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Abstract. We are dealing with some eigenvalue problems with singularity for second order ordinary
differential equations. The existence of a countable set of real eigenvalues and eigenfunctions is
established. The high order of smoothness of eigenfunctions are investigated.

1. Introduction

The eigenvalue problems for ordinary differential equations with homogeneous boundary
conditions arising from applied mathematics have been investigated by many authors
and interesting results have been obtained [1-7]. The problems in which eigenvalues
are involved in the boundary condition(s), arising from mechanics [2], are called in
[2] eigenvalue problems with singularity and have been considered there for particular
cases. In this paper, we are dealing with such problems. We shall prove the existence of
a countable set of eigenvalues and eigenfunctions and the smoothness of eigenfunctions
for second order ordinary differential equations; these questions were not investigated in
[2]. The high order of smoothness of eigenfunctions will be used when we approximate
eigenvalues and eigenfunctions by finite difference or finite element methods (see [1, 4,
7] for eigenvalue problems with homogeneous boundary conditions).

2. On the General Weak Eigenvalue Problem

Let
(i) H and V be infinite dimension Hilbert spaces (on R),
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(ii) a(u,v), (, v) € V x V be symmetric, continuous on V and V-elliptic.

Then a(u, v) can be used as a new inner product in V and the new norm |lull, =
{a(u, u)}/? is equivalent to the norm |u||v. The space V with this new inner product
and new norm is a Hilbert space (on R) and is denoted by V.

Denote by Vg the closure of V with respect to the norm in H.

Consider the eigenvalue problem in a weak form: Find a scalar ), called eigenvalue,
and an elementu € V, u # 0, called eigen element, such that

a(u,v) =A(u,v)g YvelV. 2.1
Under assumptions (i) and (ii), we have the following:

Lemma 1.
(1) The weak problem (2.1) has countably many eigenvalues which are real, have no

finite limit points and can be arranged as
O<A <M<..<Xty<.. Ay > +00. 2.2)

(2) The corresponding eigen elements {u,, € V} are orthonormal in H, and they form

; -1 .
an orthonormal base in Vi ; the elements {), / 2um} form an orthonormal base in
Vs.

Proof. The statement of Lemma 1 is slightly different from that of {5, Theorem 3, p. 195]
and [6, Theorem 6.2.1]. However, the proof can be done analogously. We proceed as in
[5] and notify only those features which are different from [5].

First, we note that the problem (2.1) can have only real eigenvalues.

Now, we prove the existence of (A1, #1). Consider as in [5, pp. 195] the functional

a(u,u) _ ull?

wwu  uly’

o(u) =

Let
Ay = inf{p) : u e V}.

Since the imbedding V < H is continuous and the bilinear form a(., .) is V-elliptic,
A1 > ¢ = const > 0. As in [5, pp. 195-196], we can prove the existence of a sequence
{v, € V} which is a Cauchy sequence in H such that

lonllz =1, lloall2 = A1 as n— oo, (2.3)
a(uy,n) —A1(vy, Mg —0 VneV asn— o0, 2.4)
v — v )12 = Atl|on — vwlly — 0 as n, n’ — o0. (2.5)

Since {v, } is a Cauchy sequence in H, (2.5) shows that it is also a Cauchy sequence in
V.. Since V, is a Hilbert space, there exists an element u € V,, thatis, # € V, such that
v, — |l — O, and hence, ||v, —u|y — Oasn — oo because a(., .) is V-elliptic. By
(i), » € H. Since the imbedding V < H is continuous, ||v, — #|g — 0 asn — oo.
Hence, by passing to the limit, (2.4) yields

aw,n)y =i, Mg YneV.
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Moreover, Eq. (2.3) proves that ||u[| g = 1 and ||u||g = A1

So the existence of A; and uy = u € V, u1 # 0, |luillg = 1, |uilla = VM1
satisfying (2.1) is established.

The remainder of the proof can be done analogously to that in [5, pp.189-198]. m

3. First Eigenvalue Problem with Singularity for Second Order Ordinary
Differential Equations
3.1. Statement of the Problem in a Strong Form

Let p(x), q(x), r(x) be given functions on [0, 1] and 09, o1, so, 51 be given constants
satisfying

p(x), p'(x), q(x), r(x) € CH[0, 1], p = integer > 0, (3.1)
O<co=px)<c, 0<5q@x)<c2, O<c3 <r(x)<cs, (3.2)
00>0,01>0,00+01>0, 5>0, 51 >0, 3.3)

¢ =const, i =0, 1, 2, 3, 4,

Consider the eigenvalue problem in a strong form: Find a scalar A, called eigenvalue,
and a function u(x) € C2[0, 1] not identically equal to zero, called eigenfunction,
satisfying

Lu:=—(puY +qu=>ru, 0<x <1, (3.4)
lou := —p(0)u’(0) + oou(0) = Asou(0), (3.5)
hu = pMu'(1) +oru(l) = Asiu(l) . (3.6)

We note that in the problem (3.4)—(3.6), the parameter A is also present in the boundary
conditions and that is why it is called an eigenvalue problem with singularity [2, pp.
446-447].

3.2. Problem in Weak Form

Denote by H*(0, 1) the Sobolev spaces Wz(k) (0, 1) (see Sobolev spaces in [6, 8] for
instance).
Let

V=HY0,1), H={vlveLy0, 1), [v(0) < oo, [v(1)| < oo}.

In other words, H is a subset of L2(0, 1) consisting of v € L,(0, 1) such that traces
v(0) and v(1) are well defined and

1
, V) = / r(u(x)vx)dx + sou©v(©) + sy, lullg = @, w2,
0

V = H'(0, 1) is a Hilbert space; it is obvious that H is also a Hilbert space (on R)
andV C H.

If u € H(0, 1), then u € Ly(0, 1), and by the trace theorem [6, 8], u(0) and u(1)
are well defined: |#(0)| < oo, |u(1)| < co. Hence, V = H'(0,1) C H.

From [8, pp. 360-361], we deduce the following:
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Lemma 2. In H(0, 1), the norms
Neellaro,1y = (12 0.0y + 18l1Z 0,10} 72

fulls = 14 .00 + lell,0n Nz = 'l 0,1y + 1 (O] + lu(D)],
Nl = 4l + [w©I, lulls:= ' || £, 0,1y + [w(D)]

are equivalent to one another.

Letu € H! (0, 1). From Lemma 2, we have
el < Nullmey 2O+ )] = Null2 < esllullmro, 1. €5 = const.
Then by addition we see that the imbedding V = H'(0, 1) < H is continuous.

Now, by the imbedding theorem [8, pp. 359,372], the imbedding H 1o, 1) —
L»(0, 1) is compact, and by Lemma 2, if the set {u} is bounded in H 10, 1), the sets
{u(0)} and {u(1)} are bounded and therefore possess Cauchy subsequences. Hence, the

imbedding V = H'(0, 1) < H is compact.
Consider in V = H!(0, 1) the bilinear form

1
a(u, v) =f [p(x)u’(x)v’(x)+q(x)u(x)v(x)]dx+(fou(0)v(0)+01u(1)v(1), u, vev.
0

Then the general weak eigenvalue problem (2.1) takes the form
1
/ [P () (x) + g(@)ux)v(x)dx + oou(0)v(0) + ow(v(l) =
0

1
x[/ r () (x)v(x)dx + sou(0)v(0) +s1u(1)v(1)] Vv eV = HYO, 1).
2 3.7

It is obvious that a(u, v) is symmetric. We have
1
la(u, V)| < cs [/ (W11 + [0 + @)L @)+ (DL cs = const
0

Then, from Lemma 2 and the Cauchy—Schwarz inequality, we have
la(u, v)| < c7{llullviiviiv}, c7 = const,
that is, a(u, v) is continuous on V = HY(O, 1).

Next, we assume under restriction (3.3) that op > 0O for fixing the idea. Let
u € H'(0, 1). We have

1
a(u,u) > /0 POl Ot + oolu @1 = cslliwI3 0,1 + MOF)
> cofllullz,0,1) + lu(0)}%, cs, co = const.

Then, by Lemma 2, a(.,.)is V = H1(0, 1)-elliptic.
So assumptions (i) and (ii) are verified, and by Lemma 1, we have the following:
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(1) The problem (3.7) has countably many eigenvalues which are real, have no finite

limit points and can be arranged as (2.2).

(2) The corresponding eigenfunctions {un(x) € V = H 10, 1)} form an orthonormal

base in Vg ; the functions {K,;l/ 2um} form an orthonormal base in V,.

Note that
lumllag =1, lumlla=vAm-

3.3. Results Concerning the Problem in Strong Form

We have the following:

Theorem 2.

(1) Each solution (A, u(x)) of the strong problem (3.4)—(3.6) is a solution of the weak

problem (3.7).

(2) To the solution (A1, u1(x)) of the weak problem (3.7) corresponds a solution

(A1, v1(x)) of the strong problem (3.4)-(3.6) such that

v € C**2(0, 11, [lv1 —uillv=mo,1) =0, lIvillmw20,1) < c10 AlutD/21+

where c19 is a constant independent of uy and vy.

For the proof, we consider at first the boundary problem:

Lz:=—(p(x)7 ®)) +q(x)z(x) = f(x), 0<x <1,
—p(0)Z'(0) + 00z(0) = go
p(DZ (1) +01z(1) = g1,

loz :

Iz
where p(x), p’(x), q(x) verify (3.1)—(3.3) and
f(x) eC’[0, 1}, O<v=integer < pu, go, g1 € R.
Then we have
Lemma 3. The boundary problem (3.9)-(3.12) has a unique solution z:

z € C"[0, 1],
lzllzr0, 1y < ertlll fllz,, 1) + 180l + 1811},

J
lzll 20,1y < cr2lll Fllzao 1 + 180l + lgil+ Y 1 f @llz,0, 0}, J =0,

k=0

where c11 and c13 are constants independent of z.

(3.8)

(3.9)
(3.10)
(3.11)

(3.12)

(3.13)
(3.14)

9 v 3
(3.15)



116 Ta Van Dinh

Proof. For the existence and uniqueness of z(x) satisfying (3.9)—(3.11) and (3.13), see
[4, pp.79-80]. Thereafter, taking the inner product in L,(0, 1) of (3.9) by z(x) and
taking into account (3.10) and (3.11), we have

a(z,2) = (F,9n, (3.16)
where _ )
fx)/rix), if 0<x <1,
F=F(x)=1 80/ if x =0,
21/51, if x=1.

Then, by (i) and (ii), Equation (3.16) yields
Iz < cisliFlle - lizle < culFlla.lzllv, c13, c1a = const.

This implies (3.14).
Since z verifies (3.13), we can differentiate (3.9) successively and with the help of
(3.14), we get (3.15) step by step. [ ]

Proof of Theorem 2. The first part is obvious — it follows from the inner product in
L>(0, 1) of 3.4) by v(x) € V = H(0, 1) and the boundary conditions (3.5) and (3.6).
For the second part, let (A1, u1(x)) be the solution of the weak problem (3.7). Then

up € V=HY0,1, aliu)=xr, |ulg=1.

By the trace theorem [6, 8], u1(0), u;(1) are well defined, and by the imbedding
theorem [8, pp.359,372], u; is equal almost everywhere (a.e.) on [0, 1] to a function
iy € C[0, 1].

Consider the auxiliary boundary value problem.

Lwi = —(p(x)wi(x)) + g(x)w1(x) = Mrx)i(x), 0<x <1, 3.17)
lowy := —p(0)w](0) + oow1(0) = Arsou1(0), (3.18)
hwy := p(Dwi(1) + orwi(1) = Aysiui(l). (3.19)

By Lemma 3, this problem has a unique solution wj:

wi € C[0, 1] (3.20)

willaio, 1y < cishafllallz, o, 1) + lu1(0)] + lur (1)[}
= cisii{llu1llL, 0,1 + w1 (0)] 4+ |u1 (1)}
= ci5A1lluillz < cisA1, c15 = const. (3.21)

Analogously, Lemma 3 yields

lwillzz, 1y < ci6ri{llE1liz, 0, 1) + [#1(0)] + |u1 ()]}
= c1er1{llu1llz,0,1) + [21(0)] + Ju1 (D)}
=cirlluillz < ci6r1, c16 = const. (3.22)
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Taking the inner product in L2(0, 1) of two members of (3.17) by v(x) € V =
H'(0, 1), we have after integration by parts

1
/0 [p()w; () (x) + g()w1 ()v(x)]dx + pO)w; (0)v(0) — p(L)wi(Dv(1)

1
=)»1f r(x)ai(x)v(x)dx .
0

Then taking into account boundary conditions (3.18) and (3.19), we have

1 :
- /; [p(x)w] (V' (x) + g(x)w1 (x)v(x)]dx + cow1 (0)v(0) + orwi (1)v(1)

1
= )»1[/ r(x)i (x)v(x)dx + sou1(0)v(0) + s1u1 (Dv(1)]. (3.23)
0

From (3.7), where u is replaced by u, and (3.23), where &1y = u; a.e. on [0, 1], we
obtain
a(ui,v) =a(wy,v), YveV.

So we have ||w; — u1|l, = 0, and hence,
lwi —u1llgr0,1) = 0. (3.24)
From (3.24) and Lemma 2, we have
w1 (0) =u1(0), wi(l) =u(1).

From (3.24), we also have u; = wj a.e. on [0, 1]. Since u; = it; a.e. on [0, 1], then
i1 = w; a.e. on [0,1]. Hence, ii; = w; everywhere on [0, 1] because they are both
continuous on [0, 1]. We also deduce that u;(0) = #1(0), u1(1) = #;(1). Therefore,
Eqgs. (3.17)—(3.19) coincide with Egs. (3.4)-(3.6). So 1 and w; satisfy the problem
(3.4)—(3.6) and the relations (3.20)—(3.22) and (3.24) prove that (3.8) is verified for

uw =0 with v; = w;.
If o > 0, we put K = [(# + 1)/2] and consider auxiliary problems:

Lwitr = Mr(wex), 0 <x <1, lowitt =A1sowe(0), hwer = Asiwe(l),
k=1,2,.. K.
Using Lemma 3, we can prove step by step that wg, k = 2, ..., K + 1, exist and
wy € C*[0, 1], k=2,..,K,

C2K+1[0, 1] if p is odd
C2K+2[0, 1] if uis even

1)/2]+1
Al 617)“[1(”"" )21+ !

Wg+1 € { , thatis, wg1 € C*T2[0, 1],

—

K+1
lwk-ill e, 1 < €17ay c17 = const. v

{
i

THY ViEn)

t
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Now, by subtraction, we have fork =1, 2, ..., K and wo = u3

L(wi41 — wi) = Ar(0)[we(x) —wr—1(x)], O0<x <1,
lo(wr+1 — wi) = A1Solwe (0) — wr—1(0)],
Li(wigr — wi) = Ars1[we (1) — w1 (D]

By Lemma 3, we have

lwg+1 — wxllaio, 1y < cislwg — wr-1lmp1y < -

< collwr — wollgio, 1y = crollwr — u1llgro,1y =0, cig, ci9 = const.

Therefore,

lwgr1 —uillzo, 1 < lwg+1 —wkllai©, 1 + lwg — wr-1llmi0,1) + -

+ lw1 — wollg 0,1 = 0.

So (3.8) is verified with v) = wg41.

3.4. On Finite Element Approximation

From the above results, to approximate the first solution of the strong problem (3.4)—(3.6)
under assumptions (3.1)—(3.3), we only have to approximate the solution (A1, u1(x)) of

the weak problem (3.7).
For this problem, we can apply the finite element method [7].

4. Other Problems with Singularity

We can consider problems with other boundary conditions, for instance, when the

boundary condition (3.5) is replaced by one of the following:
w(0) =0,

—p(0)w'(0) + sow(0) =0,
or when the boundary condition (3.6) is replaced by one of the following:

w(l) =0,

—p(Mw'(1) +o1w(l) =0.

These problems are presented in [2] as problems arising from mechanics.
Concerning the problem (3.4), (3.6) and (4.1), we put

V ={vlv e HY(0, 1),v(0) =0}, H = {v|v € Ly(0, 1), [v(1)| < o0}.

The corresponding weak eigenvalue problem is

1
/0 [P (x)v' (x) + g(@)ux)v(x)ldx + oru(l)v(l)

@.1)

4.2)

4.3)

4.4)

(4.5)
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1
= Al[/ r(xux)vx)dx + sju(Dv(1)], Vv e V. 4.6)
0
Concerning the problem (3.4), (3.6) and (4.2), we put
V = HI(O, 1), H={vJjve L0, 1), [v(0)] < oo, |v{1)| < o0}. @.7

Then the corresponding weak eigenvalue problem is

1
/0 [pCO)u (x)v'(x) + g(x)u(x)v(x)ldx + oou(0)v(0) + oru(1l)v(l)

1
= Al[f r(x)ux)vx)dx + sju(Hv(l)], Yv e V. 4.8)
0
Concerning the problem (3.4), (3.5), and (4.3), we put
V ={vlve HY(©0, 1),v(1) =0}, H = {vlve L0, 1), [v(0)| <o0}. (4.9)

The corresponding weak eigenvalue problem is

1
f [p()u () (x) + g()u(x)v(x)1dx + oou(0)v(0)
0

1
-~ Al[/ r(xu(x)vx)dx + sou(@)v(0)], YveV. 4.10)
0
Concerning the problem (3.4), (3.5), and (4.4), we put
V=HY0,1), H={vveL©, 1), [v(0)] < oo, [v(1)] < oc}. (4.11)

Then the corresponding weak eigenvalue problem is

1
/0 [p()u’ ()" (x) + g(x)u(x)v(x)ldx + oou(0)v(0) + o1u()v(1)

1
= Al[/ r(x)u(x)v(x)dx + sou(0)v(0)], VYveV. “4.12)
0

By the same method, we obtain results similar to Theorems 1 and 2, respectively, for
eigenvalue problems in weak form (4.6), (4.8), (4.10), and (4.12), and in strong form
(34), (4.1), (3.6); (3.4), (4.2), (3.6); (3.4), (3.5), (4.3); (3.4), (3.5), (4.4). Note that the
spaces V and H in these weak problems are defined by (4.5), (4.7), (4.9), and (4.11),
respectively.

As in Subsec. 3.4, we can also apply the finite element method to approximate the
solution.



120 Ta Van Dinh

References

I. P.G. Ciarlet, M.H. Schultz, and R. S. Varga, Numerical method of high-order accuracy
for nonlinear boundary value problems, III. Eigenvalue problems, Numer. Math. 12 (1968)
120-133.

2. L. Collatz, Eigenwertaufgaben mit Technischen Anwendungen, Nauka, Leipzig, 1963; Nauka,
Moscow, 1968 (Russian).

3. R. Dautray and J.L. Lions, Analyse mathématique et calcul numérique, T.5, in: Spectre des
Opérateurs, Masson, Paris, 1988.

4. G.I. Marchuk and V.V. Shaydurov, Increase of Accuracy of Solution to Difference Schemes,
Nauka, Moscow, 1979 (Russian).

5. S.G. Mikhlin, Méthodes Variationnelles en Physique Mathématique, Gostekhizdat, Moscow,
1957 (Russian). .

6. PA. Raviart, Introduction a L'analyse Numérique des Equations aux Dérivées Partielles,

Masson, Paris, 1992.
. ML.H. Schultz, Spline Analysis, Prentice-Hall Inc., London, 1973.
. V.I. Smirnov, Cours of Higher Mathematics, Vol. 5, Gostekhizdat, Moscow, 1959 (Russian).

o0



	Scan1
	Scan10001
	Scan10002
	Scan10003
	Scan10004
	Scan10005
	Scan10006
	Scan10007
	Scan10008
	Scan10009

