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Abstract. In this paper, the composition ofrandom operators between Banach spaces is defined in
a natural manner. Unlike deterministic operators, the composition of random operators need not
exist. Some conditions forthe existence ofthe composition are provided.

1. Introduction

Let X and Y be separable Banach spaces. By a random operator A from X into Y, we
mean a linear continuous mapping from X into the space .L{(O) of Y-valued random
variables with the topology of the convergence in probability. For the motion of the study
of random operators, see [16]. Some aspects of the theory of random operators acting
between Banach spaces were investigated in [1, 10, l3-15].

This paper which is a continuation of [6] is devoted to the notion of the composition
of two random operators acting between Banach spaces. It seems natural to consider
the composition AB of two random operators A and B as a transformation obtained by
performing B then performing A. But under the original definition, the random operator
A cannot act on random variables while the range of B consists of random variables
with values in the domain of A. Hence, the first discussion must be to give a reasonable
definition to the action of A to some random variables taking values on the domain of A.
In other words, given a random operator A from X into I, the problem is to extend the
domain of A to some class of X-valued random variables. Of course different procedures
may be proposed but the aim will be that the extension must be as wide as possible and
at the same time it should enjoy many good properties similar to that of A.

* This work was supported in part by the National Basic Research Program in Natural Sciences,
Vietnam.
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In Sec.2, a procedure of the extension is introduced in a natural way in the case
X : l, (1 < s < m). This enables us to give in Sec. 3 the definition of the composition
of two random operators A and B, where A is the random operator from X into Y , B the
random operator from Z into X, and I and Z are arbitary separable Banach spaces. We
determine some conditions for the existence of the composition and give some examples.

2. Action of Random Operators on /"-valued Random Variables

Throughout th ispaper,  X:1,  (1 < s < @),e:  (e, ) is thestandardbasis inX.Recal l
that by a random operator A from X into Y, we mean a linear continuous mapping from
X into Zd (O) wtrere Z{ (C2) stands for the set of all l-valued random variables equipped
with the topology of convergence in probability. The set of all random operators from X
into Y is denoted by L(O. X. Y). Since A : X ---> tf(O) is linear and continuous, we
have

l ,  : i { r ,  e,)Aen in zJ(o) .
n : l

This suggests the following definition.

Definition 2.L. An X-valued variable u is said to be A-applicable if the series

f@, ")e",
n :1

converges in L{@). In this case, the sum of the series is denoted by Au. The set of all
A-applicable randomvariables is denoted by D(A).

Using the same argument as given in the proofs of [16, Propositions 4.24.4], we get
the following propositions.

Proposition 2.2. Assume a random operator A e L(9,X,Y) has a modification
whose sample paths belong to L(X,Y). Then every X-valued randomvariable u is
A-applicable.

Proposition 2,3. If u1, u2, . . . , u, belong toD(A) and 11, Er, .;. , {, are real-valued

randomvariables, then the linear combination of the form u : D E,r, also belongs to

D(A) andwe have

o r : f  € i A u i .
i : l

Proposition 2.4. If u e f{ ($ is a countably valued random variable, then u is
A-applicable and Au can be computed by the direct substitution.

Theorem 2.5. Izt u e f{ {91 and the sequence (Ae,)Lr be independent. Then u is
A-applicable.
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Proof. By the independenceof u andthe sequence (Aen),wehave

t39

n| t  s  t r  I  /  - r r r  3 . .  l l
Pl l l  )  

- (u ,e i )Ae i  
l l  " l  

:  I  P l l l  )  . ( , ,e ; )Ae i l l
l l l  , L / '  ' '  ' l l  

)  J x  1 r  -  l l
i :m

where P, is the distribution of u on X' Because fot each x e X

n

l im r l l l  f  t ' ,  , ) ,q.r i l l  '  , |  :0,
m , n + @  | . l l  u '  l l  t

by passing to the limit under the integral (2.1)' we get

, rlar,61,

(2.1)

r l l  s  l l  I

, . r jT_ 
p| l  L(&. ei)Aei l l  > e |  

:0,

i .e., the r"ri"s f {u, e;)Ae; converges in t5(o).

From now on, for brevity, we denote the random variable (u, er) by un and (x, en)

by ,r. We associate to A a family of increasing o-algebra (F") as follows: f, is

the o-algebra generated by Ae1, .. . , Aer. An X-valued random variable a is said

to be predictable (with respect to A) il for each n > I, the nth coordinate un is

fn-l-measurable. I

Theorem 2.6. Let H be a Hilbert space and A a random operator from X : ls into

H. Suppose the r.v.'s (Aen) are independent. Then each X-valued predictable random

variable u is A-applicable.

The proof is based on the following lemma' which is an extension of [3, Theorem 2]

to the case of Hilbert space-valued r.v''s.

Lemma 2.7. IEt (E) be a sequence of H -valued rv,'s and T, the o -algebra generated

by h, . . . , 8,. SrpJose 1.tnQt) is the regular conditional distribution of $', given F"-1'

Then the ,rries f f, corwerges a's. if, for almost a, the sequence lw"@)l sums in
n : l

probability in thi foltowing sense: For each sequence (lr) of H -valued independent r'v''s
'defined 

on anothir probability space (a' , F' , P'), such that the distribution of 1n(at) is

t-t^Qo) (n : l, 2, . . .), the series Lrl, corwerges in Ltr (q'

Lemma 2.7 cap,beproved by the same argument as given in the proof of [3, Theorem

2l by using the Kolmogorov three-series theorem for independent r.v.'s taking values in

Hilbert spaces (see [12]).

Proof of Theorem 2.6. Let p(to) be the regular conditional distribution of urAe, given

fn- r . Since un is Fn-ymeasurable and Ae, is independent of Fn-t , we have

p , ( t o ) (E ) :  P {unAen  e  E l f n - t l :  P la '  : un (a )Ae , ( ro )  e  E l '
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Let vn(x) be the distributi on of xn Aen. We have
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v,(x)(E)  :  P{a '  :  xnAer(a ' )  e  El .

Consequently,

l r ,( t ' t )  = v"(u(a)). (2.2)

Because, for each x e X,the r.v.'s (xrAe) are independent and the series f ,rAr,
n : l

converges in probability, from (2.2), it follows that the seQuence {p"(a)} sums in

probability. By Lemma 2.7, we conclude that the series I unAen converges a.s., that

is, a is A-applicable. I

In the case where I is a Banach space, we have to impose some conditions about the

smoothness of Y as well as some additional conditions on A.

A Banach space I is said to be p-uniformly smooth (I < p < 2) if the modulus of

smoothness p(r) satisfies p(t) : O(tp), where the modulus of smoothness is defined

by

o1r; : ,on 
{

v

A Banach space I is said to be p-smoothable if I is isomorphic to a p-uniformly

smooth space. Szulga [11] characterized p-smoothable Banach space by the fact that the

conditional three-series theorem for the sequence of Y-valued r.v.'s holds if and only if

I is sufficiently smooth, namely, we have the following result.

Theorem 2.8. (see [11, Theorem 2.ll Thefollowing conditions are equivalenti
(I) A Banach space Y is p-smoothable.
(2) For any Y -valued sequence (q), the a.s. cowergence of the following three series

i " t r rn l>ct r , -J
n : l

@

\- ntr: tFn-;
' L " t > n t
n : l

@

I "{nr; 
- E(c;lr,-)|P tF,-rl

n : l

implies the a.s. convergence of the series ir],, where (f : lnllllt^ll="1 and F,

denotes the o-algebra generated by |t, ..., l"'

A random operator A from X into Y is called a symmetric p-stable random operator
(0 < p < 2) if,for every finite sequence ((xp, yi)t:r in X x I', the joint distribution

of {(Axp, y)l1i,:r is symmetric p-stable.
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Theorem 2.9. Let A be a symmetric p-stable randorn operator from X : ls into Y
andY  aq -smoo thab leBanachspace ,whereq :2 i f  n :2andq  >  p i f |  <  p  <2 .
Suppose the rv.'s Aen are independent. Then each X-valuedpredictable randomyariable
u satisfying

g
l l un l "  <  x  a .s .

is A-applicable.

Proof. For brevity, we write Z, for Aen. At first, we shall show that
@

I  P f l l unzn l l>c l f , - r ]  . *  a . s .
n : l

@

lnlu,z,tt4,z^lsdlfn-rl : O a.s.
n : l

Indeed, because DZtunZn converges a.s., by the Borel-Cantelli, we have

@

P{llu"Z"ll > c} < oo for eachx e X.

By the assumption ,ilr'uris .Fr-1-measurable, Z, is symmetric and independent of
fn-t,w9 gAt

le{lu"z"l l > c/F,-tl: Pla' :
n=L  n= l

E {u 7, Z nl 111u^ z ̂ lls"l / f" -J : u n (a)

IoJtl lz,

which proves (2.3) andQ.D.
Now. we shall show that

lnllu"z"Iuu,z^11="1llq lF,-rl <"a a.s,
n : l

(a) The case p = 2 (the Gaussian case). For each x e X, Ax is a I-valued Gaussian
random variable so Ax e Ll(q. Hence, A may be considered as a linear mapping
from X into Zt(O).By the closed graph theorem, A is continuous, which implies
that sup EllAe"ll" : K < oo. Now, by assumptiort, e :2 and we have

- @

I " 
{ llu n Z,,r y1u, 2,1 =4 ll2 / f, - i : I lu,P n {ll z, ll2 t w, z ̂1 s4 / F, - rl

l lun@t)Zn(at)ll > cl < oo a.s.

f

I zrkt'1dp1a'1 - g,
,

(a')ll<c /u"(a)l

T4L

ir.t>

(2.4)

(2.s)

n: l

. s ll",Pn{llZ,ll2 /F,_i :l lu,Pnlz,P < xllu,P < x a.s.
n: l  n : l  n : l

(b) The case 0 < p < 2. We need the following lemma:
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Lemma 2.10. There exists a constant K > 0 such that
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snp P{l lZ" l l  > c} < Kc-P. (2.6)
n > l

Proof of Lemma. For each x e X, Ax is a l-valued, p-stable random variable so
'+x e L! (Q (r < p).By the closed graph theorem, A can be viewed as a linear
continuous mapping from X into Ll (O), which implies that

suP EllAe"ll '  : Kt < oo. (2'7)

Since Y is 4-smoothable, it is of type q. By U8, Proposition V.5.11, this implies that F
is of stable type p. Hence, in view of [5, Corollary 7.3.5, Proposition 7.5.4], there exists
a constant Kz > Odepending only on r arrd p such that

P{llAe,l l > c) < Kzc-pE{llAenll ' lp/ '. (2.8)

Combining (2.7) and (2.8), we get (2.6) as claimed.

Now, we prove (2.5). Using the independence of Z, and Fr-1 together with the
fn- 1 -measurability of u n, we have

E l l lu n Z,l  111*, z  ̂ 1.c) f  I  f  n - t l  :  lu, ls E l l l  Z 
"V 

I l tu ^ 2,1=d / F, - t l

:  wnlq Sc/tu'(a)t f  dp1.l lznl l  .  r}.
JO

Integration by parts and the estimation (2.6) yield

rc/ lu, ta) l  pc/ lu, (at \ l

J,  
f  d  p{ l lz , l l  .  t }  =  q 

Jo 
tq- '  P{ l lZn l l  >  r l  d t

1 c / l u . ( a \ l  n _ h _ t .  K q
.  Kq I  14-P-r  dt  :  - - : : \c / lu , (at ) l ) '  ' .

J o  q - P '

Consequently,

@ @

i  ut  l lunznt l tu,z"t<ct l lq / f , - r l  = 2f  fu,rr>f  (c/ lu,Q,) l )q-p
n - - t  Q - o -

:  Kq'n-'  
i ' r , ,ryo < oo a.s. (z.g)

q - p  7 :

which shows the a.s. convergence of the series (2.5).

Having established the a.s. convergence of three series (2.3)-(2.5), we can conclude
@

that the series I unAn converges a.s. by Theorem 2.8. Theorem 2.9 is proved. I
n : l
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Corollary 2.11. Let A be a symmetric p-stable random operator from X : lo
( I  <  p  <2 ) i n toaq -smoo thab leBanachspaceY ,whereq :2 i f  p :2andq  >  p i f
p <2.Supposetherv.'s(Aer)areindependent.TheneachX-valuedpredictablerandom
variable u is A-applicable.

3. The Composition of Random Operators

Definition 3.1. Let Y and Z be separable Banach spaces, and let A e L(9, X, Y),
B e L(9,2,X). We say that the composition AB exists if, for each x e Z, Bx is
A-applicable. In this case, the composition is defined by

(AB)z :  A (Bz ) .

Theorem 3.2. The composition AB , if it exists, is a random operator from Z into Y .

Proof. By definition we have

(AB)z : i {ur ,  e,)Aen .
n : 1

Define the mapping C, : Z -+ t{(O) by

c,7 : i rur ,  e ; )Ae;  .
i : l

It is easy to prove that C, is linear and continuous. Since Cr7 : (AB)z in Lil(A)
for every z e Z, it follows from the Banach-Steinhaus theorem that AB is also a linear
continuous mapping, i.e., it is a random operator.

Proposition 2.2 and Theorem 2.5 allow us to obtain the following conditions for which
the composition exists.

Theorem 3.3.
h) Assume the random operator A has a modification whose sample paths are in

L(X, Y). Then the composition A B exists for every B e L(9, Z, X).
ft) If A and B are independent random operators, then the composition always exists,

A random operator B is said to be A-predictable if, for each z e Z, the X-valued
random variable Bz is predictable with respect to A. As a consequence of Theorems 2.6
and2.7, we obtain

Theorem 3.4.
h) Let Y be a Hilbert space and assume the random variables (Ae) are independent.

Then AB exists for each A-predictable random operator B e L(4, Z, X).
ft) Let Y be a q-smoothable Banach space and assume A is a symmetric p-stable

randomopera to rwhereq :2 i f  p  -2 ,  p  <  q  <2 i f o  <  p  <2and the random
variables (Ae) are independent. Then AB exists for each A-predictable randorn
operator B e (O, Z,X) satisfying:

r43

I
I
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For each z e Z, irtfur, en)lP < x a.s.

We close this paper by exhibiting two symmetric p-stable random operators A, B
from/, intol" (1 < s < p)forwhich AA, BA existbut BB andAB donot.

First, we need the following lemma.

Lemma 3.5. [18] Let (c") be a sequence of real-numbers and (a,) the p-stable
standard sequence, i.e., the sequence of i.i.d. real-valued random variables such that

E exp(itu) : exp(-lllp). Then the series f ,non converges a.s. if and onty rf
n : l

(c;) e lo and the r"riu f lcnanl' converges a.s. if and only if
n : l

(c") e I, inthe case s < p <2,

(c") elo inthe cqse p < s < oo.

Now, le t  1 <, r  < p <2anda:  (a i )  e  / r .ConsiderrandomoperatorsAandBfrom
/, into l, defined by

g
A x : a L o r * ,  i f  x :  ( ' x i ) € l s ,

i : I

@

Ax :  Laix ie i  i f  x  -  (x i )  e  ls  .
i = l

By Lemma 3.5, the ,"ri", fl qixr and i lo,r,l" converge a.s. so A and B are well
t : l  i = I

defined.
(i) Let u : Ax. trren f 1a, ei)Aei - (io,*,)of o,o, which converges a.s.

t : l  i : I  i : 1
Hence, AA exists.

@ o o @

(ii) Let u : Ax. Then ! (u, e)Be;: ( I aixi) D aia;ei whichconverges a.s. since
i : l  i : l  t : l

(a;) e lr. Hence, BA exists.
(iii) Let c € lr but c / lpp.Put u : Bc. Then we have

l {u, t)nri  :  lulr iei.
i : l  i : l

Because.c:  (c i )  / Ippand2s > p,  byLemma3.5,

i , '?, ,1 ' : i ta i . f i l ls:6.
i : t  i : I

Hence, BB does not exist.
( i v )  Le t  c :  ( c i )  e  I ,  and  c  / l p t z  ( c ;  >  0 ,  i : 1 ,2 , . . . ) .Pu t  u :  Bc .Thenwehave

l@,  e)Aei  :  o lu l r i .
i : t  i : l
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Because c :  (c )  /  Ip /z ,byLemma3.5 ,wenun"  f l  a lc i :  f  @;ur -c i12  :  rc .
i : L  i : l

Hence, AB does not exist.
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