (I — T} is invertible. That means x,.; =
(I - T)_lqn is a unique bounded solution of Eq. (14).

We now consider the action of the operator T in the space L, = L,(Z, B)
consisting of all sequences in B such that

3 xall? < o, (16)
n=1

where 1 < p < c0. L, is a Banach space on the complex field.
Under the assumptions that 4, is invertible and

sup || 4, ]| < oo, (17)

the equivalence between spectral dichotomy and exponential dichotomy is still
true.

It is proved in [2] that the linear part of Eq. (2) has a spectral dichotomy if, for
every sequence {gn, n € Z}, there exists a unique solution in L, of Eq. (14) for all
neZ.

In general, we prove that the above result is true for Eq. (14) in the same way
as in Theorem 2 and Proposition 2. ]
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Theorem 4. Under the assumptions of Theorem 1 and assume Condition (17) holds,
then for every sequence {qn, n € Z}, there exists uniquely a solution in L, of the
Jollowing equation

Xn+1 :Fn(xn)+qn7 neZ.
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