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Abstract. In [2], we constructed an iterative method for solving the boundary value problem (BVP)
(1)-(3) under the assumptions (4) and (5). In this paper, we consider the case where condition (5)
is not satisfied. With the help of a new operator, which acts on couples of boundary and domain
functions, we lead BVP (1)—(3) to a mixed boundary-domain operator equation and construct an
iterative method for it.

1. Introduction

In [2], we constructed an iterative method for solving the following BVP:

eA%u —aAu+bu= f(x), x€Q, (1)
ulp =0, @)
u
—| =0,
i 3)

where A is the Laplace operator, 2 a bounded domain in R” (n > 2), I the sufficiently
smooth boundary of 2, v the outward normal to I', and £ > 0 under the assumptions

a =const >0, b= const> 0, ()

a® — 4be > 0. 5)
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More precisely, the boundary conditions (2) and (3) may be nonhomogeneous, but
it is not essential. The latter condition (5) is very important and cannot be missed for
reducing the problem (1)—(3) to a boundary operator equation and for establishing the
convergence of an iterative process.

In this paper, we consider the case where the condition (5) is not satisfied. In this case,
with the help of a new operator which acts on couples of boundary and domain functions,
we lead BVP (1)-(3) to a mixed boundary-domain operator equation and construct an
iterative method for it.

2. Reduction of BVP to Boundary Operator Equation

For the sake of simplicity, we limit our discussion to the case £ = 1 because our purpose
is to construct an approximate solution of (1)—(3) associated with some fixed ¢ but not
to consider its effect when tending to zero. It is the scope of the theory of singular
perturbation problems.

Now, we set
Au=v ©)
D= —bu
and denote by vg the trace of v on I" and
Lv=Av —av. @)
Then we come to the sequence of problems
Lv=f+ D, xe€q,
®
v|r = vo,
Au=v, x €, ©)
ulr =0.

The solutions u and v of the above problems should satisfy the relations (3) and (6).
Furthermore, we define operator B as follows:

B:w— Bw

du
w=(v0), Bw=(b9" ) (10)
D I
D+ bu

and u, v are solutions of the problems

where

Lv=D, xe€Q,

v|r = v,

1)

Au=v, x € Q,
(12)
ulr = 0.
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The operator B primarily defined on couples of smooth functions is extended by
continuity on whole Lo(I") x L2(S2). Its properties will be investigated later.

For the reduction of BVP (1)-(3) to an equation with the operator, we put

u=u+uy, v=1u+uv,

where
Lvy,=f xe€,
2= f (13)
vzlr =0,
Auy = v2, x € Q,
Uy = v, X (14)
uzlr =0,
Lvi=D, x€Q,
(15)
v1lr = vo,
Aup =v1, x € Q,
(16)
uilr =0
with L defined in (7).
From (13) and (14), we can determine u and v, and from (15) and (16), by the
definition of B, we have
i
Bw = ( b v ) ‘ an
D + bu

For u to be the solution of (1)—~(3), as mentioned above, the relations (3) and (6) should
be satisfied, i.e., there should be

i)
™| =0, D+bu=0.
I:)U T
From these relations, we derive
duq 3 ouy
W o
D + buy = —bus.
Putting
_pdu
F=( b F), (18)
—buy
from (17), we obtain
Bw =F. (19)

The smoothness of F depends on that of f, namely, using [5], it is easy to show that if
f e H" %), n>4,then F € H*3/2(T') x H"(Q). Here, as usual, H*(Q), H*(T")
are Sobolev spaces (see [5]).
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Thus, we have led the original problem (1)—(3) to the operator equation (19) for finding
the couple (vo, D). After this couple is found, solving the problems (8) and (9), we
shall find the solution u of (1)—(3).

Now, let us study the properties of B.
First, we introduce the Hilbert space H = L, (I") x L»(S2) with the scalar product

(w, W)g = (v0, Vo)L, + (D, D)1,

o=(3): == (3)

Property 1. B is symmetric in H.

where

Proof. We have from (10)

a9 iy
(Bw, ) = /iobﬁdr‘ +/D(D+bu)dx.
r Q

Transform the boundary integral

_ du _du v
I =[vobadF —/(bva—v —bua)dr‘
r I

= b/(mu — uAD)dx = b/vvdx - b/ u(av + D)dx
Q Q

Q
=b/ﬁvdx —ab/uidx —b/uﬁa’x.
Q

Q Q

Further, we have

—ab/uidx = -—ab[uAiidx = ab/gradu.gradﬁdx.
Q Q Q

Thus, we obtain ¢

J1 =b/v6dx +ab/gradu.gradﬁdx —-b/uﬁdx.
Q Q Q

As aresult, we obtain

(Bw,w) = [(bvﬁ + abgradu.grad + DD)dx = (Bw, w). 20)
Q

The symmetry of B is proved. [
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Property 2. B is positive in H.

Indeed, from (20), we have

(Bw, w) = /(bv2 + ablgradul2 + Dz)dx > 0.
Q

The equality occurs if and only if w = 0.

Property 3. B can be decomposed into the sum of a symmetric, positive, completely
continuous operator and a projection operator, namely,

B =By+ I, 21)

where B and I are defined as follows:

du
Vo b+ 0
w=<D),Bow=( ;‘;r),lzw=(D>, 22)

u being defined from (11) and (12).

The complete continuity of By is easily followed from the embedding theorems of

Sobolev spaces (see, e.g., [5]). The analogous technique was used in our earlier works
[2, 3].

Property 4. B is bounded in H.

This fact is a direct corollary of Property 3.
On this occasion, we also consider the perturbed problem obtained from the original
problem by replacing the boundary condition (3) with the perturbed one

(3Au n bg—’:) — 0. @)

r

\
.

Here, § is a small positive parameter.
Doing the same as for (1)—(3), we can reduce the problem (1), (2) and (3) to the
operator equation

Bsws = F, 23)
where
V50 V50
Bs =B 61, Liws = VWS = 24
5 +686, Lws (O) 5 (Ds) (24)

and B, F are defined by (10) and (18).
Taking into account Property 4 of B, we see that Bs is a linear, symmetric, positive
definite operator in H, B; > 81, where [ is the identity operator, I = I + .
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3. Iterative Method for BVP (1)-(3)

Consider the following iterative method for (1)-(3):

(i) given a couple w©® = (v(()o), D(O))T;

(ii) knowing w® = (v(()k), D("))T, k=0, 1, ... solving successively two problems

Lv® = [+ D(k), x € Q,

(25)

Bl =,

Au® =& xeQ,

(26)

u®|r =0.

(iii) calculate the new approximation of vy and D

ou®

oD = ok — tk+1b%, xeT, @7
D*D = p® _ ¢ (D® +5u®), x e, (28)

where 7.4 are sufficiently small iterative parameters.
For investigating the convergence of the iterative method, we remark that the above
process is a realization of the following iterative scheme:

wik+1 _ gy (k)
T + Bw(k) =F (29)

for the operator equation (19).
Indeed, if we represent u® = u® 4 uy, v® = v
solutions of (13) and (14), then ugk), vik) satisfy the following problems:

k
{ ) + vy, where us, vy are the

Lw® =D®, xeq,

k
e =5 (30)
Augk) = vgk), x € Q,
k
uP|r =
By the definition of B, we have
A
BILJ“' — b 'Ihll r
D+ bugm
Consequently,
pu®
Buw® — F = 3 r
D + bu®

From here, it is easy to see that (27) and (28) are componentwise writing of (29).

Thus, for studying the convergence of (25)—(28), it suffices to consider (29). Here, it
is impossible to use the well-known results of the theory of two-layer iterative schemes
for the case of a symmetric, positive, completely continuous operator because operator
B is only symmetric and positive but not completely continuous.
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Remark. In[1], when condition (4) is satisfied, the authors proposed an iterative method
analogous to (25)—(28), but there the convergence is not proved.

In order to construct a convergent iterative process for (1)—(3), we shall use the
parametric extrapolation technique, which was developed and used in [2-4].

For the case of observation, we rewrite the perturbed problem associated with the
original problem (1)—(3) in the form

Aus = A%us — alAus +bus = f(x), x € Q, (31)
uslr =0, (32)

(SAug + b%) =0 (33)

r

Theorem 1. Suppose that f € H"*(2), n > 4. Then for the solution of the problem
(31)~(33), there holds the following asymptotic expansion:

N
i 5
us=u+y 8y +8"tz, xeQ, 0<N<n-= (34)
i=1 2
where yg = uis the solution of (1)—(3), yi (i = 1, ..., N) are functions independent of
8, yi € H"(Q), zs € H* N (Q) and

lzsll a2y < C1, 35)

C1 being independent of 8.

Proof. Under the assumption of the theorem, by [5], there exists a unique solution
u € H"(2) of the problem (31)-(33). After substituting (34) into (31)—~(33) and
balancing coefficients of like powers of 8, we see that y; and z; satisfy the following
problems:

Ay =0, x €€,
yilr =0, 36)
b%|F = —Ayicilp, i=1,...,N,
AZA="01""x €,
3Z;8|F =0, 37)
(3825 +6%7) ==ty

Once again, using [5], it is not difficult to establish successively that (36) has a unique
solution y; € H" () and (37) has a unique solution zs € H*~V(Q).

Clearly, y; (i = 1,..., N) do not depend on §. It remains to estimate z5. For this
purpose, we reduce (37) to a boundary operator equation. We set

Azs =vs, Ds = —bzs (38)
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and denote vs|r = vso. Then we obtain

Lvs = Avs —avs = Ds, x € ,

vslr = vso,
Azs =vs, x €L,
zslr = 0.

Now, denote ws = ( vso ) Then by definition

D;
925
Bws = ( bav

Ds + bzs

Using the last condition of (37), we obtain

Bws + 8Iyws = h, (39)

w=(70").

It is possible to verify that (see [4])

where

(Bws, ws) < (Bw, w), (40)

where w is the solution of the equation Bw = h. This equation has a solution because
it is the equation to which the problem (37) with § = 0 may be reduced.
In Sec. 2, when investigating the properties of B, we have established that

(Bws, wg) = /(bvg + ablgradzal2 —+ Df)dx.
Q

In view of (38), we have

(B = f BIABP + ablgrad 23 -+ bls P)dx.
Q

Since the right-hand side of the above equality defines a norm in the class of functions
vanishing on the boundary, which is equivalent to the norm || - || g2(g), we have

lzsll a2y < C1,

where C1 = C24/(Bw, w), C; being independent of 8.
Thus, the theorem is proved. a
As usual (see [2-4]), we construct an approximate solution U £ of the original problem

(1)~(3) by the formula
N+1

Ut = Z Yils/i s
i=1
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where
(_1)N+1—i iN+1
N +1-10)!

where us,; is the solution of (31)—(33) with the parameter § /i (i = 1, ..., N + 1). Then
it is easy to obtain the following estimate:

W= )

IUE - ullge) < C28M 1,
(%))

where u is the solution of (1)~(3) and C, a constant independent of 5.
For solving (31)—(33), which may be reduced to Eq. (23), we propose to use the
following iterative process under the assumption f € L;(2):

(i) given a couple (Uao 4 D(O)) € H/2(I') x Ly(RQ);
(ii)) knowing vé’é) and ng), k =0, 1, ... solves successively two problems

Lv(k) =f+ Dék), x € Q,

k k
v|r = vig,
Au(k) = v§k), x € Q,
k
b )lF =0;

(iii) calculate the new approximation of v and D

Bu(k)
vg(‘)"'l) = vg(;) — 75 k+1(b% + 8v§]6)), x el
DD = DI — 151D +buf?), x e Q,

where {71} is the Chebyshev collection of parameters according to bounds y, (1) =34,

y2 = 8 + || B|| (see [2-4, 6] for details).
In the case of simple iteration

2
Ts.k = T5,0 = 'ﬁ,
( ) + Vs( )
we obtain
k 0
Jws? = ws]y < (o) ws” —wal @)
where
(k)
k) Wso Us0
ws . = , ws=
p=(3p) w=(2)
and
1§ Vs
ps = =35
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This result follows from the general theory of two-layer iterative schemes [6] applied
to the operator equation (23), which is obtained from (31)—(33).

Using estimates for the solution of elliptic problems [5] and taking into account (41),
we obtain the estimate

I ug” — us| @) = Clos)| wy” — ws |z

where C is a constant independent of &.
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