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Abstract. In the present paper, we introduce definitions of nonlinear n-widths based on the best
n-term approximations by families & of functions. The asymptotic degrees of the n-widths of
Besov classes of periodic functions are given. Moreover, we show that the family ®, constituted
from de la Vallée Pousin kernels, are asymptotically optimal for these n-widths.

1. Introduction

Let X be a normed linear space and ® := {¢1, ¢2, ..., ¥k, ...} a family of elements in
X. We are interested in the n-term approximation of an element f € X by the linear
combinations ¢ of elements from @ of the form

n
= Zak,-wk,-, ox, € .
j=1
Denote by M, (D) the set of all these linear combinations. The set M, (P) is a nonlinear

continuous manifold in X in the following sense. Let /o, be the normed linear space of
all bounded sequences of numbers x = {x¢};2, equipped by the norm

l*lloc := sup |xxl,
1<k<oo

and M, the subsetin [ of all x = {x;}72 ; with at most n x; # 0. Consider the mapping
R¢ from the metric space M, into X defined by

n
Ro(x) = ) _ xk¢%,
Jj=1

for x = {x}32; with x = 0 for k # ki, ..., k. From the definitions, we have
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Lemma 1. If the family ® is bounded, i.e., |lorll < c fork = 1,2, ..., then Rg is a
continuous mapping from M,, into X and M,(®) = Re(M,).

This lemma shows that M, (®) is the image of the set M,, under the continuous mapping
R, i.e., a nonlinear manifold in X, parameterized continuously in the metric of [, by
M,.

Given f € X, we define

® X):= inf —o|. 1
onlf,® X) = it If ~gl M
Next, if W C X, we put
on(W, &, X) := sup o, (f, D, X). 2)
few

The quantities (1) and (2) are called the best n-term approximations by the family @
of f and W, respectively. There has recently been great interest in the best n-term
approximation by various families of functions in both theoretical and application
aspects. There were several works on the best n-term approximation, among which
[4, 11] were on the best n-term approximation by B-splines, [2, 3] on the best n-term
approximation by wavelets and [6, 9] on the best n-term approximation by trigonometric
functions (exponents), etc.

The nonlinear manifolds M, (P) in the definitions (1) and (2) are too general (even
for bounded ®) to make them useful. Thus, if X is separable and ® is dense in the unit
ball of X, then o, (f, &, X) = 0 for any f € X. Therefore, the first problem which
actually arises is to impose reasonable conditions on & and methods of approximation
by the elements of M, (®P). One of the approaches to dealing with this problem is to
restrict approximations by the elements of M, (®) with only continuous methods which
are represented as continuous mappings from W into M, (®). This approach certainly
leads to a notion of nonlinear width. We will consider this problem in detail in the next
section. In particular, we introduce two definitions of nonlinear n-widths o, (W, X) and
Bn(W, X) based on the n-term approximation (2). The authors of [1] have suggested a
notion of nonlinear manifold z#-width 8, (W, X) based on nonlinear approximations by
nonlinear manifolds continuously parameterized by R". The other approach is to impose
on the family ® “minimality properties” [9]. This approach will be discussed in Sec. 5.
As an auxiliary part of the present paper, Sec. 3 is devoted to the nonlinear n-widths
ay and B, of finite-dimensional sets. In Sec. 4, we prove the asymptotic degrees of the
nonlinear n-widths «;,, and B, of Besov classes of multivariate periodic functions.

2. Nonlinear Widths

Let W be a subset in the normed linear space X. The nonlinear n-width o, (W, X) is
defined by

on(W, X) ;= inf sup | f — Re(F(f)I,
D F few
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where the infimum is taken over all continuous mappings F from W into M, and
all bounded families ® in X. The n-width o, (W, X) expresses the error of the best
continuous method of n-term approximation by & of the elements in W, i.e., by the
elements from nonlinear manifolds M, (®). We next introduce another nonlinear n-width
as a characterization of the best continuous method of nonlinear approximations by the
images of all continuous mappings from M, into X, namely, the nonlinear n-width
B, (W, X) is defined by

Bn(W, X) := inf sup [If — R(F(f)),
R.F few

where the infimum is taken over all continuous mappings F from W into M, and R
from M,, into X. There are other notions of nonlinear width (see, e.g., [3, 14] for details).
We would like to recall among them the well-known Alexandroff n-width a, (W, X)
and the nonlinear manifold n-width 8, (W, X) [1], which are more closely related to the
n-widths &, (W, X) and 8, (W, X) and have a more explicit approximative meaning. The
Alexandroff n-width a, (W, X) is defined by

an(W, X) = llvnlf( ;U%})V [Rre F &l
R fe

where the infimum is taken over all compact subsets K C X of topological dimensions
< n and all continuous mappings F from W into K (see, e.g., [3, 8] for the definition of
topological dimension). The nonlinear manifold n-width &, (W, X) is defined by

8 (W, X) = inf sup If — RFEUNI,
F feWw

where the infimum is taken over all continuous mappings F from W into R" and R
from R" into X.

Lemma 2. Let W be a compact subset in the normed linear space X. Then the following
inequalities hold
a, (W, X) < B.(W,X) < an(W, X), (3)

S2nt1(W, X) < ap,(W,X) < ,Bn(Wv X) < §,(W, X). @

Proof. The inequalities 82,+1(W, X) < a,(W, X) < 8,(W, X) in (4) were proved in
[8]. The inequalities a,(W, X) < B,(W, X) in (3) and B,(W, X) < &,(W, X) in (4)
directly follow from the definitions. To complete the proof of the lemma, we will check
the inequality a, (W, X) < B,(W, X) in (3). Note that if K C M, is a compact subset,
then the topological dimensions of K are not larger than n. This means that for arbitrary
¢ > 0, there exists a finite open s-covering of multiplicity < » + 1. This property is
implied from the fact that for arbitrary ¢ > 0, there exists an (infinite) open e-covering of
multiplicity n + 1 for M,,. Hence, the inequality a, (W, X) < B,(W, X) can be proved
in a way similar to the proof of the inequality a,(W, X) < §,(W, X) which was given
in [8]. [ ]

In this and the following sections, we denote by y;, either o, or By,.
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Lemma 3. Let the linear space L be normed by two equivalent norms || - | x and || - ||y,
and let W be a subset of L. Assume W is compact in these norms, and ys(W, X) > 0.
Then we have

Yars(W, Y) < va(BX, Y)ys(W, X),
where BX :={x € L : | x|lx < 1}.

Proof. The proofs of this lemma are similar for o, and B,. We prove it, for example,
for a,,. Since the norms || - || x and || - [|y are equivalent, the boundedness and continuity
properties are understood with respect to the topology of these norms. It is convenient to
represent a family ® = {¢1., ¢2, ..., @k, ...} inthe form ® = {@i}rex and [, as the linear
normed space oo (K) of all bounded sequences x = {Xz}iek with the usual supremum
norm, where K is an abstract accounting set of indices. Let F; : W — M, and
F, : BX — M,, be any continuous mappings, and ® = {gr}reo, and &, = {@k}ke0,
are any bounded families, where Q1 and Q, are accounting sets of indices and
Q1N Qy = B. Put G(f) == f — Ro, (F1(f)) and

8= sup [G(Hlx-
few

Since W is compact and os(W, X) > 0, we have 0 < 8 < oo. We define the family
® = (@i ke, Where Q := Q1 U O, and the mapping F : W —> M, as follows.
Consider M,, M,, and M, as subsets in lso(01), lso(Q2) and I (Q), respectively.
Then the set My, = {(x,y) : x € M,, y € M,} can be represented as a subset of
M, 1. Let the mapping F : W — M, be given by

F(f) := (Fi(f), 8F2(G(f)/9)), feW.

It is easily seen that ® is bounded and F is a continuous mapping from W into M.
We have G(f)/8 € BX and

f — Re(F(f)) = 8((G(f)/8 — Ra,(F2(G(f)/8))}.

Hence,
sup || f — Ro(F(fN)lly <8 sup If — Ro, (F2(fNlly-
few feBX
This proves the lemma for ¢;. [

3. Nonlinear Widths of Finite-dimensional Sets

Let us consider I, as a linear space. For 0 < p < 0o, denote by [} the linear subspace
of all x = {x¢}32, withx; =0 fork =m + 1, m + 2, ..., equipped by the norm

m I/ p
H{xk}”lg‘ = ||x|jm = (Zhﬂf’) )
k=1
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with a change to the max norm when p = ©0. If m > n, let M!" be the subset in M,
of all x = {x}72, withxz =0 fork = m =+ 1.m + 2, .... Note that the metrics of /x
and [} generate the same topology in the linear subspace of all elements x = {2},
withxy =0fork=m+1,m+2, .. particularly, in M;". Moreover, every continuous
mapping § from the normed linear space [} into the metric space M" C lx can be
considered as the supercomposition § = R © F of the continuous mapping Fg from
1" into My, and R, where Fg(x) = S(x) forx € M, and E = {el, e, ...,el, ..}, el is
the jth basic vector in I, i.€., ef =1 for j =k and e/ = 0 for j # k. Itis sometimes
convenient 1o represent I;’ as the space of finite sequences x = {xi )i, equipped by the
norm (5).
Denote by B)' the unit ball in /7.

Lemma 4. Let0O < p <00, 1 <gq < o0 and m > n. Then we have

)’n(B;;n, l:’lﬂ) =3 Ap,q(my n)v

where
(n+DVITVP, forp <gq
Ap,q(m,n) = 1, forp=gq
m —m)/a=V?, forp >gq.

In addition, we can explicitly construct a continuous mapping S : I} —> M" such that
S = RgoFs, SOx)=AS(x)forr = 0, and

sup [|x — Re(FsG)lly < Apq(m,n). ©)

xeBy

Proof. This lemma can be proved in a similar way to that of [8, Lemma 2.5]. For
completeness of the present paper and understanding further discussions, we prove
it here. We first construct a continuous mapping S : A nil M!" such that § =
Rp o Fs, S(Ax) = AS(x) for » > 0, and the inequality (6) holds. For the case p = ¢,
the mapping S is defined as the linear projector

S(x) = {x1, %2, eer X, 0, ..., 0, .}, forx = {xk)po; € ll',".

From the Holder inequality, it is easy to check that

m 1/q
Ix — Sy = (Z |xk1‘1> < Apqg(m,mixliy. (7

k=n+1

Next, we consider the case p < ¢. In order to define S, we use an idea in [12] for
establishing the upper bound of a, (B}’ M. If x € I} and

p’q
l-xkll _>_- |xk2| Z 2 |ka|a

we put S(x) = y, where

X, — |Xhia |signxy,, fork = 1,..,n
Yi, = ;
7 0, otherwise.



170 Dinh Dung

We have
lx = Sl < Apg(m, n)lix|im. (3

This inequality was proved in [12] for the case 1 < p < oo (see also [14]). The case
0 < p < 1 can be treated similarly. It is easily seen that S is a continuous mapping from
Iy into M and S(Ax) = AS(x), A > 0, for both the cases p > g and p < g. From (7)
and (8), we obtain (6) and the following upper bound

Vn(B;n’ l;n)

IA

il ¥ o ©)

To prove the lower bound
va(By, 17) = Apq(m,n), (10)

weput X =17, ¥ = l;", W =B, s =m —n — 1, and apply Lemma 3. We have
YA (B 1) < V(B 1) Ymon o1 (B, 1), (11
The inequality (9) gives
Ym-n—1(B], l}r}n) = Aq,p(ma m—n—1). (12)

On the other hand, the inequality (3) and the equality a,, 1 (B™, ! 7 ) = 1[12](see also
(8]) imply
Ym-1(B;, l;") > 1.

This and (11) and (12) prove (10). -

4. Nonlinear Widths of Besov Classes

Ifo >0and 0 < p, 6 < o0, denote by B;‘, o the Besov space of all functions f defined
on the d-dimensional torus T ¢ := [0, 27r]¢, such that the norm

Ifllse, = 1Fll, + I£lz2,

is finite, where

o0 1/6
| flBe, = (fo ™" (f, t)p}edt/t> ;8 < 00,

with the usual change to the supremum when 6 = oo, r is any natural number larger
than &, and " (f, t),, is the p-integral modulus of smoothness of order r of the function
f. Here, || - ||, denotes the p-integral norm of L, (T d).

In what follows, the notation A < A’ means A < cA’ with absolute constant ¢, and
the notation of asymptotic equivalence A ~ A’ means A < A’ and A’ < A. Denote by
K; o the unit ball in B;‘,e.

Theorem 1. Let1 < p,g <00, 0 <6 < ocanda > max{0,d/p — d/q). Then we
have
V(K g, Lg(T?) ~ n=/4,
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Proof. The lower bound
Yn(Kg g, Lg(Th) > n~/?

follows from the inequality (3) and [8, Theorem 3.2]. To prove the upper bound
(S, Lg(Th) < n~%/4, 13)

it is sufficient to construct a continuous mapping F : K;"G —> M, and a family
® C Ly(T?) such that

sup [|f — Re(F(M)llg < n~/2. (14)

@
xEKp,e

For the sake of simplicity, we are restricted to prove the case d = 1. The case d > 1 can
be treated similarly. Moreover, since B , C Hy := Bj ., it is enough to verify (14)
for the case of K := K} . For the nonnegative integer v, let

°

v
Vi(x) = g Y coskx + D Evl_k

2 k=1 k=v-1 ;

sin(vx) sin(3vx/2)

coskx = :
2vusin®(x/2)

be the de la Vallée Pousin kernel of order v. For functions f € L,(T), the convolution
Wf=fxV,

defines the de 1a Vallée Pousin sum of f. Note that V,, f € Tp,_1, where 7, denotes the
space of all trigonometric polynomials of order < m. Next, we put

vof =Vif; nf =Vaf—=Vuuf, k=12, ..

Ifa >0,1<p < oo,then [13]

I £l ~ sup 2%l fllp - (15)
<k <00

Given a function f defined on T, we set

3v—-1
Sof @)= ) fUk)Sy(x — hk),
k=0
where
S, (x) = Bv) Wy (x); h:=27(Gv)"L.
It is easy to check that

f =S8,f forevery f € T,. (16)
Let T,/ be the subspace of f € L,(T), spanned on @, := {Sy(- — R I

3v-1

f@) =Y aSu(x — k) A7)

k=0
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is a function in T;, then
fhk) =cg, k=0,1,...,3v -1, (18)

and moreover [7],
Ifllp ~ v YPI{FBR)} i, 1< p < oo (19)

Note that the correspondence of f € TI;’ with {f (hk)}i":?)1 forms an isomorphism

from T; onto lg”. Denote itby J. Let S ; be the unit ball in T; and Fy : 113," — M, the
continuous mapping defined in Lemma 4 for m = 3v, and F* = Fs o J. Obviously, F*
is a continuous mapping from 7, into M. By Lemma 4 and (19), we have for 3v > m

sup || f — Ro, (F*(f)lly < v/P~Y94, ,(3v,n), (20)
fes,

and (Re, o F*)(Af) = MR, o F*)(f) for A > 0. We will consider the case p < g (the
case p > g can be treated similarly with a slight modification). Given a natural number
n > 4, we find the nonnegative integer s by the condition 2°72 < n < 2°%3 Lete be a
fixed number satisfying the inequalities 0 < ¢ < (¢ —B8)/B,where B =1/p—1/g > 0.
We put

ng =25t pp = [an2~t* ) k=s+1,5s+2, ...

with the parameter a chosen such that

x>
> me < n 21)
k=s

If fe Kg, then the inequality ||V, fll, < 3| f|p, for any nonnegative integer v, and
(15) give

f=Vorf + Y uf =) fo (22)
k=s

k=s

the series converging in the L, (T)-norm, and
Ifsllp < A5 Wfellp <227, k=s+1,5+2, .., (23)

where A is an absolute constant and fy = Vo1 f; fr = w1 fk=s+1,5+2,....By
virtue of (16), fx € T:, k = 5,5 + 1, ..., and therefore, by (23),

fr €ASY; fie 2 ST k=s+1,5+2,.. (24)

Put
k) = Oy = (@hImege k=s.5+1, ..,

where f = Sy (- — hgm), hy = 2n/3)27%, and Qi := {0, 1, ..., 3.2 — 1}. Let

F;: TF:* —s My, k=s5s+1,542,..,
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the continuous mapping defined by F; := Fso J forv = 2% From (20) and (24), we
obtain

S Ifi — Rogo (Ff fillg < 2@ P*A, ,(3.25, m), k=s+1,5+2,.... (25)
cky

Further, we let F* = J, where the isomorphism J is defined above for v = 2°. By (16),
we have f = S(f) = (Ro, o J)(f) forevery f € T, v = 2°. Hence,

i Ifs = Row (B (fD)llg = 0. (26)
Let X
o= Jow®), @7
and - .
F(f) = (FE(fOKS, for f =) fi € K. (28)
k=s

Consider I, as loo(Q) with @ := {(k, mi) : k =s,5+1, ..., mx € Ok} (see the proof of
Lemma 3). Then, by (21) and (22), F is a continuous mapping from Kg into M,,. Using
(25) and (26) and the inequalities 0 < & < (a — B)/B, B > 0 and 2542 < p < 2513,
by simple computation, we get, forany f € K;‘,

If = Ro(F(fDlg = Z Il fe = Raogo (F (fi)llg

k=s

o0
< 3 PR, (325 m) i
k=s+1
Thus, (14) has been proved for ® and F which are defined in (27) and (28). [ |

Let Ug be the unit ball of the Sobolev space W;‘ (see, e.g., [10] for the definition).
Theorem 1 and the well-known embeddings between W and B , imply

Corollary 1. Let 1 < p,q < oo and a > max{0, d/p — d/q}. Then we have
Ya(UZ, Lg(T®) ~ n~/%,

5. Sufficient Conditions for the Lower Bound

In this section, we discuss sufficient properties of the family &, which would give
a reasonable sense for the quantity o, (W, ®, L;(G)) for well-known classes W of
functions defined in G, where G is either T 4 or a bounded domain in RY. This problem
was studied in [8]. One of the restrictions on & suggested in [9] is the linear independence
of ®. However, many important families ® such as wavelets, B-splines and de la Vallée
Pousin kernels do not have this property. We would like to replace it by a weaker one.
Namely, let ® := {¢1, ¢2, ..., ¢k, ...} be a family of functions on L, (G). We require that
there exists a sequence {®(k)}52, of subsets of ® with card® (k) ~ 2% satisfying the
following conditions:
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(1) @(k) is linearly independent for k = 1, 2, ...;
(ii) For 1 < g < oo, the following norms equivalence holds:

1/q
~ (o % )
q

ped (k)

D 4

ped (k)
with the change to the usual supremum when g = o0;

(iii) There exists a nonnegative integer ko such that fork = 1,2,..,, n = 1,2, ..., and
1 < g < 00 and for any ¢ € span®d (k), the following inequality holds:

onl(p, Pk + ko), Ly(G)) K onlp, P, Le(G));
(iv) For o > 0, the following inequality holds for any ¢ € span® (k)
leliss @ < 2*10lz.6)-

Denote by K;“ ¢(G) the unit ball of the Besov space Bg,e (G) of functions defined on
G.

Theorem 2. Letl < p,q < 00, 0 < 8 < 00 and let the family ® satisfy the conditions
(i)—(iv). Then we have

(K2 (G), ®, Ly (G)) > n™/"., 29)
Proof. Itis easily seen that it is sufficient to prove the theorem for the case p = 00, ¢ =
# = 1. Similar to the proof of [9, Lemma 1] from the properties (i)—(iii), one can verify
the following inequality:

on (P (k)oo, @, Lg(G)) > 1, (30)

where @ (k) denotes the setofall ¢ € span® (k) suchthat [l¢||.. () < 1. The condition
(iv) implies ® (k) C A2k K go 1(G) for some absolute constant A. Hence, by (30), we
obtain (29) for the case p =00, g =0 = 1. ]

Corollary 2. Letl < p,g <00, 0 <0 < ooanda > max{0,d/p —d/q}, and let &
be the family of de la Vallée Pousin kernels defined in (27). Then we have

on(K%g, @, Lg(T)) ~ n™°. 31)

on(US, @, Ly(T)) =~ n™%, (32)
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Proof. Itiseasy to check that & is a family satisfying the conditions (i)—(iv). Hence, by
Theorems 1 and 2 and Corollary 1, we obtain (31) and (32). n

A multivariate generalization is also valid for the class K7 ; of functions defined in
T¢ and the space L, (T?). Condition (ii) could be replaced by the following condition
considered in [9]:

(ii’) There exists a finite subset Gy C G for k = 1, 2, ... such that cardG; « 24k and
for any ¢ € span®(k) and 1 < g < oo, the following norms equivalence holds:

/g9
((cardc;kr1 = |¢<x>|‘1) ~ Nl

x€Gy

with a change to the usual supremum when g = 00.
Minimality properties of ®, including the linear independence of ®, conditions (ii')
and (iii), and “the Bernstein inequality”, were formulated for establishing the lower

bound [9]
0, (US(G), @, L1(G)) > n~*/4,

where UI‘," (G) denotes the unit ball of the Sobolev space WP"‘ (G) of functions on G.
Theorem 2(i) substitutes the condition of linear independence of ®, while condition (iv)
is a modification of “the Bernstein inequality”. Corollary 2 particularly shows that, for
the case p < ¢, the family ® constituted from de la Vallée Pousin kernels defined in
(27) gives the asymptotic degree of o, (W, ®, L, (T)) for W, the Besov class K ;"9 or

Sobolev class Uy, better than the family of trigonometric exponents {ei & },c:io considered
in [6, 9].

Remark. We can consider nonperiodic analogs of Theorem 1 and Corollaries 1 and
2 for the Besov class Bg,e(l 4) and Sobolev class W, (I?%) of functions defined on
I9 := [0, 11%. Let ¥ (x) := N(x1)--- N(x4) be the tensor product B-spline where
N@) := N(;0,...,r) is the univariate B-spline of order r with knots at the points
0,1, ...,r and r is a fixed natural number with r > «. Let ¥y, 1= 1//(2]‘ -—m), m €
Z4 k € Z be the translated dilates of 1. For n-term approximation of the functions from
Bg’ o 4y and wyd 4) we take the family of algebraic polynomials and wavelets:

\FE= {{wm}meQ,, {wk,m}0§k<oo,meAk} s

where Y (x) := x]" -+ X7 Qr i={m € Z4:0<mj <r,j=1,..,d}. Aristhe
set of those indices m € Z ¢ such that ¥ (2% - —m) does not vanish identically on I¢.
It was proved in [5] that the functions f from Bg,a (I%) have a wavelet decomposition
into v, and Y, with the coefficient functionals depending continuously on f and with
the corresponding quasinorms equivalence. Using this wavelet decomposition, in a way
similar to the proofs of Theorem 1 and Corollaries 1 and 2, we can prove the following.
Letl<g <00, 0 < p,0 <ocando > max{0,d/p — d/q}. Then we have

V(K2 oD, LgIM) ~ ya(UFA?), LadY) ~ n~*/4,

on(K2 o9, W, Lo?) ~ 0n(UgdD), ¥, LyAY) ~ n~*/,
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We can construct a method of n-term approximation of the functions from K ;"6 (I%) by
the family W. This method is completely similar to the method of n-term approximation

by

de la Vallée Poussin kernels in the proof of Theorem 1. Another method of n-term

approximation by W was treated in [3].
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