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1. Introduction

The method for solving optimization problems in geometry and other problems by
using differential forms of comass one (calibrations) was adopted first by Dao Trong
Thi (cf. [14, 15]) and later proposed by Harvey and Lawson [7]. Corresponding to a
calibration is a geometry of minimal surfaces (cf. [5, 7]).

The constant coefficient calibrations have been studied by Harvey, Lawson, Morgan,
Dadok, etc. Only few examples of calibrations (especially of high degree) are known.
Such well-known calibrations are complex line, special Lagrangian, power of Kahler
forms (cf. [3, 7]).

By using the method of decomposition of a k -covector with respect to a vector, we
describe F*(SLAG) on R® and construct new calibrations on R¥*~1,

2. Decomposition of a k - covector with Respect to a Vector

Let @ be a k-covector on R"(k < n) and suppose {e], e, ... , €,} is an orthonormal

basis of R”. Denote
Dew=12;Pl\Dr|is 2wy byt
and =
S = (D, Doy, ... 5 Do)
We have
OI* =P = max (),
Io)" = 1@ = _max IS0l

and if | ®|* = 1, then G(®) = {®() An / P(n) =1}.
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Suppose @ is a k-covector on R" with span(®)* = R” (span(®)* = {v €
" /v 1® = 0}4) and let e be a unit vector on R”,
‘We have the following decomposition of & with respect to e:

D=e"Np+ Y,

there @ and ¥ are (k-1)-covector and k - covector on e*, respectively.

The following lemma gives a relationship between || ®[/*, le{|* and ||y |*.

.emma 2.1.
max{[l¢|*, ¥[*} < [®]* < /prll*z + [l |*2.

More exactly, we have the following theorem.

heorem 2.2.

D |®1*= max {Vem)?+¥(»n)?=A.
neGk—1,e*)

(—= 1,2

) G(P) = {(cosae + sinaf) A n}, where
G) @m? + ¥ (n)? = A%;

s rin)
11 = ="
@ f TGN

(iii) cosa = £, sine = LD,

The following corollary is deduced directly from the proof of Theorem 2.2,
orollary 2.3. Suppose ® has the following decomposition with respect to e
d=e"Ap+ Y,

here |l@ll* = ||[¥|[* = 1. Then we have ||®||* = 1 if and only if /o(n)? + ¥r(n)? < 1
ralln € Gk —1,R").

Application

1. F*(SLAG) onR8

enote by F*(SLAG) the set of all calibrations on R”, whose faces contain a special
igrangian face. The first Cousin principle shows that such calibrations must be of the
rm

D= D46 +Ae*14+ €25 +e*36) Ae*7+ae’ i Aetg.

y using the decomposition of ® with respect to a vector es, a direct computation shows
at & € F*(SLAG) if and only if a® + A% < 1.

. Classification of F*(SLAG) on R®
ch & € F*(SLAG) is one of the four following types:
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(1) Assoc — calibration (A = *1,a = 0);

2) & =Psrac + 6*178 ()» =0,a = %1). In this case, G(CI)) = G(CDSLA(;) U CPZ;
(3) If A2 4+ a? < 1, then G(®) = G(Psr.46);

(4) fA2+a’ =1, (A #0and a # 0), then G(®) = G(Psrac) | B. B is the set of

all 3-vector of the form (cosae + sinaf) A 77, where f = II%EZ;II ’

the form e; A (a2es + azes + ases + ages + azez) in which a; # 0.

and each 7 is of

4. General Associative Calibrations and General Coassociative Calibrations

Let {e1, Je1, e2, Jea, ... , €2n, Je2,} denote the orthonormal basis on C?" correspond-
ing to the complex structure J.

4.1. General Associative Calibrations

General associative calibrations are calibrations of degree (2n — 1) on R**~!, and
associative calibration is a special case when n = 2.
LetE e GR2n—1,Je, @ C2n—1y, Suppose & has the canonical form with respect to

the subspace span(Je,)
£ = (cosaJe, +sinaf) An,

where f e C* 1, neG@2n—1,Je, ® )

Definition 4.1. £ is called G-associative if the following equality holds:

p—1
> 3 14z A Qi =0.

k=1 |I|=2k

By using the lemma on strengthening of the Wirtinger inequality (see [7]), we have

Theorem 4.2. The (2n-1) - covector on span(Je,) & C?~1 ~ R4-1
DG_assoc = J€j A Qu—1+RedZ
has comass one, i.e.,
OG- assoc(€) < || forall £ € G(2n — 1, R,

and the equality holds iff & is G-associative.

4.2. General Coassociative Calibrations

General coassociative calibrations are calibrations of degree 2n on R*~!, and
coassociative calibration is a special case when n = 2.
Let& € G(2n, Je, ® C?*~1). Suppose & has the canonical form with respect to the
subspace span(Je,)
& = (cosaJe, +sinaf) An,

where f e C*~ 1 ne G2n—1,Je, ® (CahE
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Definition 4.3. £ is called G- coassociative if the following equalities hold
(1) |RedZ(n)|* = 0;

2(n—1)
@ X X dZ' AQuamP?=0.
k=1 I=2k+1

Also, by using the lemma on strengthening of the Wirtinger inequality (see [7]), we
have

Theorem 4.4. The 2n-covector on span(Je,) @ C"~! ~ R~
DG coassoc = Je; AImdZ + Q,
has comass one, i.e. ,
DG-coassoe (§) < [§] forall § € G2n, RV,

and the equality holds iff & is G- coassociative.
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