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Abstract. In this paper we present an overview of recent developments on the characterizations
of convex and generalized convex functions via the nonsmooth analysis approach. Generalized
convex vector functions are also considered together with their applications to vector optimization.

1. Introduction

Convex sets and convex functions have been studied for some time by Hdlder [19],
Jensen [20], Minkowski [39] and many others. Due to the works of Fenchel, Moreau,
Rockafellar in the 1960s and 1970s, convex analysis became one of the most beautiful
and most developed branches of mathematics. It has a wide range of applications
including optimization, operations resea.rch, economics, engineering, etc. However,
several practical models involve functions which are not exactly convex, but share certain
properties of convex functions. These functions are a modification or generalization of
convex functions. The first generalization is probably due to de Finetti (1949) who
introduced the notion of quasiconvexity. Other types of generalized convex functions
were later developed in the works of Thy [45], Hanson [7], Mangasarian [37], Ponstein
[41], Karamardianl2ll, Ortega-Rheinboldt [40], Avriel-Diewert-schaible-Zang[2].

This paper is an overview of recent developments on the study of convex and
generalized convex functions. Our emphasis is on characterizations ofthese functions by
the nonsmooth analysis approach, namely, by subdifferential and directional derivatives.
The second part of this overview is to study vector functions, mainly convex vector
functions. We shall see that presently, the study of generalized convex vector functions
is quite far from being satisfactory. There still remain open problems in relation to the
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definitions ofgeneralized convex vector functions, their structure and characterizations.
Nevertheless, many results have already been obtained in the applications of generalized
convex vector functions to multi-objective optimization. Because of the survey character
of the paper, proofs are not provided except for those of unpublished results.

2. Part A: Generalized Convex Functions

2.1. Most knportant Generalized Convex Functions

Let A be a subset of a finite-dimensional space R". It is said to be convex if it.contains
the whole interval linking any two points of A, that is, ),a I (l - ),)b e A whenever
a, b e A and,l. e (0, 1). In this section, / is assumed to be a real function defined on a
nonempty convex set A c Rn.

2.1. l. Convex Functions

Definit ion l. Thefunction f issaidtobeconvexif,forevery x,y € Aand), e (o, l),
one has

f ().x + (1 - r)y) < Lf (x) + (l - L)f (y). (t)

If inequality (l) holds strictly for every x * y, we say that f is strictly convex on A.

Convex functions are a direct generalization of affine functions because, for the latter,
(1) becomes an equality. convex functions possess many interesting properties. The
reader is referred to Rockafellar l42l for a complete study of these functions. Let us recall
some properties that will be needed in understanding generalized convex functions.

Remember that the epigraph of / is the set

e p i f  : : { ( x , a )  e  R n  x  R : . x  €  A ,  f  ( x )  < u }

and the level set at a e R is the set

lev( f ;a)  : -  {x  e A:  f (x)  < a} .

Proposition 2. The function f is convex if and only if one of the following conditions
holds:
(i) epi/ is convex;

(i i) lev(/ i€; a)isconvexforalla e Randall{ € R"wherethesumfunction f -t€
is definedby (f + 6)(x) : f(x) + (€,x).

It is worth noting that according to Proposition 2(ii), convex functions have convex
level sets; however, the converse is not true. A generalized convexity will be defined
to meet this converse. The next result of Fenchel [13] and Mangasarian I38l deals with
differentiable functions.
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Proposition 3. Assume A is open and f is dffirentiable on A. Then f is convex (resp.
strictly cowex) if andonly if,foreachx, ! € A, x # y, onehas

f t f ( x ) - v f 0 ) , r - y ) > 0
(resp. (y/(x) - V,f 0), r - y) > 0).

For nondifferentiable functions, one uses the subdifferential to characteize convexitv.
We recall that the subdifferential of a function f at x e A is defined by

l f (x)  : :  {E e R" :  f (y)  -  f (x)  > (E,  y  -x)  fora l ly  e A} .

For convex functions, the subdifferential is nonvoid at every relative interior point of A.

Proposition 4. Assume af @) is nonempty for x e A. Then f is convex (resp. strictly
convex) i f  andonly i f foreachx,y € A,  x  I  y  andg e 0f  (x) ,  n  eAf  0) ,  onehas

( € - r y , r - y )  > 0 ,
( r e s p .  ( € - n , x - y )  > 0 ) .

The above result is due to Rockafellar [42]. rt has been recently extended by
correa-Jofr6-Thibaudt and by Luc (see [29]) for the case where / is defined on a
Banach space and 0/ is defined in a more general form, including Rockafellar-Clarke's
subdifferential, Michel-Penot's subdifferential, etc.

Now, we turn to a subclass of strictly convex functions which is frequently used in
optimization and economics.

Definition 5. f is said to be strongly cotvex if there exists ot > 0 such that

f  Q,x( I  - I )y)  <Lf  (x)  +(1 -  L) f  (y)  -1. (1 -  ) , )o4lx  -y l l2

fo reve ryx , y  e  A , ,1 ,  e  (0 ,  1 ) .

Equivalently, / is strongly convex if there is cv > 0 such that the difference function
f (x) - allxl l2 is convex.

Using Proposition 4, we obtain the following characteization of strong convexity.

Proposition 6. Assume 0f (x) is nonempty for x e A. Then f is strongly convex if and
only if there exists a > 0 such that, for each x, y e A, x I y and { e Of (x), n e Of (y),
one has

G  -  q ,  x  -  y )  -  a l l x  - ) l l 2  >  0 .

2. 1.2. Quasiconvex Functions

Definit ion 7. f is saidtobequasicowexif,foreveryx,y € A, x I y and), € (0, 1),
one has

f ().x + (1 - r)y) < max{f (x), f (y)}. (2)

If (2) holds strictly, then f is said to be strictly quasiconvex. If (2) hotds strictly for those
x, y with f (x) * f (y), then f is said to be semistrictly quasiconvex.
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It is evident that strict quasiconvexity implies semistnct Qua-si6sa1-gxrq'and quasicon-
vexity. Semistrict quasiconvexity implies quasiconrerin'prorrded rhe funcuon is lower
semicontinuous.

Remember that the level surface of f at cy € R is the set surt-r r: at '.: 11 1 I '.

f ( x ) :  q \ .

Proposition 8. We have the following:
(i) / ts quasiconvex if and only if lev (f , u) is com'ex _for all cr = R'.

(11) Assume f is continuous and A is strictly com'er. Then .f is semisrricrk quasiconvex
i f andon l y i f l ev ( f ; u ) i sconvexande i the r l e r - ( / :  a l : su r t ' r . f : r a to rsu r f t _ f : a ) l s
in the boundary oflev(f; a);

(111) Assume f is continuous. Then f is strictly quasicomex i.f and onh if levt/:cv) ls
strictly colrvex and surf(f ; a) consists of exteme poinrs o.f letr ,f : q t onh.

Proof of (iii). It is already known [2]that lev(/; a) is strictlv conve\ ii -f is continuous,
strictly quasiconvex. If surf(/; a) contains a non-extreme point of levr -f : a r. then there
a r e x , y ,  z  e l e v ( f ; c v ) s u c h t h a t a :  f ( z )  > _  m a r { - f r . r r . . / r r r } . :  €  ( . r . _ r ' ) . O n
the other hand, by strict quasiconvexity, "f(r) < mar{-fr.rt..f,) '}. a contradiction.
Conversely, if lev(/; a) is strictly convex, cy € R. then it follou's rn panicular that / is
quasiconvex. Now, if it is not strictly quasiconvex. ,*'e can find .r. -r' = -{ and : e (x, y)
such that f (z) : max{/(x),,f(y)}, say, equal to .f(.rt. Then br quasiconvexity,

f ( z ) :  f ( r ) :  f ( x ) f o r a l l x  e  [ 2 , " r ] . T h i s m e a n s t h a t s u r f r  _ f : _ f r . t r r d o e s n o t o n l y
consistof extremepointsof lev(f; f (x)). Theproof iscomplete. r

Next is a characterization of quasiconvexity in the differentiable case.

Proposition 9.fll Assume f is dffirentiable on an open com ei set ,1, C Rn . Then f is
quasiconvexif andonlyif,foreveryx,y € A, "f (x) < f (t) implies T-f() ')(.r -l ') < 0.

2. 1.3. Pseudoconvex Functions

We use Ortega-Rheinbold's definitions where no differentiabi-liq'assumption is made.

Definition 10. / ls said to be pseudoconvex if, for eve^' x. y e A and /(.r) < /(y),
there exists B > O such that

f ( ) . x *  ( 1  - r ) y )  = f ( y ) - x ( l - L ) p

for all.r, e (0, 1).

f issaidtobestrictlypseudoconvexif,foreveryx,y,e A. .x f t and f (x) = f (y),
there exists B as above.

Observe that convexity implies pseudoconvexity, which implies semistrict quasicon-
vexity, and strict convexity implies strict pseudoconvexity.

Proposition ll. For dffirentiable functions, the above definition is equivalent to the
classical one of Mangasarian [37]:

f  ispseudocowexi f , forx,y  e A,  f  (x)  < f  (y) impl iesVf  0)(x  -y)  < O,  and f
isst r ic tpseudocorNexi f , forx,y  e A,  x  +y,  f  (x)  S f  $) impl iesVf  0)@-y)  < 0.

(3)
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For pseudoconvex functions, no known criteria exist using epigraph or level sets.

2.2. Extrema of Generalized Convex Functions

For convex functions, it is known [13] that any local minimum is global. This property
is very important in optimization since most existing theoretical and computational
methods allow us to find local minima only. The concQpt of quasiconvexity is developed
under the influence of this property, namely, we have the following proposition.

Proposition 12. Let f be a real function on A c R". Then
(i) If f is quasicorwex, then every strict local minimum is strictly global minimum;

(11) If f is continuous, then f is semistrictly quasicowex if and only if every local
minimum is global minimum;

(iii) If f is strictly quasiconvex, then it cannot have a local maximum and it may have a
unique minimum.

Actually, we can characterize quasiconvexity using extrema properties of the function
on line segments.

In the next proposition, "strict maximum" on [x, y] means that the point is maximum
on [x, y] and unique in some neighborhood on [x, y].

Proposition 13. Let f be a real function on a convex set A C R". Then the following
assertions hold true:
(i) / ls quasicorwex if and only if its restriction on any closed segment attains its

maximum at a segment end;
(ii) Assume f is lower semicontinuous on A, f is semistrictly quasiconvex if and only

if its restriction on any closed segment attains a strict maximum at a segment end
whenever it is not constant at that point.

(iii) / ,s strictly quasicowex if and only if its restriction on any closed segment attains
a strict maximum at a segment end.

Proof. The first and third assertions are directly obtained by using definitions. We
show the second assertion. Assume / is semistrictly quasiconvex. Let [x, y] be any
segment in A with x f y. Assume further that / is not constant on this segment, that is,

f (c) * /(y) for some c e [r, y]. lt f (x) * f (y),say /(x) < f (y),then by definition,

f Q"x 1- (1 - f)y) < f (y) for ). e (0, 1) which shows that y is a sfrict maximum
of / on [x, y]. Because / is lower semicontinuous and semistrictly quasiconvex, / is
quasiconvex. Hence, lf f (x) : f (y), onehas f (c) < /(y). Again, by definition,

fQ"x+  (1 - . r . ) c )  <  f ( x ) ,

f ( L y +  ( 1 - ^ ) c )  < f ( y )

for all )" € (0, 1). Hence, x and y are strict maxima of / on [x, y].
Conversely, if / is not semistrictly quasiconvex, then there can be found x, y e A

and), e (0, 1) suchthat f (x) < f (y) < f ().x + (1-,1,)y).Itfollowsinparticularthat

/ is not constant on [x, y]. By the first part, we may assume / is quasiconvex. Hence,

/ is constant on [.1..r + (1 - ),)y] and r, y cannot be strict maxima of / on [x, y]. The
proof is complete.
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Another important property of convex functions is that a point x e A is minimum if

and only 1t v f @) : 0 when / is differentiable, or o e 3f (x) in a more general case.

The concept ofpseudoconvexity refers to this property'

Proposition 14.111,37l Let f be dffirentiable on the open convex set A C R". If f
is (strictly) pseudocorwex and a f @) : o, then x is a (strict) global minimum of f on

A. Moreover if f is continuously dffirentiable on A, then f is (strictly) pseudoconvex

if and only if v f @) : o implies x is a (strict) local minimum of f '

2.3. Nonsmooth Generalized Convex Functions

2.3.1. Subdifferential Operator and Support Operator

Denote by S(m,n ) the set of set-valued maps from R* to Rn and by B(m x n) the set

of single-valued functions from R- x Ru to the extended real line R U {*oo}, which

are positively homogeneous in the second variable.

Let us define an operator denoted by o and called support operator from 5(m, n) to

B(m x n) and another operator denoted by 0 and called subdifferential operator from

B(m x n) to S(m,n) as follows:For M e 3(m, n), x e R^, u e Rn

oM(x,  r )  :  
,suP , ( r ,  

) )

a n d f o r h e B ( m x n ) ,  x e R ^

\h(x)  :  {u e R'  :  h(x,y)  > (u,  y)  for  a l l  y  € Rn}.

It can be seen that
M(x)  c  D(o M)(x) ,

in addition, equality holds provided M(x) is closed convex and

h(x , y) >- o (?h)(x , Y),

in additon, equality holds if h is sublinear lower semicontinuous in y.

Examples.
o Let f be a differentiable function on R'. Then the directional derivative of / can be

seen as a function of two variables

f ' ( x , u ) :  ( Y  f ( x ) , u ) .

Then0 / / ( . x )  - { u :  l u ,u )  <  (V " f ( x ) , u ) f o ta l l ue  R" }

:  {v"f(x)} '

that is. the subdifferential of the directional derivative f'(*, u) at r only consists of the

gradient V f @) .On the other hand, x r-> {V f @)} is an element of S (n , n) .

o ( y f ) ( x ,u ) :  sup  (u ,  Y )
ye{V.f  (x)}

:  { a f@) ,u )
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that is, the support of y/ is the directional derivative of /.
o Let f be a convex function on R'. The directional derivative is defined by

f ( x * t u ) - f ( x )
f'(x: u) : y,t -;-

Then 0/' is exactly convex analysis subdifferential of 0, f:

0 " f ( x ) : -  { u  e  R"  :  ( u , y  -  x )  <  f ( y )  -  f ( x )  f o ra l l y  €  R ' } .

cLet f be a locally Lipschitz function on R". The Clarke directional derivative is defined
by

n f6 *  tu)  -  f (x)f u ( - r : u \ - l i m " "

J1" 
t

Then the subdifferential 3/0 is exactly Clarke's subdifferential (denoted by 0a fl of f .

2.3.2. Generalized Monotonicity

Throughout this subsection, F is a set-valued map from Rn to Rn. We say that F is
(i) monotone (resp. strictlymonotone) if, forx, y € Dom F,x # y,xx e F(x),y* e

F(y), one has
( x " , y - x ) * ( ) * , x - y )  < 0 ;  ( 4 )

( i ' )  ( resp.  (x* , !  - r )  *  ( )* ,x  -  y)  < 0) ;
(ii) quasimonotone if, for.r, y € Dom F, x*, y* as above,

m i n { ( x * , y - x i l , l y * , *  - y ) } < 0 ;  ( 5 )

(iii) semistrictlyquasimonotoneifitisquasimonotone,andif (x*,y-xl > 0ande > 0,
there can be found z e (y - e(y - x), !), z* e F(z) such that (z*, y - x\ # 0;

(iv) strictly quasimonotone if it is quasimonotone, and lf x I y in Dom F, therc are

z € (x , l), z* e F(z) such that (z*, y - x\ * 0;
(v) pseudomonotone if (5) is strict whenever (x*, y - xl # 0;
(vi) stictly pseudomonotone if (5) is strict whenever x + y.

Observe that (i') + (vi) + (v) + (ii); (vi) + (iv) + (iii) + (ii); (i) + (iD.

The inverse implications are generally not true.

The concept of monotone set-valued maps is known in convex and functional analysis.

Quasimonotonicity was introduced in [3 1] . Under a more complicated form, it was given
in [12] for Clarke's subdi-fferential.

Now, we tum to the concept of generalized monotonicity for bifunctions. I'rut f e
B(n, n). We say that / rs
(i) monotone if, for every x, y e Rn, one has

f ( x , y  - x ) +  f ( y , x - y ) < 0 ;  ( 6 )

(i') strictly monotone if (6) is strict whenever x t' y;



DinhThe Luc

(ii) quasimonotone if, for every x, y e Rn , one has

r n n { f ( x , y - x ) , f ( y , x -  y ) }  < 0 ;  ( 7 )

(iii) semistrictlyquasimonotoneifitisquasimonotone,andif /(x,y-x) > O, f (y,x-
y) > -oo, e > 0 implies the existence of z e (y - t(y - x), y) such that

f ( z , y - x ) > o ;
(iv) strictly quasimonotone if it is quasimonotone, and if x, y € X, x I y with

f(x,y -r) > -oo and f(y, x - y) > -oo implies the existence of z e (x, y)
suchthat either f (z,y - x) > 0or f (z,x - y) > 0;

(v) pseudomonotone if the inequality in (7) is strict whenever f (x, y * x) I 0;
(vi) strictly pseudomonotone if the inequality in (7) is strict whenever x f y.

As in the case of set-valued maps, we have the following implications (i') + (vi) =f
(v) + (ii); (vi) + (iv) + (iii) + (ii); (i) + (ii).

Monotonicity of bifunctions was used in [35]. Generalized monotone bifunctions were
developed in 127 ,3I1.

Below we present a relation between generalized monotonicity of a set-valued map
and that of its support bifunction.

Theorem 15. Let F e S(n,n).Then
(i) F is G-monotone if and only if o F is G-monotone, where G may take the prefix Q,

quasi, semistrictly quasi, and strictly quau;
(ii) if o F is strictly monotone (resp. pseudornonotone, strictly pseudomonotone), then

so is F. The converse is also true if, in addition, F is compact-valued.

Similarly, a link between generalized monotonicity of a bifunction and its subdiffer-
ential is given in the next theorem.

Theorem 16. Let f e B(n,n) be sublinear lower semicontinuous in the second
variable. Then
(i) / ,r G-monotone if and only if 3f is G-monotone, where G may be Q, quasi,

sernistrictly quasi, and strictly quasi;
(1i) if f is strictly monotone (resp. pseudornonotone, strictly pseudomonotone), then so

is 0f . The corf,verse is also true if 0f is compact-valued.

The merit ofthe above results is resigned in the fact thatin orderto establish generalized
monotonicity of a set-valued map, one can verify it for its support function or vice versa.

2. 3. 3. Characterizations of Generalize d C onv ex Functions

In this subsection, we charucteize generalized convex functions by means of Clarke-
Rockafellar's subdifferential. Other types of subdifferentials can also be used in a similar

, way.
We recall that Clarke-Rockafellar's subdifferential a1/ is defined as in Subsec.2.3.l

by using the following directional derivative:

/t(x; a) : 5uP limsuP ,n f0 -l tu) - a 
'

e>o (y,a)+rx i IgueB(u 'e)  t

t02
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where / is alowersemicontinuousfunctionon Rn, 0,a) If -r means y --> x, a -+

f  (x)andot  >_ f  (y) :  B(u,e)  -  {u e Rn :  l lu  -u l l  <  e} .Theaboveformulatakesa
simple form when / is locally Lipschitz:

f r (x;u) -  l imsup
y+x; t  1,0

f  (v - r tu ) -  f  (v )

In Sec. 1 (Proposition 4), we have already formulated a criterion for convex functions.
A fundamental result in characterizing generalized convexity via subdifferential is the
following theorem of [30].

Theorem 17. Let f be a lower semicontinuous function from Rn ( even a Banach space )
to R U {+m1. Then f is quasiconvex if and only if AI f is quasimonotone.

With the aid of this theorem, it is possible to establish subdifferential characterizations
of other types of generaTized convexity. We shall assume / is locally Lipschitz and dom

/ is open and convex.

Proposition 18. The function f is strictly (resp. semistrictly) quasicorwex if and only
if the following conditions hold:
(i) atl is quasimonotone;

(11) For x + y and f(x) : f(y), there exist a,b e (x,y) and a* e 0I f(x), b* <
Ar f 0) such that

( a * , y  -  x )  .  ( b * , y  - , r )  >  0 .

(resp.)
(i i /) For f(x) <,f(y) and e > 0, there exist z e (y - e(y -x),y) and z* e 0r 7171

such that (z*, ! - z) + O).

In particular, if / is strictly quasiconvex, then 3T/ is strictly quasimonotone, and if
6rl is semistrictly quasimonotone, then / is semistrictly quasiconvex.

Note that the converse of the last assertion in the preceding proposition is also true
when n : 1, and not true generally in a higher dimension.

Proposition 19. If the function f is pseudoconvex (resp. strictly pseudocorwex), then
(i) atf is quasimonotone;

(11) for f(x) < f(y) (resp. f(x) = f(y) and x * y), there exists y* e 0r f(y) such
t h a t { y * , r - y )  < 0 .

Conversely, if AI f is pseudomonotone (resp. strictly pseudomonotone), then f is
p s eudoc onv ex ( re sp. strictly p s eudoc onv ex ).

Observe that conditions for generalized convexity presented in Propositions 18 and
19 involve both the values of the function and that of the subdifferential. Subdifferential
alone is not sufficient or necessary to characterize generalized convexity except for the
quasiconvexity. Because generalized convex functions are determined exclusively by
their restrictions on line segments, the classical directional derivatives, which only make
use of the values of functions on direction, seem to be more appropriate to produce
generalized convexity characterizations.
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Proposition 20. Let f be a lower semicontinuous function on an open convex set
A c R". Then f is G-convex if and only if its directional upper derivative f+ is a
G-monotone bifunction on A, where G may be Q, strictly, quasi, semistrictly quasi,
strictly quasi, pseudo, and strictly pseudo.

The directional lower derivative f 
- 

can also be used in the previous proposition.
However, for (strict) pseudoconvexity, the sufficient part may fail.

Let us specify the above result for the case of differentiable functions. Remember that
in this case, 

f 
+ (*, r): (yl.(x), u).

The following conditions are necessary and sufficient for f to be respectively quasi-
convex, semistrictly quasiconvex, strictly quasiconvex, pseudoconvex and strictly
pseudoconvex. Forevery x,y e A, x * y,
( i )  m in{ (V /@) ,  y  -  x l ,  (v  f j ) , r  -  y ) }  <  0 ; (8)

(i i) (y/(x), y - x) > 0implies (V/0), x - y) < 0, and in anyneighborhoodof y
on [x, y], there is z such that (V f k), y - x) > 0;

(iii) inequality (8) holds and there is z e (x, y) with (V f k), y - x) # 0;
(iv) inequality (8) is strict if one of two terms under min is nonzero:
(v) inequality (8) is strict.

The result of (iv) is shown by [21], the results of (i) and (v) were given by 116,22, 441.

3. Vector Functions and Vector Optimization

3.1. Efficient Points

Let c be a convex closed pointed cone in R'. It produces a partial order in Rn by

a > b  i f  a - b e C .

Let A be a nonempty subset of Rn. A point a e A is said to be efficient (or minimal with
respectto c) if there is no b e A such thata > b, a # b.The set of minimalpoints of
A is denoted by Min A.

When int C is nonempty, one is also interested in the set of weakly efficient points:

lTMinA :- {a e A : there is no b E A with a - b eintC}.

Similarly, one defines the set of maximal points and the set of weakly maximal points
Max A, I4zMin A. A particular case is when c is the positive orthant R! of Rn, i.e.,
R \ :  { a :  ( a r , . . . , an )  €  Rn  :  a i  >  O ,  i :  1 , . . . , n } .  B f f i c i en tpo in t sw i th respec t to
Rf are called Pareto-minimal points.

Occasionally, one also considers ideal points. Recall that a e A is said to be ideal if
a < b fot all b e A. Generally, ideal points exist under very restrictive conditions.

3.2. Convex Vector Functions

Let X be a convex subset of R- and / a function from X to Rn. As in the previous
section, Rn is ordered by a convex closed pointed cone C.
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We say that / is convex if, for.r, y e X, l. e (0, 1),

f  ( ) ,x- r  (1-  r )y)  < Lf  (x)  + ( l  -  x) f  (y) .

In the case int C I 0, by writing a )) b, we mean a - b eint C. Then / is strictly
convex if,for x * y,L as above, one has

f ()"x * (1 - r)y) <<Lf (x) + (1 - ).)f (y).

A useful property of convex functions is given in the next lemma.

Lemma 21. f is convex (resp. strictly convex) if and only if I o f is convex (resp. strictly
corwex) for every l, € C' \ {01, where C' is the dual cone of C, i.e., C' : {t € Rn :
( 1 , x )  > 0 , r e C ) .

Let us define subdifferential for a convex vector function in a standard way.

\f(x) :: {A e L(m,n) : f(y) - f (x) > A(y - x) for all y e X},

where L(m, n) denote the space of m x n-matrices. One can prove several properties
of subdifferential of convex vector functions similar to those of scalar convex functions.
For instance, 0/(x) is a convex closed set. If / is differentiable, then {y/(x)} : 0f (x).

Moreover, using Lemma 21, one can establish the following relation: 0(6 o /)(x) >

EAf @) for every € e C' and equality holds when x e riX (the relative interior of X).
Now, assume / is locally Lipschitz. We recall the generalized Jacobian

J f (x) :: co{lim V f @i) i x; € X, / is differentiable at xi and x; --> x},

where co denotes the closed convex hull.
It is known that if f is scalar-valued, then J f (x) is the Clarke subdifferential and

coincides with the convex analysis subdifferential Af @). This fact is no longer true for
vector functions. Nevertheless, we have the following relation established by [36].

Proposition 22. Let x e int X. Then Jf (x) c 0f (x) and EJf (x) : t1f (x) for all

E  e c ' .

Theequalityisobtainedbythefactthat J(fof)(x): lJf (x) and0(f o/) : l1f .The
composition{ o/ isaconvex scalarfunctionwhen E e C'.TheinclusioninProposition
22 is strict. For instance, with /(x, y) : (lxl, lxl + y) from R2 to R2 and C : R2+, one

has 0/(0, o) : {(3 1), ", P € [0, 1]], while "r/(0, 0) : *{(l !), (-l ill
To study convex vector functions, we also need the concept of monotone maps. Let

F be a set-valued map from X c R^ to L(m, n). Remember that R' is ordered by the
coneC.Wesay tha tF i smono tone i f , f o r x ,  y  €  X ,  A  e  F (x ) ,  B  e  F (y ) ,  onehas
( A - B ) ( x - y ) > 0 .

It is easy to see that F is monotone if and only if f o F is monotone in the classical
sense for every | e C'.

Now, let f be a vector function, not necessarily convex. One defines subdifferential
of / as if / were convex, that is,

0f (x) :: {A e L(m,n) : f (y) - f (x) > A(y - x) for all y e X}.

The following result was partly proved in [36].
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Proposition 23. Let f be avectorfunctionfrom X c Rm to Rn. If 0f (x) is nonvoidfor
every x e x, then f is convex. Moreove4 if f is corwex, then 0f is iaximat monotone.

Proof. If 0f (x) is nonvoid for all ; e X, then given x, y e X, ). e (0, 1), one has

f (x) _ f (),x 1_ (1 _ r)y) > (1 _ L)A(x _ y),

f(y) _ f(),x + (1 _ r)y) > ).A(y _ x),

where A is any element of 0f e'x + (1 - ),)y). It fonows from the above inequalities
that f ()"x + (1 - l)y) < Lf (x) + (1 - x) f (y).Hence, / is convex. The second part isproyen in a standard way.

For a locally Lipschitz function, the generalized Jacobian is always nonvoid. we canuse it to charactenze convexity. 
--J - 

I

Proposition 24. Let f be a locaily Lipschitzfunctionfrom an open convex set x C Rmto Rn. Then f is convex if and only if J f is monotone.

As a consequence of propositions 23 and,24, we see that generarized Jacobian of aconvex vector function is not maximal monotone in general.

-Now, we study optimality conditions of convex functions. Recall that the tangent coneof a convex set X c R at xs e X is the cone

T(X;  xd : -  {u e R- :  xs + tv  eXforsome /  > 0} .

we say that x6 e X is an efficient point of f if f (xd is an efficient point of the set
f (x). rdeal points and weaklyefficient points of / are defined in a similar way. For as e t 0  c  R ^ , w e d e n o t e  e # : { *  e  R n :  ( x , q )  > 0 f o r s o m e  S  €  O t .

Proposition 25. Let f beaconvexvectorfunctiononaconvexsetX C R .Then
(i) xs e X is ideat if and onty if 0 e 0f (xs);

(ii) ;6 e X is weakly.efficient if and onty if there is g e C, \ {0} such thatT(X; xd c [t\f (xdl#.

Proof' The first assertion is immediate from definitions. Let x6 e x be weakly efficient.Then there exists f e c/ \ {0} such thatx. is aminimum of I o fover x. since f o /is convex, we have, for every u e T(X;xs) , 
,.rlylr,,r(-r,i) 

2 0. Equivalently,
(€ e A, u) > 0 for some A e Ef (xs). Thus, Z(X; xs) c lf 0f (xe)l#. Conversely, if xsis not weakly efficient, then there is u e T (X;"0) ,u"t tt ut 

"i(^' 
+ rj _ .f ("0) << O.Hence, for every E e c' \ t0), 6 o f(xo* u) - t " f@d"< 0. consequenrly,( ry ,u )  <  €  " f (xo- f  u ) -  € "  f (xo)  <  0 fo r  everyn  €  0 f  o / ( . rs ) ,wh ichmeans

thatuf[ tAf@d]#. )  r \ --v/  
r

A particular case of Propos ition 25 is the situation where x6 is a relative interior pointof X,i.e.,xs e riX.Thenr6isweaklyefficienrif andonlyif I i i" i l]itaf @s) I Aforsome f e C'\ {0}, wherelLin Xla is the orthogonal complement oithe tinear subspacespanned on X - x6. For X : R^, the above relation is equivalent to 0 e f0l(x6).
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Another particular case is obtained when / is differentiable at xs. We then have

Df (xd: {f'(xd}andProposition25(ii)becomesasfollows:.r0 € Xisweaklyeffrcient
if and only if there is f e C' \ {0} such that

\€f '  (xd,u)  Z 0 fora l l  u  e T(X;  xd.

Again, if in additionxs is arelativeinteriorpointof X, thenthe aboverelationis equivalent

to

Ef 
'@il e lLin xlL

and, for  X:  R^,  i tmeansthat0:  Ef '@d.

3.3: Quasiconvex Vector Functions

As in the previous section, / is a vector function from a convex set X S R- to R" and

the space Rn is partially ordered by a closed convex pointed cone C.

Definition 26. We say that f is (strict) quasiconvex if, for x,y e X, x + y andfor
). e (0, l), one has

f  Q.x-r (1 - r)y) < l f  (x), "f  (y)l+

(resp. f Q"x + (1 - r)y) << f-f (x), f (y)l+),

wherelf (x), 
"f(y)l+ :- {a e R' : a > f (x) anda > ,f(y)}.

This definition of quasiconvexity has the advantage in that quasiconvex vector

functions can completely be characteized by level sets. We recall that, for a €
Rn, lev(f ; a) consists of x e X such that f (x) < a.

Proposition 27. f is quasiconvex if and only if level sets of f &re convex'

The definition given above is one way to generalize the relation (2) to vector functions.
That relation can also be interpreted in other ways, giving different definitions of
quasiconvex vector functions. Let us mention some of them:
(a) 

"f(x) s f 0) implies f (),x-r (1 -r)y) < f (y).

o)  / ( r . r+(1 - r )y)  < f l f (x)+( t -  f l ) f (v)  forsome f l  e  (0 ,1) . (Def in i t ionbv
Tanaka and Helbig.)

It is easily seen that / is quasiconvex in the sense of (a) if and only if lev(/; /('r)) is

star-shaped with center at x.
Cambini and Martein [6] go even further in generalizing relation (2) by using separately

the orders generated by C, C \ {0}, int C in the inequalities in (a). The interested reader

is referred to [4] for details ofthose generalizations.
As noticed before, a vector function is convex if and only if the composition f o /

is convex for every E e C' .This property makes it possible to treat a family of scalar

functions {€ " f : $ e Ct} instead of the vector function /. This shows particular

importance in scalarization of vector problems. A similar result does not hold for
quasiconvex functions; composition of a quasiconvex function with a functional { e C'
is not necessarily quasiconvex. When C is the nonnegative orthant of the space R',

wehavethefollowingresult: / : (fr,...,fr)is (strictly)quasiconvexif andonlyif

fi, ..., f, are (strictly) quasiconvex.
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Quasiconvexity is used in vector optimization to establish local-global properties of
efficient solutions. It is also used to prove topological propertie, ,oJh u, connectedness
and contractibility of the set of efficient solutions. Let us consider the case c - Ri.
with this order, the space Rn is a Banach lattice. In particular, for every a, b e Rn, one
can find aunique element u € Rn such that u > a, u > b and,for any other u satisfying
the above inequalities, one has u > a. Such an element a is denoted by sup{a, b}. Let us
introduce the concept of semistrict quasiconvexity (called explicitly quasiconvexity in
[3a]). we say that / is semistrictly quasiconvex if it is quasiconvex, *a ir /(") * fii,one has f ()"x -l (1 - r)v) < sup(/(-r), /(v)). Berow is the local-global property in
vector optimizatton.

Proposition 28. Assume f is semistrictry quasicorwex. Then every local fficientsolution of f over X is its globat fficient solution.

Note that if the components fi, ..., f, of the function / are semistrictly quasiconvex
and quasiconvex, then so is /. The converse is not true in general. The componentwise
semistrict quasiconvexity can be used to characteize local-global property for weakly
efficient solutions.

Proposition 29. As sume f is componentwis e semistrict quasiconvex ( and quas iconvex).
Then every local weakly fficient solution of f over x it tt, global weakly fficientsolution.

The local-global property is also satisfied under pseudoconvexity, a notion introduced
by t6l. Assume / is directionally differentiable ar x and intc I g. f is said to be
pseudoconvex if f (y) < f (x) implies .f 

,(*, y - ,r) << 0.

Proposition 30. t6l If f is pseudoconvex, then every local fficient solution of f over
X is a global fficient solution.

It is known and easy to see that if .r e X is a (weakly) efficient solution of /on x, then f'(x,u) f -intC for every v e T(x;x). It follows directly from the
definition of pseudoconvexity that the above condition is also sufficient foi efficiency
when / is pseudoconvex. Second order efficiency conditions were developed by t4l
using generalized convexity.
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