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Abstract. The present paper is devoted to the study of the regularity of the space 1/(K, F), where
F is a Frechet space with the property (LB-) or the property (DN)'

The problem of the regularity of the space /1(K) of holomorphic germs on a compact

set K was investigated by several authors. Chae [3] proved that H(K) is regular for

every compact subset K of a Banach space E' When E is a metrizable locally convex

space, 11(K) is represented as an inductive limit of a sequence of (DF)-spaces. Using

a theorem of Grothendieck on bounded subsets in an inductive limit of a sequence of

(DF)-spaces, Mujica ul generalized the result of chae. Recently, vogt [16] gave a

general iharacterization for the regularity of the inductive limit of a sequence of Frechet

spaces.
The main aim of the present paper is to find some conditions of a given Frechet space F

for which the space H (K, F) of germs of F-valued holomorphic functions on compact

sets K is regular. These conditions are related to some linear topological invariants. In

Secs. 2 and 3 of this paper, we shall prove the following two theorems'

Theorem A. lgt F be a reflexive Frechet space with the property (zB-) and E a

quotient space of the power series space of infinite type. Then H (K, F) is regular for

every unique compact set K in E.

Theorem B. A Frechet space F has the property (DID if and only if H (K , F) is regular

for all compact sets K in CN '

1. Preliminaries

We shall use standard notations from the theory of locally convex spaces as presented

in t9, 101. All locally convex spaces ale assumed to be complex vector spaces and

Hausdorff.
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1.1. Linear Topological Invariants (LB-) and (DN)

LetFbe aFrechetspacewithafundamentalsystemof seminorms tl l  . l lr).Wesaythat
F has the properties (DN) and (LB-) if the following conditions hold, respectively,
(DN) :  3p  Yq ,  d  r0  i k ,  C  >0  V r  e  F  :

ll* lll+o < C llx ll 1,llx llf; ,
(LB-) :  V{p, , r  > 0}  lk  eIV Vnp eN lNo,  C > 0 :Yx e F 1N, ns< N < N6 :

l l r l l lJ-o' < cl lxl l l i l lxl l f" .
The properties (LB-) and (DN) were introduced and investigated by Vogt t13-161.

1.2. Sequence Spaces

Let A: (aiilbe a Ktithe matrix satisfying the conditions given in [9,6.1]. We denote
by A(A) the Frechet space

A ( A ) :  { x : ( x )  e  C N :  p t @ ) :  f  t " ; l a i r < < x ,  V k >  1 } .
j > L

For 0 < R < +oo, we write An(a) instead of A(A) if ai* : rti, where o : (u)
is an increasing sequence of positive real numbers with lim cv; : *oo and {16} is an

increasing sequence convergent to R. An (cv) is called a power series space of finite type
if R < oo, and of infinite type if R : oo.

1.3. Holomorphic Functions

Let E and F be locally convex spaces and D an open subset of E. A function f : D -+ F
is called holomorphic if / is continuous and Gateaux holomorphic . By H (D , F), we
denote the vector space of holomorphic functions on D with values in F. For details
concerning holomorphic functions, we refer the reader to [8, 10].

A seminorm p on H (D, F) is said to be 2., -continuous if there exists a compact set
K in D and a continuous seminorm a on F such that, for every neighborhood V of K
in D, there exists C(Y) > 0 such that

p( f )  < C(V)supa(f  (z) )  v f  e H(D,  F) .

Given K a compact set in E. By H (K, F), we denote the space of germs of F-valued
holomorphic functions on K equipped with the inductive topology

H(K,  F) :  l imind( I l (U,  F) ;  t . ) .

It is known [7] that
H(K) = h;g2da@(U),

where II@(U) denotes the Banach space of bounded holomorphic functions on U.

2. ProofofTheoremA

To prove Theorem A, we first establish the following:
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Lemma 2.1. Let F be a Frechet space with the property (L B@) and B a Banach space.
Then the space L(8, F) of all continuous linear maps from B into F has the property
(LB*).

Proof. Given a sequence of positive numbers {p1'.}, choose k e IV such that property
(LB-) is satisfied. Then

l l / l l ;Jo" : sup{l l f  (x)l l}}p" '  l lxl l  < 1}
< c  q?{ , .  sup{ l l " f (x) l ln , . l l , f (x) l l f^  :  l lx l l  <  t }

nn! /V !1V6

5 C,nf f ro  l l / l l rv . l l / l l f '  for  /  e  L(8,  F)-

Hence, L(8, F) has property (LB-). I

Lemma 2.2. Let F be a Frechet space with the property (L B@) and E a quotient space
of lt*(a). Then

L ( lH (K ,  B ) l * ,  F )  :  LB ( IH (K ,  B ) ] - ,  F )

for every Banach space B and every compact set K in E.

Proof. Given a continuous linear map

n :  lH (K ,  B ) l *  - -+  F .

Because LH(K, B)l* = lH(K)l*6"8*, 4 induces a continuous linear map

f i  :  lH(K)1.  -+ L(8" ,  F) .

FromMeise andVogt [6], itfollows that [FI(K)]* is aquotient space of A-(B(cv)).By
Lemma2.l and [14], it implies that f is bounded on a zero neighborhood U in [I/(K)]*.

This yields that 4 is bounded on (U &V),a zero neighborhood in IH (K)]* 6,' B* ,
where V is the unit ball in B*. This completes the proof. r

We mention the following without proof.

Lemma 2.3. Let f be a bounded function from an open set D in a locally convex space
E into the Banach space I*(I) and let coordinate functions fo be holomorphic. Then

f is holomorphic.

Now, we can prove Theorem A.

Proof of Theorem A. Given a bounded family { f"l"er in H (K , F) , consider the linear
map

s :  Ffo,  - -> H(K, l - (1))

defined by
s ( u ) - ( u o f ) o e r .

From the uniqueness of K and Lemma 2.3, it implies that s(a) is correctly defined.
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(i) We first check that s is bounded. Indeed, let B be a bounded set in F*. Take k > 1
such that B is contained and bounded in Ff, where Fa is the Banach space associated
to ll . l[. Let ap : F --> Fp be the canonical map. By the regularity of H (K , F*)lI2]
and the boundedness of {aL fs} st E 7, w e canfind a neighborhood V of K in E such that
{ot f"lo.r is contained and bounded in H@ (V , Fp), the Banach space of F7.-valued
bounded holomorphic functions on V. Hence, s(B) is contained and bounded in
H* (V, l- (1)). Therefore, s is continuous.

(i i) By Lemma 2.2,the map s* : IH(K,l-(1))l* -+ lF[",)* = F is of type (LB).II
follows that s**, and hence, s is also of type (IB). Thus, we can find a neighborhood
W of zero in F[o, for which there exists, for every u € F*, a function ^i(a) in
H*(V, /-(1)) such that
(1) 3(u) : s(u) on a neighborhood of K inV,
(2) {S(u)}".ys is bounded in H@ (V,l-(1)).

Now, for eacha € 1, we define a holomorphic function

g u : V - - + [ F ; . , ] * = F

by

s"Q)(u) : u o f"(z) for z e V and u e Ffo,.

By (2), {B"l o e r is bounded in H @ (V, F). Thus, { fo} o e r is contained and bounded in
(H* (V ,  F ) ; t . ) .

Theorem A is proved.

3. ProofofTheoremB

Lemma 3.1. Let F be a Frechet space having a continuous norm and let H(0, F),
where O e CN , be regular Then H (K, F) is regular for all compact sets K C CN .

Proof. Let {f"}"et be a bounded family in H (K, F). By this hypothesis, we can find
a finite open-convex covering {Ur,, j : 1,..., m, zj e K} of K such that, for each
j : l, ...,m, there exists a bounded set {go,;}o.1 in H(Ur,, F) satisfying

cl,i : fi' for all cv e A,

where g'j,, artd f;' are the germs of ga,i and fo at zi, respectively.
on the other hand, by the regularity of H(K, Fp)Ir2l, where ll.llo is a continuous

norn on F, there exists a neighborhood W of K such that

Since

we have

Hence,

@pfo e H(W, Fp) for all cv e A.

op go, j lu,,nw : tDp folu,,nw,

tDpBa, i l r l , ,nu, , :  ap8a, i lu , , r ,u . ,  Y i ,  i  :  I , . . . , f r .

9a, i lu , ,nrJ,  :  8a, j lu , ,nu, ,  Y j ,  i  :  I ,  . . . ,  m.
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This yields that, for each a e A, {9",i}T:' defines a holomorphic function go e

H(U, F)inducing /o, where U : (),Ur,.
t : l

Obviously, {go}oe t, and hence, { f"} " e t is contained and bounded in H (U, F). The
lemma is proved. r

Proof of TheoremB. Assume F is a Frechet space with F € (DN). Then F can be
considered as a subspace of the space

B6os ={(yp)  c  r ,  I  Wpl lp"  < oo,  vn > 1}
p > 1

for some Banach space B, where s denotes the space of rapidly decreasing sequences.
By Lemma 3.1, it suffices to show that fI(0, f 6os) is regular, where 0 e CN. We may
assume N : 1.

Writing each o e H@ (r L,, trOos) in the form

t  ' l
o ( 7 ) :  { f  f i , z ' t

| -;4 - ' 
) ozt

we have
H(0, B6os) = lim,ind E1,

where

[  -  / l \ r  Iz r , : l o : ( f i p ) c B : l l o l l 1 , . ,  ' : D l l f i z l l  ( i l  p ' . * ,  v n  >  l [ .
t  " '  

i , p  \ t /  |

In view of the regular characteizatton of Vogt [16], we have to check the following:

Y1t  1k,n YK,m 3N,S Vo e H*( !n, re, r )
\1 ,  /  Q)

lo l ln,^ < S(l lo l lp,, + l lo l lr ,r, ' ) .
Given g, > 1, choose k :2p ard n : 1. We first note that

YK,m rN ,sv i ,  r , ( + ) ' r ^ ss ( ( ; ) ' p * ( * ) " " )  .  Q )

Indeed, (2) obviously holds for (j, p) satisfying p^ < 2t .
In the case p^ > 2t , it is easy to see that (2) holds if

mlopKN >  ^ f i - + m .
From (2), we have

/  1 \ r
llollzp.^ : Lll€ioll \il {

s s )] { rrs;o rr ( (\ ' o* (l) 'o') }
f r l - "  \ \ P z '  \ K t '  / l

< S( l lo l lp , r  *  l lo l l r , r , ' ) .
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Conversely, assume H(K,F) is regular for all compact sets in CN. In particular,
H(L, F) is regular. By [16], we have

Y1t  1k,n Ym, K lN,  S:
/ t -  |  1  \

l lol ln,- < S(l lol lr , , ,  + l lol lr ,r, ' )  Yo e H@(?o,o), (3)

where 

wM,*: sup{l lo(z)l  lm i z €9ll
K

By applying (3) to zr x, for x € F, we have

z k + l r i , .  . .  - / t t t - t l r i ,  , ,  / K + l r i . .  . .  \
l - - - - l l l x l l . s s l  ( ' _  )  l l x l l , + l  _  ) l l x l l r v f .\  k  /  "  " " ' -  \ \  t t  /  "  \  r  /  /

This inequality yields that, for LL : I,1k, n:

l lxl l* < S(e@ror)i l lr l l , + 
"(ot-ot+t)i 

l lxl ln),

where

o1, : rcg! -  fork  > 1.
K +  I

Given r 2 ,(or'-or) , we choose j such that

(or - o) j < logr < (o* - o)(j -t 1) < 2(op - oi j,

which gives

l lx l l ,  < S(r l lx l l ,  + 4l l " t t r l

with

" 
I (o,r.a1 -o7,)

o : i  
1 o o - o ; '

We can increase S so that the inequality holds for all r > 0. A calculation of the
minimum of the function of r on the right side gives

l lxl l .  < c,-,t  l l" l l , f ,* l l" l l , i*.

This means that F e (DN). Theorem B is proved. r

To complete the paper, we prove the following:

Proposition 3.2. Let F be a Frechet space such that H (K, F) is regular for some
balanced compact set K in a Frechet space E. Then F has the continuous norm.



F -valued Holomorphic Functions 135

Proof. By [1], it suffices to show that H (K , ar), where ar is the space of all complex
number sequences, is not regular for all balanced compact sets K in a Frechet space E.

Choose a balanced neighborhood basis {Ur} of K and a sequence 3r > 1 such that

SpUpa l  CUp  fo ra l l k  >  l .

For k : 1, choose o1 e H (U )\ FI- (Ur). Since K is compact, there exists ftr > 1 for

whichol e H6((Jp,).Withoutlossof generality,wemayassumeftl :2.Bycontinuing

this process, we obtain a sequence of holomorphic functions op e H (Up) such that

op ( H@(Up) and ok e H@(Uk+) forft > 1.

Consider the sequence {6*} c H(K, o) given by

6 p  :  ( 0 , . . . , 0 ,  o k ,  0 ,  . . . ) .

Obviously,

{ A r } ( H ( U 1 , a t )  f o r j > 1 .

It remains to be checked that {6pJ is bounded in H (K , ar) . Indeed, given

W : W t + . . . + W r * . . .

aneighborhood ofzero in H(K, a-l), where

Wr : {q e H(Ut, a) : pp(q) < l}

and pp is a z.-continuous seminorm on H (Un, ar), by the definition of a zr-continuous
seminorm, for each k > 1, we can find nk > | and e1 > 0 such that

{q : (ei) e H (up, r) , 
,lE,rllpr ll 

< erJ c w* .

We may assume nk < nk+tforft > l. Since 6n+tU4z C Uk+1,6t+r > 1, we can
write for each k > |

o k : P k - t Q n ,

where P,r, is a polynomial on E nd Qt e 11(Ur) with

l lQr l lu* ,  <  €k+2.

From the relations

and
( 0 ,  . . . ,  0 ,  Q r , 0 ,  . . .  )  e  W W z  f o r  k  >  1 ,

wehave 6p e W fork > n1. Hence 6p --> 0inH(K, ar) andthis completes theproof.r
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