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1. Introduction

Let K be a compact set in a Frechet space E and X a Banach space. By H(K, X), we
denote the space of germs of X-valued holomorphic functions on K equipped with the
inductive topology. This means that

H(K, X) = limind(H*(U, X)),
UDK

where U ranges over all neighborhoods of K and H*(U, X) is the Banach space of
bounded holomorphic functions on U.

The completeness of H(K, X) was investigated by some authors. First, Dineen [2]
proved that H(K) = H(K, C) is complete, where C denotes the complex plane. Later,
Bonet, Domanski and Mujica [1] showed that H (K, X) is complete if either X is
complemented in its bi-dual or E is quasi-normable. This result can be obtained from
the proof of Dineen’s result. In the present note, we shall prove the following:

Theorem. Let K be a balanced compact set in a Frechet space E and X a Banach space.
Then H(K, X) is complete.

2. Proof of Theorem

Choose an index set I such that X C £°°(I). Consider the commutative diagram
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HK,X) —s [HE X"

Rl R"l
H(K, £°(I)) —— [HK, &)Y’

where R, S and S are canonical maps.
Note that R is injectiveand S, S are imbeddings because H (K, X)and H*(K, £2°(I))
are barrelled spaces.

(i) We first check that [H(K, X))’ is dense in [H(U, X)] for every balanced
neighborhood U of K. It suffices to show this for [H*(V, X)]’, where V is
a balanced neighborhood of K satisfying 85V ¢ U with0 < § < 1. Let
u € [H®(U, X)] and ¢ > 0. Write the Taylor expansion of every f € H* (U, X)

f@ =Y P.f(@,

n>0

where

1 fAz)
P, f(2) = % =1 a1

Since 571V C U with 0 < 8 < 1, it follows that }_ || P, f|ly < +oc. Take m such that

n>0

S IP.fllv <€ for f € HU, X) with | flly < 1.

n>m

Put um(f) = Y wu(Pnf). Then pyn € [H®(V, X)Y because [P("E, X); ||.[v] =
O<n<m

[P"E, X); ||.lly] for n > 0, where P("E, X) stands for the space of continuous

n-homogeneous polynomials from F into X and

(= ) < ) NPflly <€ for f € HOU, X) with || flly < 1.

n>m

(ii)) We now show that the map R” is injective. Since H*°(U, X) is imbedded in
H>®(U, £°(I)) for every neighborhood U of X in E, from (i) and the relations

[H(K, X)] = limproj [H®(U, X)

[H(K, £2°(I)] = limproj[H*™ (U, £2(1))7,

we infer that R’ : [H(K, £°(I))]' — [H®(K, X)Y has the dense range. Hence,
R" : [H®(K,X)]" — [H(K, £°(I))]" is injective.
Note that [H (K, X)]” and [H (K, £°°(I))] are complete because [H (K, X)]” is the
dual of the Frechet space [H (K, X)) and £°°(I) is complemented in its bi-dual.
(iii) Now, let { £} be a Cauchy net in H (K, X). Since [H(K, X)]” and H(K, £>°(I))
are complete, we have
Sfy > pand Rfy — g

in[H(K, X)]” and H(K, £°°(I)), respectively.
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Let # : H(K,£°(I)) - H(K,£*(I)/X) be the map induced by the canonical
projection  : £*°(I) — £*°(I)/X. Since f, € H(K, X), there exists a neighbourhood
W containing K and a holomorphic function fo € H®(W, X) such that f, defines the
germ f, on H(K, X). Because f,(x) € X forevery x € W and f, € H®(W, X) with
germ f,, we have 7 R fy (x) = 0. Hence,

g =limaARf, =0.
[+4
Thus, we can find f € H(K, X) for which Rf = g. From the relations
R"u =lim R"Sf, =lim SRf, = Sg = SRf = R"Sf
o o

and the injectivity of R”, we obtain Sf = u. Hence, fy, — fin H(K, X),so H(K, X)
is complete. [ ]
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