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Abstract. In this paper, we are concerned with a control problem of the transition intensity of a
Markovian jump process (X;) with values in a finite set when the observable process is a diffusion.
By enlarging the director space, we prove that there exists optimal controls. The separated control
problem is also considered and it is shown that there exists an optimal Markovian filter.

1. Introduction

In this paper, we deal with the control problem of a jump Markovian process (X;) with
values in a finite set I = {1, 2, ..., m}. We control the intensity of jump times and jump
amplitudes of this process by minimizing an objective function of the form (1.1) when
the observation () satisfies the equation

ay, =h@t, X,))+dW;; Yp=0,0<t<T,
where W, is a Brownian motion and # is a certain function.

More precisely, let A be a compact metric space and A(t, 1, j,a) a non-negative
function defined on [0, T] x I x I x A. The phrase “control of jump times and jump
amplitudes" means that if N(¢), i € I is the number of entrances into the state i during
the interval [0, ¢], then the admissible control is a stochastic process, with values in A,
.7-'tY —adapted, namely (), such that

t
N’(t)—/ Ah, Xp,i,up)dh, i=1,2,...,m
s

are martingales after s and the distribution of X; is p, where F} = o (¥}, h < t) and
p = (p1,p2s---, Pm) i Pi =0, p; = 1. Our aim is to find an optimal control ()
which minimizes a cost function having the form

T

J(s,p,u)=E [/c(t, X up)dt + g(XT)], (1.1)
0
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ie.,

J(s, p,u™) = J*(s, p) = inf{J (s, p, u) : u is admissible control}.

This problem has been formulated by many authors (see [1, 6] for example). The controls
so defined are called strictly admissible and it seems to be difficult to prove the existence
of an optimal control among strictly admissible classes except for some special cases.
In [1], Bismut has supposed that the dimension of the observation process (¥;) is rather
large to ensure that the filter equation is not degenerated. Without this hypothesis, the
existence problem so far is still open because the coefficients of the filter equation do
not satisfy convex conditions and we are unable to use the so-called Kushner technique
with the Skorohod topology to show the existence of optimal controls.

Therefore, to overcome this difficulty, in this article we follow the idea of Ekeland
in deterministic controls, so-called “compactification methods", which is applied in
stochastic controls by many authors (see [9, 10, 12] for example) to study this problem.
This means that we introduce a larger class of controls, namely, relaxed controls, to
compactify the class of admissible controls by means of not increasing the value function.
Based on the compacity of the set of relaxed controls it is easy to solve our problem.

" In comparing with the results in [9, 10], by virtue of the finiteness of the state space
of the signal process, the problem that we deal with here is not subject to the uniqueness
of the filter equation, thus we can keep the third space as in Definition 2. This means
that our relation is smaller than in [9, 10]. So far we are still unable to extend this result
to the general case.

The article is organized as follows: in Sec. 1, we formulate the classical problem
with the notion of admissible controls. Section 2 states the relaxed control problem in
terms of martingale problems. Instead of considering the admissible class of controls
we introduce the laws of control processes with values in a space of measures. The
admissible controls can be regarded as a subset of relaxed controls. It is proved that this
extension does not change the value function. We also establish the measurability and
continuity of the solution of martingale problems in the initial conditions and controls.
The advantage of this method is that under relaxed actions, the set of controls is convex
compact. Therefore, by using the techniques of passing to limits, it is easy to show
the existence of an optimal control. In Section 3, we are concerned with the separated
problem. By virtue of the finiteness of the state space of the signal process, we do not
deal with the uniqueness of solutions of filter equations. Thus, it is possible to consider
this equation on the initial space formulated in Sec. 2. After that, by using the same
method as for the control problem of degenerate diffusions to be studied in [10], we can
show the existence of an optimal Markovian filter.

Although our problem is formulated for signal process with values in a finite set, it is
easy to transfer it to the case of denumerable states.

2. Statement of the Problem

2.1. Let us formulate the problem on the canonical space. Suppose [ is a finite set, say,
I ={1, 2,..., m).Let X be the set of all cadlag functions from [0, T]into I. We denote
by (X;) the coordinate process defined on X by X;(x) = x, forany x € X, ¢ € [0, T].
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Because I is a finite set, then the Skorohod topology can be introduced into X in
the following way. The sequence {o,},>1 in X converges to an element « in X if and
only if there exists a sequence of time changes {A,} where A, : [0, T] — [0, T] are
continuous, strictly increasing, A, (0) = 0, A,(T) = T such that
(@)

hn(0) = xn(s)} L5, on
t—s

lim sup {log
=00 i
(b) There exists an M > 0 such that, for any n > M, we have o, < A, = « (see [2,
p. 171]). Moreover, let 7 (x) be the kth-jump time of the element x € X, i.e.,

79(x) = 0; Trp1(x) = inf{z > 1 (x) : X~ 7# x:},

where x; = hlir(r)l x,_p, and suppose N (x) is the number of sums of x on [0, T]. Then
-0+

it is easy to see that the sequence {ot, },>1 converges to « if and only if there exists an
M > 0 such that, for any n > M, we have

N(op) = N(e); Hm Ti(otn) = T (e) (2.2)

foranyk =1, 2,..., N(a).

The space X endowed with this topology is separable and complete. Let X" be the
Borel-field on X and let X; = o (X, : s < t) be the filtration generated by the process
(X;). It is well known that X; is right-continuous.

Suppose A is a metric compact space, called the space of actions. As in the
deterministic case, we give a convex formulation of the problem by introducing
“randomized” controls with values in the space of generalized actions. We denote by V
the set of measures on [0, 7] x A having the form df.q (¢, da) where dt is the Lebesgue
measure on [0, T] and ¢(z, da) is a probability on A for any ¢ € [0, T]. Because A is
compact then V is a weakly compact set. We endow V with a family of topologies of
weak convergence (V;) where V; is checked on the functions which are continuous in
(¢, a) with the support on [0, t] x A. It is obvious that (V;) is an increasing sequence.
We denote by V; the Borel field generated by the open sets of V;.

Let A : [0, T] x I x I x A — R! be a non-negative continuous function such that
A(t,i,i,a) =0 forany (t,i,a) € [0, T] x I x A. The function X plays the role of the
intensity of jump times of (X;) which depends on a control action a € A. To simplify
notations, let (E, £) and (F, F) be two measurable spacesand f : E x F — R a
measurable function, then we set

/ FGy) QG dy) 2 F(x, 00) 2 F(x, Q) = 0.(f) 2.3)

for any probability kernel Q(x, dy) from E into F.
For any ¢ = dt q(t,da) € V and forany f : I — R, we set

(41 )= X [ 2o (£ = 1®) ate, da) 2.4)

JEL

which is called the generator of (X;) associated with the action q.
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Definition 1. A probability measure Q on (X, X) is said to be a solution of the
martingale problem associated with (s, p, q) wheres < T, q € V and p is a probability
on I (in brief: M. P. associated with (s, p, q)), if

= F(X) = f(Xs) = / (A2 £), du 2.5)

is a (X;, Q)-martingale such that
OX,=i:u<s)=p; foranyi €l, (2.6)
where p = (p1, p2, ..., Pm)-

For any i € I, let N'(t) be the number of exits from i of the process (X;) on the
interval [0, ¢], i.e.,

Ni@®) =Y x, =iy 1x,0, 2.7

s<t

where 1p denotes the indicator function of the set B. The following result is well-known
and the proof can be found in [1] or [4].

Lemma 1. If SEIS s the solution of M. P. associated with (s, p, q), then for anyi € I,

175
M'(t) = N'(t) — Ni(s) —f/k(u, Xy, i,a)q(u, da) du (2.8)

is a martingale under S, .

The following lemmas establish the continuity and measurability of S » (s, p,q)
so that it allows us to use the technique of passing to limits or of enlargmg spaces.

Lemma 2.

(1) Forany (s, p, q), there is a unique solution of M. P. associated with (s, p, q).
(2) The map (s, p, q) — S(S p) IS continuous.

Proof. The first part follows from [1, Theorem 1.1] and the second is deduced from [14,
Theorem 3.7, p. 389]. u

Lemma 3. If B € X,, then the map q +— S{,. p) i8 Vi measurable.
Proof. From Lemma 2, it follows that if we formulate the martingale problem on [0, ¢],
then the map g +— Sq OB is V;-continuous. Hence, by approximation methods and the

construction of o -field A}, the result follows. [ ]

We now proceed to describe observations.
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Let (2, ), P)beaprobability space with filtration called the director space satisfying
the usual conditions, and let (¥;) be Brownian motion defined on (€2, );, P) such that
Vi=0, s<t)foranyt eT.

We denote by P;(-) the probability on (2, Yr) such that ¥; — ¥ is a Brownian after
s (e, Ps(Y; — Y, =0, t <s)=1;see[16]).

Let
Fi=[)Yu® V.

u>t

Definition 2. A partially observable control rule (in brief, a control rule) with initial
condition (s, p) is a term (S, F:, R) where
1 -
Q=QxVxX, Fr=()N®V®X
u>t
(2) R = Py(dw).Q (», dg). S(S ) (dx) such that (2 x V, F;, Ps.Q(w, dq)) is a
natural extension of (2, F;, Ps).

Remark.

(1) By Lemma 3, it is easy to see that (K, F,, R)isanatural extension of (2, ), Py).
Therefore, (Y;) is a Brownian motion on @, F:, R).

(2) For any f : I — R, the process (C, ) defined by (2.5) is still a discontinuous
martingale on (Q, F:, R) satisfying the relation

(C, ,Y;)=0 forany 7 € [0, T], (2.10)

where (., .) denotes the Meyer’s process of two martingales.

In this definition, we do not mention processes because we consider the signal process
(X,) and the Brownian motion (¥;) to be fixed. They are defined on (@, F:, R) by
the natural prolongation. In [9], a similar definition is called the “white control rule”.
To obtain observations, we use the so-called Girsanov transformation which leads us to
weak solutions of the equation

dY, = h(t, X;) dt + d (Brownian).

2.2. Girsanov Transformation

Set

! t

Z, = exp{/h(u X,)dY, — thz(u Xu)du} 2.11)

§

It is known that Z; is a positive martingale satisfying the equation
dZ, = Z, h(t,X;)dY,, Z; =1fort <s. (2.12)
Hence, we can define a new probability ih on (Q, Fr) by
R =Zr.R (2.13)

which allows us to obtain the following classical result.
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Proposition 1. Under the probability I
'
(@) -W; =Y, — Y, — [ h(u, X,) du is a Brownian motion.

S
(b) (X;) has random intensity A(t,1, j, q). This means that

1

Ni(t)—Ni(s)—/A(u,Xu,i, q) du

5
. —=h .
isa R martingale.

Proof. (a) is obvious. To obtain (b), we note that (C,f , Y;) = 0. Therefore, (th )isa

Rh—martingale and the result follows from Lemma 1. [ |

2.3. The Cost of Control Rules

We denote by R(s, p) the set of control rules with initial condition (s, p). For each
R € R(s, p), we consider the cost

7
J(s,p,R) = Fh[f c(t, X¢,qp)dt + g(XT)], 2.19)

s

where ¢ and g are two real continuous functions and Q[.] denotes the expectation under
the probability Q.

Our aim is to minimize the cost function J (s, p, .) over R(s, p), that is, to find an
optimal control rule R* € R(s, p) such that

J(s, p, R*) = J(s, p) = inf{J(s, p, R) : R € R(s, p)}. (2.15)

2.4. Existence of Optimal Control Rules

The compactification formulation mentioned above allows us to easily obtain optimal
control rules. Let us recall that (see [15]) the sequence of control rules {R,} C R(s, p)
converges in stable topology to R if and only if, for any f € M5 .(Q; V x X)
(i.e., f(w, g, x) is measurable in w, continuous in (g, x) and bounded), the sequence
R.(f)= [ f(®,q,x)dR, convergesto R(f) = [ fdR asn — oco. By virtue

QxVxX
of Lemma 2, S,  is continuous in . Hence, if R, = R,.S, »)» then the convergence

of the sequence {R,} to R is equivalent to the convergence of the sequence {R,} to R in
stable topology on Q x V. Moreover,

Proposition 2. If{R,) isa sequence of control rules convergent to R in stable topology,
b —h
then the relative sequence {R,,} converges to R asn — oo.
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Proof. 1t suffices to show that Z7 (w, x) is continuous in x for almost sure w. Suppose
that 7z(x) and N(x) are defined as in Subsec. 2.1. for all x € X. It is obvious that
T

X f h(u, X, (x)) du is continuous in x. On the other hand, we have
5

it 7P
[ b xan = 3 [ hed Xy ar,
% iel
N(x) T ( )+T (x) Tk(x)
X
=3 X("—"—‘) / h(u, i) dY,.
iel k=1 T (%)
/i i
From Subsec. 2.1., it follows that the maps x > X* (k(x);zkl(jz), x = N(x),
x > Tk (x) are continuous. Hence
X = /h(u, X ds,
is continuous. This implies that Z7 (w, x) is continuous in x. ]

Corollary 1. There exists an optimal control rule which minimizes the cost function
(s, ps. )
Proof. Let {R,)} be a sequence of control rules such that Jim J (s, p, R,) = J(s, p).

Suppose R, = Rj, S for each n. Since V is compact, it follows that { R, } is relatively
compact Hence there 1s a subsequence {R,,} convergent to an R*. It is clear that

=i R S(s » is a control rule. Therefore, the subsequence {Rnk} converges to R

in stable topology. By Proposition 2, it follows that the sequence {Ezk} converges to R™"
"

as nxy — 00. Since fc(t, X;,q)dt + g(Xr) is continuous in (g, x), we conclude that
0

lim J (s, p, E,,k) = J(s, p, i*) = J(s, p). This means that R"is an optimal control
rule. The proof is complete. ]

2.5. Comparison Between the Initial Problem and the Relaxed Control Problem

We have easily proved the existence of an optimal control for the relaxed problem. We
now come back to the initial problem which is posed in Sec. 1 in order to compare the
value functions of initial and relaxed problems.

If (u,) is a strictly admissible control, then the map

o (w, &, dt)

induces a probability measure R on the space 2 x V whose projection on Q is P. It is
easy to see that in this case

R = R(dw, dq) - S(S p)(dx)
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is a partially observable control rule. This implies that
J(s,p) < J*(s, p)

for any (s, p). The inverse relation is proved by a similar argument in [10, 13] with
the aid of the so-called “chattering lemma” which says that every control rule can be
approximated by a sequence of laws of admissible controls.

Thus to solve the initial problem, we have to relax the class of admissible controls. But
this extension is the smallest in the sense that the initial value function and the relaxed
one are equal.

3. Equation of the Dynamic Programming Principle

We follow the method dealt with in [11] to obtain the dynamic programming principle
by using the stability of control rules by conditioning and concatenation.

Let R € R(s, p) be a control rule and t a F;-stopping time bounded by T. We denote
by R(z, R) the subset of R(s, p) whose restrictions on F; coincide with the restriction
of Ron F;.

Stability by bifurcation: N -
Let B € F;, Ry € R(z, R1). We define a control rule R3 by

R3(C) =Ry(BNC)+ R (B°NC) (3.1)
for any C € Fr, where B¢ denotes the complement of the set B.
Proposition 3. R3(.) defined by (3.1) is a control rule.

Proof. 1t is obvious that R3(dw,dq,dx) = Ps(dw).Q3(a),dq).SZv,p)(dx), where
Q3(w,dq) is a probability kernel from Q into V. Thus it remains to show that
(Q x V, 7, P;.0Q3) is a natural extension of (2, );, Ps). This means that we have
to prove that, for any I' € V;, the map w — 03(w, ') is )V,-measurable (see [3]).
Suppose R; = P, (dw).0" (w, dq).SEIsyp) (dx) for k = 1, 2. First, we show that
0l (1p) = Q>(1p) forany D € F;, P; — a.s. (3.2)

(see notations (2.3)). We set

oyl ] Ipnr=n [0} @, dg) — 0w, dg)].

Vv

Then, since R;(.) and R»(.) are two natural extensions of (Q, ), P;), it s easy to see
that (¢;) is a martingale. Moreover, since the filtration (¥;) is continuous, then it follows
that the martingale (¢;) has the continuous trajectory. On the other hand, (¢;), of course,
is a process with bounded variation. Then it follows that ¢, = 0. This means that (3.2)
holds.
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By this result, we can prove that the map @ — 0%*(w, T) is ), -measurable. It is
obvious that

Q*(w,T) = 0%(w, f)-{—lenr[Qz(w,dq) - Q'(w,dg)].

14

Putting D = BN T, we obtain

/ 15[0 (@, dg) — Q*(w, dg)] = / LA, W aiaM e i)

- f Loniesi[ Q4 (@, dg) — 01, dg)].

Since D N {t > t} € F;, then the second term of the right-hand side is zero. Moreover,
BNTN{r <t} € F,, therefore, the map w > [ 1pnir<n[@*(@,dq) — Q' (w, dq)] is
V,-measurable. Therefore, the );-measurability of w > 03(w, I) follows. Proposition
3 is proved.

Definition 3. Let T be a F;-stopping time bounded by T and R € R(s, p) a control

rule.
(a) We call

IR =R'[o] | F]

the conditional cost of the control rule R given by F.
(b) The term

J(z, P,R) = inf{I'(r, R) : R € R(z, P)}

is called the optimal conditional cost of R.
(c) A control rule R is said to be (t, R)-conditionally optimal if R~ € R(t, R) and

G, R)=J(x R). (3.3)

Proposition 4. (Principle of optimality) If T < p < T are two stopping times and
R € R(s, p), then we have

R, B/ F1= I, R). (3.4)

The equality takes place in (3.4) forany T < p < T ifand only if R is an optimal control
rule.

Proof. The proof of this proposition can be found in [11] by using Proposition3. &
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4. Separated Problem

We now proceed to study the separated problem, that is, to consider the controlled
filter equation of the signal process (X;) with respect to the observation (¥;). The
techniques that we are going to use here are similar to those in [9] to obtain an optimal
Markovian filter. However, we can consider the filter equation on the space «Q, 7’,, R)
stated in the above-mentioned problem without transferring to the canonical space. It
is possible to do that because the signal process in this case takes only a finite number
of values and this process is completely described by the set of indicator functions:
(Xi@t) = lix,—;}, i € I}. Thanks to this property, we do not need to deal with the
unique solution problem of the filter equation.

4.1. Filtration Equation
Let (Z;) be defined by (2.11) which satisfies the equation

{ dZt — h(t, X;).Zt.dYt,

4.1
Z; =1 foranyt <s. ¢-1)

Itis kIE)WIl that there exists a universal version of (Z,) such that (4.1) is fulfilled R —a.s.
for any R € R(s, p) (this means Doleans—Dade’s solution). Based on this solution, we

can establish the filter equation for R [X (@) ) F.
Let R € R(s, p) be fixed. By Definition 1, the process

t
¢/ = f(x) - f(Xy) - f(Az Fx, du “4.2)

is an R-martingale which satisfies the relation

/', ry=o. 4.3)
Hence, by using Ito’s formula, it yields

1 1

Zf (X)) = Zs £(Xs) + f Z, (A f)x, du -+ f Zof VP4 X

S, s
04
S / Z,dc;. 4.4
s

Since (C,f ) is a martingale with respect to SE]S, p)» We have

t

f [ / Zu(, ) dC]| St ,, (@dx) =0. @.5)

X &

On the other hand, using Lemma 3 (in Sec. 2), it follows that the map

@.9) ~ f Z, f(X) h(u, X,) S5, (dx)
X
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is F,-measurable. Therefore,

t

f [ f Zu £ (X) hu, X) Y, | S, ) (@)
X s
I

= / av, | / Zu FX) R, XSG, ) @) .6)

s X

Taking the integral of measure Szv, » of both sides of (4.1) and noting (4.5) and (4.6),
we get

f Z: f(X)) L, (dx) = f F(X5) Zs SE, ) (dx)
X

X
; . (4.7)
+ f dy, / Zy f(X) h(u, X,) S§; ) + f du f Z, (AL f) S, ) @dx).
s X s X
Setting f = §;, i € I and letting
', w, q) = f X'(t) Zi(, x) S, ,, (dx), (4.8)
X
we obtain the equation
dil' (@) = [ D M, j,i, ) TV (@) — o'(t, @) ()] dt + h(t, i) IT (1) dY,,
J
() =p; fort <s, i€l 4.9)

where p = (p1, P2, ..., Pm)-

Remark. The filter equation (4.9) has been obtained by many authors in different ways.

4.2. Cost of Controls in the Separated Problem

LetR = R.S¢

e € R(s, p), then it is easy to check that

T
J(s,p,R) = ih[fC(t, X, g dt + g(XT)]

s

T
=R [ Lewiomar+ Y som@)]

v
= R[/Zc(t, i,q) IT dt+Zg(i) n"(T)]

2 ¢(s, p, R).
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Denote I(t) = (IM',112,...,11"), C(t,a) = (c(t,1,a),...,c(t,m,a)) and
g = (g(1), g(2),..., g(m)). We are then able to formulate the separated problem as
follows:

Let Q = C([0, T], R); {¥; — Ys} be a Brownian motion after s is defined on
(2, Vi, Py)suchthat Yy = o (¥, : u <t).

Definition 4. The separated problem is a term to describe

(a) A family of probability measures R(s) on (2 x V, F;) such that for any R €
R(s), (2 x V,F;, R) is a natural extension of (», Yy, P;). Each element of R(s)
is called a rule.

(b) For every R € R(s), we consider the (unique) solution T1(t, w, q, s, p) of (4.9)
starting from p att = s. Let us associate the rule R and the solution T1(t) with a

cost
i

top RO =R[ [lct.o), Toydr+ (g, man] @i

s

where (., .) denotes the scalar product on R™.

Our aim is to minimize the cost function (4.11) over the set of rules R (s). The following
lemma plays an important role in investigating the problem.

Lemma 4. There exists a universal version of solution of (4.9) such that for any fixed
(t, w), the map (q, p) — TI(t, w, q, p) is continuous.

Proof. Suppose I1(t, w, q, p) is defined as in (4.8) where Z; is a universal version of the
solution of (2.12). By Proposition 2 in Sec. 2, Z, (w, x) is continuous in x. Furthermore,
if

D = U{x € X : X'(¢) is discontinuous at x}
iel

=xeX: X, #X }={xeX:) dN'(t)#0},

then it is known that S7, (D) = 0 for any (s, p, ¢). This implies that Z; (e, x) X' (¢)

is continuous in x except fora S¢; p)-hegligible set. Hence, it follows that [ Z, X' () S{, ) (dx)
&

is continuous in (p, q). |

Since V is a compact set, it is clear that the set R(s) is convex and compact. In [9],
the authors have proved that the map s — R(s) is continuous. Hence this leads to
Theorem 1.

Theorem 1.
(1) There exists an optimal control rule for the separated problem.
(2) Let

R*(s, p) = (R € R(s) : £(s, p, R) = £(s, p)},

where £(s, p) = inf {£(s, p, R) : R € R(s)}. Then R*(s, p) is convex, compact
and the map (s, p) — R*(s, p) is upper-semi-continuous (in brief: U.S.C).
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7
Proof. Sincethe set R(s) is convex and compact, and by Lemma4, g — J(C@, q), I(t))dt
0

+ (g, TI(T)) is continuous, it follows that £(s, p, R) is continuous in R in stable
topology. Therefore, £(s, p, .) reaches the infimum on R(s). This means that the set
of optimal rules is not empty. We yield (1).

We note that £ is continuous in (s, p, R). On the other hand, the map s — R(s) is
continuous in s. So, in order to obtain (2), we follow [9, Theorem 5.7] to show that
R*(s, p) is U.S.C. The proof is complete. ]

We now turn to the existence of an optimal Markovian rule. We are using the same
techniques as in [9, 10]. The only small difference is that, here, we work on the space
Q x V, not in the canonical space of filtration. From the uniqueness of solution (4.9) we
have

M, s, p) = (¢, u, (u,s, p)) forany s <u <r1.

The set of rules R(s) is stable by a conditional operator. This means that for any
stopping time ¢ < T and forany R € R(s), let R5(.) be aregular conditional distribution
of R given F,. Then there exists an R-negligible set N such that if ® ¢ N we have
R5(.) € R(t(@)). On the other hand, R(s) is also stable by concatenation: suppose that
@ — Rz(.) is a measurable map from € x V such that R5(.) € R(z(®@)) for any w.
Then we have R ® R, (.) € R(s) for any R € R(s)-

By virtue of these properties, we can establish the dynamic programming principle in
a similar way as developed in [9, 10].

Theorem 2. Let v < T be a stopping time. Then

£(s, p) = inf {R [[(c(t,q), () dt + £(z, n(r))] ‘Re R(s)}.

Proof. See [9, 10, Sec. 4, part II]. [ ]

Corollary 2. The set R*(s, p) of optimal rules is stable by concatenation and
conditioning.

4.3. Existence of an Optimal Markovian Filter

The equation of the dynamic programming principle allows us to select an optimal
Markovian filter by following Krylov’s ideas.

Theorem 3.

(1) There exists a family of optimal rules Q*(s, p) defined on (2 x V, Fr) whose
restrictions on Fr-generated by process {I1(t), t € T}, consists of only one element,
namely, ’; » such that (2 x V, I1(2), Q;k, p)isa strongly Markovian process.
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(2) There exists a g* : [0, T]1 x R™ — V such that the Markovian process
@ xV, @), 05 o) has the generator

32
I e =g+ 3 [T Pa)q’ . p.da) L+ 3 PMARY p’;,

iel

where

X, p,a)=) A j.i,a) pj - a'(t,a) pi.
jel

Proof. The proof is adapted to [14, p.293] and is the same as in [10].

Let {#} be a dense subset of [0, T] and {®,} a dense subset of Cy[0, T] x R™. Let
{(tm, ®m)} be an enumeration of {(#, ®,) : n > 1, k > 1}. We define by induction the
following control problems

R5(s, p) = {R € R(s) : R optimal for the initial problem},
Rot1(s, p) = [R € Ry(s, p) : R[@u(tn, T(2a))] = Un(s, p)},
Un(s, p) = inf {R [®y(t, TIE))] : R € REGs, p)}.

For each n, the set R (s, p) is non-empty, compact, convex and stable by conditioning
and concatenation and the map (s, p) > R (s, p) is U.S.C. Therefore, their intersection
is a compact non-empty set denoted by Q*(s, p), that s,

Q*(s, p) = | Ri(s, ).

n=1

It is easy to see that the restriction of Q*(s, p) on F. I — o(I1(¢) : t < T) consists
of only one element, namely, QF p- The stability by conditioning implies the strongly
Markovian property of the process I1(z) and we get the first part.

In order to obtain the second one, we remark that under the probability Q*
process I1(z) is a semi-martingale and a strong Markov process.

Therefore, according to Motoo’s theorem (see [5]), I1(r) admits a decomposition
into a process with finite variation in the form A* (¢, I1(¢))dt and a martingale additive
functional whose increasing process is associated with the matrix a* (¢, I1(z))dt, i.e., the
Markov process (I1(z)) has the generator

s,p’ the

0
L*f(t, py = 2&P) (s P) L %V, £, P)) + Via*(t, PV, £ (s, p),

where V,, denotes the gradient operator in p.
This decomposition does not depend on the initial law. The uniqueness of the
decomposition implies that

Q5 ,-dt as. A, TI@) = A, T1(2), gy);
a*(t, p) = diag(h(t, D) pu, ..., h(t, m) pm),
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where Xi(t, p,a) = Zjel A, j.i,a)p; — ai(t,a)pi fors % = 911,52 Jim - land

— _1 -
At poa) = @t p,a), .., X (1, py @)
Thus, if we denote by v ,(-) the potential kernel defined by

T
s, p(f) =05, | exp 7% f(t, TI(r)) dt,

then v; , a.s. we have A*(¢, p) belonging to coA(t, p, A), the convex closed hull

of A(t, p, A). Let us denote B = {(t, p) such that A*(t, p) ¢ coA(t, p, A)}. B
is a Borel subset negligible with respect to vy , for each (s, p). The graph B¢ N
{(t, p, q); M, p, q) = A*(¢, p)} is Borel and has no empty sections.

From the selection theorem (see [7]) there exists a universally measurable mapping
q*(t, p,da) from [0, T] x R in P(A) such that

/\*(t,P) =X(t7 p, q*(t» p)) o [qx(t» P’a)q*(t» D da) V(t! P) ¢ B.

The proof is complete. @
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