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Abstract. We are dealing with some eigenvalue problems with singularity for second order ordinary

differential equations. The existence of a countable set of real eigenvalues and eigenfunctions is

established. The high order of smoothness of eigenfunctions are investigated.

1. Introduction

The eigenvalue problems for ordinary differential equations with homogeneous boundary

conditions arising from applied mathematics have been investigated by many authors

and interesting results have been obtained [1-7]. The problems in which eigenvalues

are involved in the boundary condition(s), arising from mechanics [2], are called in

[2] eigenvalue problems with singularity and have been considered there for particular

cases. In this paper, we are dealing with such problems. We shall prove the existence of

a countable set of eigenvalues and eigenfunctions and the smoothness of eigenfunctions

for second order ordinary differential equations; these questions were not investigated in

[2]. The high order of smoothness of eigenfunctions will be used when we approximate

eigenvalues and eigenfunctions by finite difference or finite element methods (see [1, 4,

7l for eigenvalue problems with homogeneous boundary conditions).

2. On the General Weak Eigenvalue Problem

Let
(i) fI and V be infinite dimension Hilbert spaces (on R),

* This work was supported in part by the National Basic Research Program in Natural Sciences,
Vietnam.
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(11) a(u, u), (u, v) e V x V be symmetric, continuous on y and V-elliptic.
Then a(u, u) can be used as a new inner product in V and the new norm llzllo :

{a(u,u)}r/z is equivalent to the norm llall v. The space V with this new inner product

and new norm is a Hilbert space (on R) and is denoted by yd.

Denote by Vn the closure of V with respect to the norm in 11'

Consider the eigenvalue problem in a weak forml. Find a scalar ),, called eigenvalue,

and an element u e V, u + 0 , called eigen element, such that

a(u, u) :  ) , (u,  u)s Yu e V.

Under assumptions (i) and (ii), we have the following:

(2.r)

Lemma 1.
(l) The weak problem (2.1) has countably many eigenvalues which are real, have no

finite limit points and can be arranged as

0 < l r  < ) '2  < . . .  < ) 'm .  . . .  Lm -+ *oo. (2.2)

(2) The corresponding eigen elements {u^ e V} are orthonormal in H, and they form
an orthonormal base in Vs; the elements [)"-r/2u-] form an orthonormal base in
va.

Proof. The statement of Lemma L is slightly different from that of [5, Theorem 3, p' 195]

and [6, Theorem 6.2.1]. However, the proof can be done analogously. We proceed as in

[5] and notify only those features which are different from [5].
First, we note that the problem (2.1) can have only real eigenvalues.

Now, we prove the existence of (1,r, zr). Consider as in [5, pp. 195] the functional

a(u, u) l lullz"
@(Ul  :  _= . -  :  _ - - - * ,  U  e  V .

(u .  u)n l lu l l 'u

Let
L r : i n f { 9 ( u ) :  u e V } .

Since the imbedding V ,-+ H is continuous and the bilinear form a(., .) is V-elliptic,

\t > c: const > 0. As in [5, pp. 195-196], we can prove the existence ofa sequence

{un e Vl which is a Cauchy sequence in .FI such that

l lu, l ls :7, l lu"l lZ --> )"1 as n -+ oo,

a(vn ,q ) -L r@r ,n )n  - ->  0  V r7  e  V  as  n  - ->  oo ,

llun - u,,llZ - xrllun - v,,11211 --+ O as n, n' -+ oo .

Since {un } is a Cauchy sequence in H , (2.5) shows that it is also a Cauchy sequence in
Vo. Since Vo is aHilbert space, there exists an element u e Va, that is, u e V, such that

l lu r -u l lo  -+  0 ,andhence, l l vn-u l l v  - ->  0asn -+  oobecausea( . , . ) i s  V-e l l ip t i c .By
(1), u e fI. Since the imbeddingv + 11 is continuous, llu, - ulln -+ 0 as n --> &.
Hence, by passing to the limit, (2.4) yields

(2.3)

(2.4)

(2.s)

a ( u . n ) : L r f u . n ) n  Y 4  e V .
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Moreover, Eq. (2.3) proves that llulln : 1 and llullT : \.
So the existence of ).1 and ur : u e V, ur # 0, llurlln : l, llulll" : Jfi

satisfying (2.1) is established.
The remainder of the proof can be done analogously to that in [5, pp. 189-198]. r

3. First Eigenvalue Problem with Singularity for Second Order Ordinary
Differential Equations

3.1. Statement of the Problem in a Strong Form

Letp(x) ,  q(x) , r (x)  begivenfunct ionson[0,  1]andos,  01 ,  r0,s1 begivenconstants
satisfying

p(x) ,  p ' (x) ,  q(x) ,  r (x)  e C\LIO,  l ] ,  pc:  in teger  > 0,  (3.1)

0 < c o  <  p @ ) < c r ,  O < q ( x ) < c z ,  0 < c 3 1 r ( x ) < c a ,  G . 2 )

o o > 0 ,  o t > O , o o * o t > 0 , s 0 > 0 , s 1 > 0 ,  ( 3 . 3 )

c l  :  c o n s t ,  i  =  0 ,  1 ,  2 , 3 , 4 ,

Consider the eigenvalue problem in a strong form: Find a scalar )., called eigenvalue,
and a function u(x) e C2IO, lf not identically equal to zero, called eigenfunction,
satisfying

L u : : - ( p u ' ) ' + q u : ) " r u , 0 < x < 1 ,  ( 3 . 4 )

Isu :: - p(O)u'(O) + osu(O) : i.soz(O) , (3.5)

l 1u  i :  p ( l ) u ' ( l )  - f  op ( I ) :  ] , s ra ( l )  .  ( 3 .6 )

We note that in the problem (3 .4)-(3 .6), the parameter ,1, is also present in the boundary
conditions and that is why it is called an eigenvalue problem with singularity [2, pp.
4464471.

3.2. Problem in Weak Form

Denote by Hk(o,l) the Sobolev rpu."r W2(k)(0, l) (see Sobolev spaces in [6, g] for
instance).

Let

V :  H r ( o , l ) ,  H  -  { u l u  e  L 2 ( 0 , 1 ) ,  l u ( 0 ) l  <  o o ,  l u ( l ) l  <  m } .

In other words, .FI is a subset of L2Q, D consisting of u e L2(0, l) such that haces
u(0) and u(1) are well defined and

7 I
(u, u)n : l-  r@)u(x)u(x)dx * soz(0)u(0) * sra(1)u(1) , l lul ln : 1u, f i l !2.

JO

V : Hr (O,l) is a Hilbert space; it is obvious that H is also a Hilbert space (on R)
andV c H.

If u e HL(0, 1), then u e L2(0, 1), and by the trace theorem [6, 8], a(0) and z(1)
arewel ldef ined:  la(0) l  < oo,  lu  (1) l  < oo.Hence,  V :  H1(0,D c n.

From [8, pp. 360-361], we deduce the following:
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Lemma 2. In Hr(0,1), the norms

llallsrlo,ry :: { l lr- ' l l2r,e,D I l l '127'1s,D}r/2 '

l lzl lr  : :  l lu' lu,,rol1 l lzl lr , io,rt ,  l lul lz.: l lu' l l r ,Q,tr * lz(0)l + l&(1)l '

, llulft:: llu'llr,ro,t + lrz(0)l , llull+:- llu'llr,ro,tr + lz(1)l

are equivalent to one another.

Letu e Hl(0, 1). FromLemma 2,wehave

l l r l l r , ro,r t  < l la l lsr lo,ry ,  lu(0) l  + lz(1) l  i : l lu l lz < c5l lal l r r '10, r ;  '  cs :  const '

Then by addition we see that the imbedding V : Hr (0' t) ''-> H is continuous'

Now, by the imbedding theorem ta, pp.359,3721, the imbedding F11(0, 1) '-->

Lze, t)is compact, anO ty Lemma 2,i,irie set {z} is bounded in A1(0, 1), the sets

trfbll *a {ulf} arebounied and therefore possess Cauchy subsequences' Hence' the

imbedding V : Hr (0' 1) '-+ Il is compact'

Consider in V : Hl(0, 1) the bilinear form

7 r
a(u, v) :  l '  pt i r '  @)v'(x)+q(x)u(x)u(x) ldx*oou(0)u(0)*oP(l)u( l ) '  u '  v e V '

J O

Then the general weak eigenvalue problem (2'1) takes the form

1 r
I lp@)u,(*)u'(x) + q(x)u(x)u(x) ldx * ooa(0)u(0) * op(I)u(r)  :

JO

x l  [ '  ,g>utx)u(x)dx*  sou(O)u(0)  *  sr rz( r )u( l ) ]  v ,  .  v  :  Ht (0,  1)  .
L Jo ' (3.7)

It is obvious that a(u, u) is symmetric' We have

la (u.u) l  =  ru l  [ '  < lu , l . l r , l+  lu l . lu l )dx+ lu(0) l . lu(0) l+  lz( l ) l . lu( l ) r l  .  c r  :  const .
L J 0  

l ' l u  l r  l u l ' l e l ) u J '  I  r e ' \ v / r ' r -  '  ' '  '  '  ' ' l

Then, from Lemma 2 and the Cauchy-schwarz inequality' we have

la (u ,u ) l  <  c t { l lu l l v  l lu l l v } ,  c7  :  cons t ,

thatis, a(u,u) is continuous on V : Hl(0, 1)'

Next, we assume under restriction (3.3) that oe > 0 for fixing the idea' Let

u e H1(0, 1). we have

a(u, u) z [' p@)tu'1t112dt * oolz(0)]2 '- ,,e{llu'll2L,(0, r; * [z(0)J2]
J O

> cs1llu' l lL,Q, r1 * lz(0)l} ' '  c8' ce: const '

Then, by Lemma 2, a(., .) is V : Hr (0, l)-elliptic'

Soassumptions(i)and(ii)areverif ied,andbyLemmal,wehavethefollowing:



On Eigewalue Problems and Second Order Ordinary Dffirential Equations 115

Theorem 1.
(l) The problem (3.7) has countably many eigenvalues which are real, have no finite

Iimit points and can be arranged as (2.2).

(2) The corresponding eigenfunctions {u^(x) € V : HL(0, l)l form an orthonormal

base in Vn; the functions {}r^r/2u^} form an orthonormal base in Vo.

Note that

l lu,nl ls : l ,  l lu^l l" :  J),^.

3.3. Results Concerning the Problem in Strong Form

We have the following:

Theorem 2.
(l) Each solution Q,, u(x)) of the strong problem (3'4)-(3.6) is a solution of the weak

problem (j.7).
(2) To the solution Qq,wQ)) of the weak problem (3.7) conesponds a solution

(),r, ur (x)) of the strong problem (3.4)-(3.6) such that

q e CI"+210,  1 l  ,  l lur  -  ur l lv=nrr , ,  l )  :  0 ,  l lu l  l ls ,+21e,1)  < cto L l tu+r) /2)+t ,
(3.8)

where cg is a constant independent of u1 and q.

For the proof, we consider at first the boundary problem:

Lz : :  - (p (x )z ' ( x ) ) ' *q (x )z (x ) :  f  ( x ) ,  0  <  x  1 I ,

Ioz := -p(0)z'(0) + ooz(0) : go,

117:- p(I)z ' ( l )  I  o17(l)  :  91 ,

where p(x), p'(x), q(x) verify (3.1)-(3.3) and

f ( x )  eC ' [O ,  1 ] ,  0  <  u  : i n tege r  <  F ,  80 ,  8 t  e  P '

Then we have

Lemma 3. The boundary problem (3.9)-(3.12) has a unique solution z:

(3.r2)

(3 .13)

(3.14)

l

+ |  l l / ( r )  l l r , to ,  r t )  ,  i  :0 ,  . . . ,  u  ,
k:o (3.15)

(3.e)
(3.10)
(3.11)

z e cv+210, rf ,
l lzl ls ' ,0, 1) < clr{ l l" f  l l  he,D * lgol * lsr l}  '

llzllH;+z1s,ry < cn{llf l|:',,<0, rt * lgol * lgrl

where c11 and cp are constants independent of z.
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Proof. For the existence and uniqueness ofz(x) satisfying (3.9)-(3.11) and (3.13), see
[4, pp.79-80]. Thereafter, taking the inner productin Lz(O,1) of (3.9) by z(x) and
taking into account (3.10) and (3.11), we have

a(2 ,  z ) :  (F ,  z )n  , (3.16)

where

F  :  F ( x ) :

Then, by (i) and (ii), Equation (3.

i f 0 < x < I ,

i f x : 0 ,

i f r : 1 .

l lz l l "v  3 cnl lF l ln  . l lz l ln  < c:a l lF l ln  . l lz l lv  ,  c13,  cr4:  const .

This implies (3.14).
Since z verifies (3.13), we can differentiate (3.9) successively and with the help of

(3.14), we get (3.15) step by step. I

Proof of Theorem 2. The first part is obvious - it follows from the inner product in
Lz(0, l) of (3.4) by u(x) € V : Hr (0, l) and the boundary conditions (3.5) and (3.6).

For the second part, let ()q , W@)) be the solution of the weak problem (3.7). Then

u l  e V : H 1 ( 0 ,  1 ) ,  a ( u 1 , u 1 ) - ) " 1 ,  l l u t l l n : 1 .

By the trace theorem [6, 8], ar(0), u1(l) are well defined, and by the imbedding
theorem [8, pp.359,372], q is equal almost everywhere (a.e.) on [0, 1] to a function
ir1 € Cl}, Il.

Consider the auxiliary boundary value problem.

Lw1 : :  - (p(x)w\(x)) '  *  q(x)w(x)  :  ) "1r(x) f i1@),  0 < x < 1,  (3.17)

Iswl :: -p(0)ui(0) * oourr (0) : l.rsozr (0) , (3.18)

l 1w1  : :  p ( l )w r1 )  *  o rw r ( I ) :  i . r s ra r ( l )  .  ( 3 .19 )

By Lemma 3, this problem has a unique solution u.r1:

wl e c210, l l

l lurl l l1r,io, rt < cts)'r{ll itr l lz,(0, r) * lzr(0)l + lur(1)l}
:  c15Lr{ l lur l l r ,<0, r t  *  lzr(0) l  + lar(1) l)
: c$Lrllutlln < ctsLr , c15 : const.

Analogously, Lemma 3 yields

l lu. '1 l lg '10, r1< c6)r1{ l l f i r l l r , (0,  r)  + l l , l l (0) l  + lar(1) l}
= crc) ' r{ l lur l l r , to,  r l  + lu r(0) l  + lur(1) l}
: cr6Lrllutlln < crcLt , cl6 : const.

(3.20)

(3.2r)

(3.22)
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Tirking the inner product in Lz(0, 1) of two members of (3.17) by u(x) € V :
H'(0, 1), we have after integration by parts

7 1
I  lp?)ri@)r'(*) + q(x)w1@)u(x)ldx * p(0)u. ' i(0)u(0) - p(1)ui(1)u(1)

J O

f r
: )t I r(x)frr(x)u(x)dx .

J O

Then taking into account boundary conditions (3.18) and (3.19), we have

7 1
I  lp@)r ' r (* )u ' (x)  *  q(x)wr@)u(x) ldx *  osul (0)u(0)  *  orur(1)u(1)

J O

7 l
: xi I r(x)il(x)v(x)dx * sou(O)u(0) + srzr (1)u(1)l . (3.23)

JO

From (3.7), wherc u is replaced by w, and (3.23), where fr1 : uL a.e. on [0, 1], we
obtain

a (U ,  u )  :  a (w1 ,  u )  ,  Vu  e  V .

So we have llwr - utllo : 0, and hence,

l lwt -  ut  l ln ' (0,  r)  :  0.

From(3.24) and Lemma 2,wehave

(3.24)

ur1 (0 )  :  u1 (0 ) ,  t u1 ( l )  :  A0 ) .

From (3.24), we also have u1 : u)r a.e. on [0, 1]. Since u1 : itr a.e. on [0, 1], then
itL : wt a.e. on [0, 1]. Hence,fir : ?rl everywhere on [0, 1] because they are both
continuous on [0,1]. We also deduce that zr(0) : irt(O), w(l) : frr(1). Therefore,
Eqs. (3.17)-(3.19) coincide with Eqs. (3.4)-(3.6). So .1.1 and ul satisfy the problem
(3.4)-(3.6) and the relations (3.20)-(3.22) and (3.24) prove that (3.8) is verified for

&  :0  w i t h  u t : 1D1 .
If p, > 0, we put K : [(lr + l) 12] and consider auxiliary problems:

Lw*+t  :  ) . t r (x)w*( : r ) ,  0  < x 1 l ,  low*+t  :  i , rsor t r (O),  ILwk+r :  l . rsrurr ( l ) ,

k : 1 , 2 , . . . ,  K .

Using Lemma 3, we can prove step by step that wp, k :2, ..., K * 1, exist and

wp  e  c2k1o ,  11  ,  k  : 2 ,  . . . ,  K  ,

t C2K+l [0. ll if r"c is odd
wx+r € l  

. r ' . , . . , j  ; ; ; ; ; ; ; ,  
that is ,  u ' ; r+r  e  cP+2to '  r t ,

l lurr+r l lHp+,(g,t1 < c17)"f+r - crr)jr@+t)/zl+t , c17 : const. T H U  V t H l t
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Now, by subtraction, we have for k : l, 2, ..., K and wg : a1

L(wr+r  -  uk)  :  ) " t r (x) lw*(x)  -  wk-r@)1,  0 < x < 1,

Io(wn+t - wk) : ),rso[u.'t(0) - u/.-l (0)],

h(wt+r - wk) : i,rsr[u,,r(1) - t /.-t(1)] .

By Lemma 3, we have

l l u r+ r  -  wy l lH ,e ,D  <  cLs l lwK  -  wK- t  l lH '1s , r y  5  . . .

< c lg l lwr  -  u . r6 l lH '1s,  ry :  cp l lwl  -  u l l lH 'e, l )  :0 ,  cr l ,  c lg :  const .

Therefore,

l l u r+ r  -  u l l l s ' p , r y  <  l l u r+ t  -  u5 l l r r , 1s ,  r l  *  l l u r  -  wK- r l l l r ' 16 ,1y  *  " '

*  l l u r r  -  u6 l l s , i 6 ,1 )  :  0 .

So (3.8) is verified with u1 : Il)K*r. I

3.4. On Finite Element Approximation

From the above results, to approximate the first solution of the strong problem (3.4)-(3.6)
under assumptions (3. 1)-(3.3), we only have to approximate the solution (,x,1 , z 1 (x)) of
the weak problem (3.7).

For this problem, we can apply the finite element method [7].

4. Other Problems with Singularity

We can consider problems with other boundary conditions, for instance, when the
boundary condition (3.5) is replaced by one of the following:

ur(0)  :  g ,  (4.1)

-p(0)ur'(0) * o6u.r(0) : Q, (4.2)

or when the boundary condition (3.6) is replaced by one of the following:

ur( l )  :  g ,  (4.3)

-p ( l )w ' ( I )  *o1u r (1 ) :Q .  (4 .4 )

These problems are presented in [2] as problems arising from mechanics.
Concerning the problem (3.4), (3.6) and (4.1), we put

l /  :  { u l u  €  H1 (0 ,  1 ) ,  u (0 )  : 0 } ,  g  :  { u l u  e  L2 (0 ,1 ) ,  l u ( l ) l  <  m} .  ( 4 .5 )

The corresponding weak eigenvalue problem is

p I
I  lp( r )u ' ( r )u ' (x)  *  q(x)u(x)u(x) ldx *  o1u(r)v( l )

J O
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7 r- Tt lJo r(x)u(x)u(x)dx I  sp(I)u( l ) l ,  Vu e V. (4.6)

Concerning the problem (3.4), (3.6) and (4.2), we put

y : F 1 1 ( 0 ,  1 ) ,  g : { u l u  e L z ( O , 1 ) ,  l u ( 0 ) l  <  m ,  l u ( l ) l  <  o o } .  ( 4 . 7 )

Then the corresponding weak eigenvalue problem is

7 l

I lp(*)u'(*)u'(x) + q(x)u(x)u(x)ldx * ooz(0)u(O) -t orut)u(I)
JO

1 I-  TtIJo r(x)u(x)u(x)dx I  stu( l )u( l ) l ,  Vu e V. (4.8)

Concerning the problem (3.4), (3.5), and (4.3), we put

y : { v l u  € F 1 r ( 0 ,  1 ) , u ( 1 ) : Q } ,  g : { u l u e L 2 ( 0 , 1 ) ,  l u ( 0 ) l  < o o } .  ( 4 . 9 )

The conesponding weak eigenvalue problem is

7 r
I lp(r)r'(r)v'(x) t q(x)u(x)u(x)ldx -t oea(0)u(O)

J O

1 r
:  ^t l [o r(x)u(x)u(x)dx * sou(0)u(0)1, Vu e V. (4.10)

Concerning the problem (3.4), (3.5), and (4.4), we put

V : H r ( O ,  1 ) ,  f l : { u l u e L 2 ( 0 , 1 ) ,  l u ( 0 ) l  < m ,  l u ( l ) l  < o o } .  ( 4 . 1 1 )

Then the corresponding weak eigenvalue problem is

7 r
I lp@)u',(*)u',(x) i q(x)u(x)u(x)ldx * ooz(0)u(0) * op(l)u(I)

JO

7 l
:  l . r I  I  r (x)u(x)u(x)dx I  sou(O)u(0)] ,  Vu e V.

JO
(4.r2)

By the same method, we obtain results similar to Theorems I and2, respectively, for
eigenvalue problems in weak form (4.6), (4.8), (4.10), and (4.I2), and in strong form
(3.4), (4.r), (3.6); (3.4), @.2), (3.6); (3.4), (3.s), @.3); Q.$, (3.s), (4.4). Note that the
spaces y ard H in these weak problems are defined by (4.5), (4.7), (4.9), and (4.11),
respectively.

As in Subsec. 3.4, we can also apply the finite element method to approximate the
solution.
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