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Abstract. The present paper is devoted to the study of the regularity of the space H(K, F), where
F is a Frechet space with the property (LBoo) or the property (DN).

The problem of the regularity of the space H(K) of holomorphic germs on a compact
set K was investigated by several authors. Chae [3] proved that H(K) is regular for
every compact subset K of a Banach space E. When E is a metrizable locally convex
space, H(K) is represented as an inductive limit of a sequence of (D F)-spaces. Using
a theorem of Grothendieck on bounded subsets in an inductive limit of a sequence of
(D F)-spaces, Mujica [7] generalized the result of Chae. Recently, Vogt [16] gave a
general characterization for the regularity of the inductive limit of a sequence of Frechet
spaces.

The main aim of the present paper is to find some conditions of a given Frechet space F
for which the space H(K, F) of germs of F-valued holomorphic functions on compact
sets K is regular. These conditions are related to some linear topological invariants. In
Secs. 2 and 3 of this paper, we shall prove the following two theorems.

Theorem A. Let F be a reflexive Frechet space with the property (LBx) and E a
quotient space of the power series space of infinite type. Then H (K, F) is regular for
every unique compact set K in E.

Theorem B. A Frechet space F has the property (DN) ifand only if H(K, F) is regular
for all compact sets K in C B

1. Preliminaries

We shall use standard notations from the theory of locally convex spaces as presented
in [9, 10]. All locally convex spaces are assumed to be complex vector spaces and
Hausdorff.
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1.1. Linear Topological Invariants (LBso) and (DN)

Let F be a Frechet space with a fundamental system of seminorms {|| - ||}. We say that
F has the properties (DN) and (LB) if the following conditions hold, respectively,
(DN): 3p Vq,d >0 3k, C >0 Vx e F:

x5 < Clixllelxlg,
(LBoo): Y{py >0} 3k e N Vnpe N ANy, C >0:Vxe€ F AN, ng <N < Ny :
IxllpFP < Cllxllw lix]IfY .

The properties (LB,) and (DN) were introduced and investigated by Vogt [13-16].

1.2. Sequence Spaces

Let A = (aji) be a Kothe matrix satisfying the conditions given in [9,6.1]. We denote
by A(A) the Frechet space

AA)={x=(x) eC": pe(x) =) Ixjlaj < 00, Vk = 1].
izl
For 0 < R < +o0, we write Ag(c) instead of A(A) if aj; = r,?’, where o = (o)
Is an increasing sequence of positive real numbers with lima; = +00 and {r¢} is an

increasing sequence convergent to R. A g («) is called a power series space of finite type
if R < 00, and of infinite type if R = oo.

1.3. Holomorphic Functions

Let E and F be locally convex spaces and D an open subset of E. A function f : D — F
is called holomorphic if f is continuous and Gateaux holomorphic. By H(D, F), we
denote the vector space of holomorphic functions on D with values in F. For details
concerning holomorphic functions, we refer the reader to [8, 10].

A seminorm p on H(D, F) is said to be ,,,-continuous if there exists a compact set
K in D and a continuous seminorm « on F such that, for every neighborhood V of K
in D, there exists C(V) > 0 such that

p(f) =< C(V)Suga(f(Z)) Vf e H(D,F).

Given K acompact setin E. By H(K, F), we denote the space of germs of F-valued
holomorphic functions on K equipped with the inductive topology

H(K, F) = limind(H (U, F); 7,,).
UDK

It is known [7] that
H(K) = limind H*(U),
UDK

where H°(U) denotes the Banach space of bounded holomorphic functions on U.

2. Proof of Theorem A

To prove Theorem A, we first establish the following:
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Lemma 2.1. Let F be a Frechet space with the property (L B,) and B a Banach space.
Then the space L(B, F) of all continuous linear maps from B into F has the property
(LBoo)-

Proof. Given a sequence of positive numbers {pox}, choose k € N such that property
(LBo) is satisfied. Then
I Al = sup(lf @)t = lxll < 1)
<C max sup{|| fC)ln.IF @Y = Ixl < 1)
ne<N=<Ny

(s

PN
SCnOg}Va;iNO I fln- N for f € L(B, F).
Hence, L(B, F) has property (LBoo). [ ]

Lemma 2.2. Let F be a Frechet space with the property (L B ) and E a quotient space
of Ao (). Then
L(H(K,B)]", F) = LB(IH(K, B)]*, F)

for every Banach space B and every compact set K in E.
Proof. Given a continuous linear map
n:[H(K,B)]* — F.
Because [H(K, B)]* = [H(K)1*®x B*, n induces a continuous linear map
i [H(K)]" — L(B*, F).

From Meise and Vogt [6], it follows that [ H (K)]* is a quotient space of A (S(c)). By
Lemma 2.1 and [14], it implies that 7 is bounded on a zero neighborhood U in [H (K)1*.
This yields that 7 is bounded on conv (U ® V), a zero neighborhood in [ H (K ) &= B*,
where V is the unit ball in B*. This completes the proof. [

We mention the following without proof.

Lemma 2.3. Let f be a bounded function from an open set D in a locally convex space
E into the Banach space 1°°(I) and let coordinate functions f, be holomorphic. Then
f is holomorphic.

Now, we can prove Theorem A.

Proof of Theorem A. Given a bounded family { fy}oes in H(K, F), consider the linear
map
s Fp, — H(K,I™())

defined by
s(u) = (o fa)ael-

From the uniqueness of K and Lemma 2.3, it implies that s(x) is correctly defined.
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(i) We first check that s is bounded. Indeed, let B be a bounded set in F*. Take k > 1
such that B is contained and bounded in F; +, where Fy is the Banach space associated
to ||.|lx. Let wi : F — Fj be the canonical map. By the regularity of H (K, Fy)[12]
and the boundedness of {wy, f, }ocr, We can find aneighborhood V of X in E such that
{@k fa}aer is contained and bounded in H*°(V, F), the Banach space of F;-valued
bounded holomorphic functions on V. Hence, s(B) is contained and bounded in
H®(V,1°°(I)). Therefore, s is continuous.

(ii) By Lemma 2.2, the map s* : [H(K, [*°(I))]* — [F,, 1" = F is of type (LB). It
follows that s™*, and hence, s is also of type (L B). Thus, we can find a neighborhood
W of zero in Fj for which there exists, for every u € F*, a function §() in
H®(V,I1°°(I)) such that
(1) §(u) = s(u) on a neighborhood of K in V,
(2) {§(u)}yew is bounded in H®(V, [ (1)).
Now, for each @ € I, we define a holomorphic function

' V—>IF,I'EF
by
8a(@)(u) =uo fo(z) for zeV and u € F},.

By (2), {ga}acs is bounded in H*°(V, F). Thus, { f, }ees is contained and bounded in
(H®(V, F); 1).
Theorem A is proved. |

3. Proof of Theorem B

Lemma 3.1. Let F be a Frechet space having a continuous norm and let H(0, F),
where 0 € CN, be regular. Then H (K, F) is regular for all compact sets K < CV.

Proof. Let { fo}aca be a bounded family in H (K, F). By this hypothesis, we can find
a finite open-convex covering {U,, j =1,...m, z; € K} of K such that, for each
J =1, ..., m, there exists a bounded set {g,, j}aca in H(U,,, F) satisfying

Zj

gaj = f, foralla € A,

where ga ; and 1 are the germs of 8«,j and f at z;, respectively.
On the other hand, by the regularity of H(K, F)[12], where |||, is a continuous
norm on F, there exists a neighborhood W of K such that

wpfo € HW, F,) forallo € A.

Since
©p8a,jlU, 0w = @p falu, nw,
we have
wp8e,jlu, nu, = @pga.jlu,nu, Vi, i=1,...m
Hence,

8eilv,nu, = gajluynu, Vi i=1,..m
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This yields that, for each @ € A, {ga,;}j; defines a holomorphic function g, €

H(U, F) inducing f,, where U = U U;,.
j=
Obviously, {gy }oca, and hence, { fo,},,,e 4 is contained and bounded in H(U, F). The

lemma is proved. ]

Proof of Theorem B. Assume F is a Frechet space with F € (DN). Then F can be
considered as a subspace of the space

B&xs = {(3) CB: Y _ llypllp" < o0, ¥n > 1}
p>1

for some Banach space B, where s denotes the space of rapidly decreasing sequences.
By Lemma 3.1, it suffices to show that H(0, B&s) is regular, where 0 € CV. We may
assume N = 1.

Writing each 0 € H®(r A, B&,s) in the form

o(z) = [ZEJPZJ} ’
jz1 21
we have

H(, B&;s) = limkind Ex,

where
1 J
Ec = {a = &p) C B lolin =Y &5l (E) p" <00, Vnz 1}.
ip

In view of the regular characterization of Vogt [16], we have to check the following:

i
Vu 3k,n YK, m 3N, S Vo € H”(;A,B@ns) "

lolkm < SUollen +llollx.n).

Given w > 1, choose k = 2u and n = 1. We first note that

, 1\ 1yJ T
. e < — -
VK, m 3N, S V],p.(zu)p _S((M) p+(K)p ) )
Indeed, (2) obviously holds for (j, p) satisfying p™ < 2/,
In the case p™ > 2/, it is easy to see that (2) holds if

mlogK

N
g log2

From (2), we have

Ioll2um = 3 I&p (i)l "
<s% b () 2+ ()2}

<SUlollg1+ llolix,n)-
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Conversely, assume H(K, F) is regular for all compact sets in CV. In particular,
H(A, F) is regular. By [16], we have

Yu 3k,n Vm,K 3N, S:

k+1
lolkm < SUlollun + lolx.y) Vo e HW(TA F) 3)
where
k+1
llollk,m = sup{llo(@)llm : z € A}.

k
By applying (3) to z/ x, for x € F, we have

(k;: ) Ix IlmsS<(“+1) %1l + (%)ﬂuuN)

This inequality yields that, for 4 = 1, 3k, n:
Ixlm < S ||xn + %D |Ix||y),

where
fork > 1.

L k
or =lo
k=R
Given r > 9%~ we choose Jj such that

(or —o1)j <logr < (ox —o)(j + 1) < 2(0x — 01)J,

which gives
1
Ixllm < SClxlls + ;gIIXIIN)
with
1 (Ok41 — o1)

s = .
2 (o —o1)

We can increase S so that the inequality holds for all r > 0. A calculation of the
minimum of the function of r on the right side gives

Ixllm < CT Il v = llx 1l ™
This means that F € (DN). Theorem B is proved. [ |

To complete the paper, we prove the following:

Proposition 3.2. Let F be a Frechet space such that H(K, F) is regular for some
balanced compact set K in a Frechet space E. Then F has the continuous norm.
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Proof. By [1], it suffices to show that H (K, w), where w is the space of all complex
number sequences, is not regular for all balanced compact sets K in a Frechet space E.
Choose a balanced neighborhood basis {Uy} of K and a sequence 8; > 1 such that

81 Uky1 C Up forallk > 1.

Fork = 1, choose o1 € H(U;)\ H*(Uy). Since K is compact, there exists k1 > 1 for
which o1 € H® (Uy,). Without loss of generality, we may assume k; = 2. By continuing
this process, we obtain a sequence of holomorphic functions o; € H (Uy) such that

ox ¢ H®U;) and ox € H®Ug41) fork > 1.
‘Consider the sequence {6;} C H(K, w) given by
SAm (e LRG0 B L)

Obviously,
{0k} ¢ H(U;, w) forj > 1.

It remains to be checked that {6} } is bounded in H (K, ). Indeed, given
W=Wi+ - +W+...
a neighborhood of zero in H(K, w), where
Wi = {p € H(Uk, ) : pr(p) < 1}

and py is a 7,,-continuous seminorm on H (U, @), by the definition of a 7,,-continuous
seminorm, for each k¥ > 1, we can find n; > 1 and ¢; > 0 such that

{o = (¢j) € HUk, ) : max |lg;[l < e} C Wi.
1<j=<m

We may assume ng < ngy for k > 1. Since 8k 1 Ur4p C U1, 8541 > 1, we can
write foreach k > 1
or = Py + Ok,

where Py is a polynomial on E and Q; € H(Uy) with
| Ckllu,., < €k+a-
From the relations
(Oveig 0, P.,0,...) e Wy fork > n

and
©,...,0, 01, 0,...) € Wryp fork>1,

we have 6, € W for k > n1. Hence 6; — 0in H(K, w) and this completes the proof.m

Acknowledgement. The authors would like to thank the referee for precious observations.



136 Nguyen Van Hao and Bui Dac Tac

References

—

. C. Bessaga and A. Pelczynski, On a class of By-spaces, Bull. Acad. Polon. Sci. 5 (1957)
375-377.

2. B.J. Boland and S. Dineen, Duality theory for spaces of germs of holomorphic functions on
nuclear spaces, in: Advances in Holomorphy, North-Holland Mathematics Studies, Vol. 34,
J.A. Barroso (ed.), North-Holland, 1979, pp. 179-207.

3. S.B. Chae, Holomorphic germs on Banach spaces, Ann. Inst. Fourier 21(3) (1971) 107-141.

4. S. Dineen, Holomorphic germs on compact subsets of locally convex spaces, in: Functional
Analysis, Holomorphy and Approximation Theory, Lecture Notes in Mathematics, Vol. 843,
S. Machdo (ed.), Springer-Verlag, 1981, pp. 247-263.

5. S.Dineen, Complex Analysis in Locally Convex Spaces, North-Holland Mathematics Studies,
Vol. 57, North-Holland, 1981.

6. R. Meise and D. Vogt, Structure of spaces of holomorphic functions on infinite dimensional
polydiscs, Studia Mathematica TLXXYV (1983) 235-252.

7. J. Mujica, Spaces of germs of holomorphic functions, in: Studia in Analysis Advances in Math.
Sup. Stud., Vol. 4, G.C. Rota (ed.), Academic Press, 1979, pp. 1-41.

8. P. Noverraz, Pseudo-convexite, Convexité Polynomial et Domaines d’Holomorphie en Dimen-
sion Infinie, North-Holland Mathematics Studies, Vol. 3, North-Holland, 1973.

9. A. Pietsch, Nuclear Locally Convex Spaces, Erg. der Math., Vol. 66, Springer-Verlag, 1972.

10. H.H. Schaefer, Topological Vector Spaces, Springer-Verlag, Berlin-New York, 1974.

11. R. Soraggi, Holomorphic germs on certain locally convex space, Ann. Math, pura et Appl. 144
(1986) 1-22.

12. B.D. Tac, Extending holomorphic maps in infinite dimensions, Ann. Polon. Math. 54 (1991)
241-253.

13. D. Vogt, Subspaces and quotient spaces of (s), in: Functional Analysis, Surveys and Recent
Result, North-Holland Mathematics Studies, Vol. 27, K.D. Biersted and B. Fuchsstiener (eds.),
North-Holland, 1977, pp. 167-187.

14. D. Vogt, Frechtriume, zwischen demen jede statige lineare Abbildung beschrankt ist, J. Reine
Angew. Math. 354 (1983) 182-200.

15. D. Vogt, On two classes of F-spaces, Ach. Math. 45 (1985) 255-266.

16. D. Vogt, Regularity properties of (LF)-spaces in: Progress in Functional Analysis, K.D.

Bierstedt et al. (eds.), Elsevier Science Publishers B.V., 1992, pp. 57-84.



	Scan1
	Scan10001
	Scan10002
	Scan10003
	Scan10004
	Scan10005
	Scan10006

