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In this note, we consider the differential inequality of the form

l u t l <k ( t ) ( I * l x l ) l u * l+  f1 t ,1u11 ,  (1 )

where k(.) € Ll(0, T), T > 0 and f (t,lzl) is the right side of a comparison equation
satisfying the Carath6odory condition. Using the method based on the differential
comparison equations and the theory of multifunctions, we integrate the differential
inequality (1) and apply it to derive uniqueness results for global semiclassical solutions
of the Cauchy problem:

Y  *  H i ( t , x , u , Y , u i ) : 0 ,

q ( 0 ,  x )  :  u l { i ,  i  :  1 , . . . , f f i ,

where (/, x) e {27 : (0, f) xRn;n, la e N; Hi, j : I,...,ffi are functions of
( t , x ,  p , q )  e  Q r  x  R ' x  R " .  V e c t o r s  p :  ( p r , . . . , p i l  a n d q j  -  @ i , . . . , a p  a r e

correspondin gtou - (ut , . . . ,  u^)andY*ui :  (y,  . .  ,Yr,respect ively.  Systems
dxt dx,

of the form (2) arc calledweakly coupled systems.

1. Differential Equations of Comparison Tlpe

In this section, we will give some theorems which generalize to the Carath6odory case
of Lemma 14.2 and the second Comparison Theorem in [4]. They will be used to prove

(2)

(3)
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some results in Sec. 2. For this aim, we consider the Cauchy problem on domain D C R2

y ' :  f ( t , y ) , ( 1 . 1 )

y(/o) : yo, (/0, yo) € D. (1.2)

We recall the definition of the Carath6odory equation (see [3]).

Definition l.l. Equation (1.1) is said to be the Carathdodory equation provided:

(a) f (t, .) is a continuous function in y for almost all t;
(b) /(., y) is measurable in t for all y;
(c) there exists an integrable function (in Lebesgue's sense) m : m(t) such that

l f  ( t , y ) l  <  m( t ) ,  Y ( t , y )  e  D .

Here and in what follows, a function defined on an interval 1 c R and absolutely
continuous (a.c.) on every closed subinterval of 1 is said to be an absolutely continuous

functionon I.
By a solution of (1.1), we mean a function y : y(t) which is a.c. on interval (a, B)

and satisfies (1.1) for almost all t e (a, fr).A solution m : m(t) of (1.1) and (1.2)
defined on (a, B) is said to be a minimal solution of the problem provided, for every
solution y : y(t) of (1.1) and (1.2) defined on(a', p'), wehave

m(t) < y(t), Yt e (a.B) n (a' , p').

Theo rem 1 .2 .  Le tQa :  (0 ,  T )xR1  :  { ( l , y ) : r  e  (0 ,  T ) , y  >  0 }and ( to ,  yo )  e  O+ .
Consider the problem ( 1.1 )-( 1.2 ) on the domain 524, where the function f satisfies the

following conditions:

f (t, y) > 0, V(/, /) e Sla and f (t,0) : 0, V/ e (0, Z).

Then there exists a minimal solution m : m(t, ts, ys) of the problem (1.1)-(1.2) defined
on (0, t6l. In particulari m(t, t6,0) = 0.

The proof of Theorem 1.2 is similar to the proof of Lemma I4.2 in [4]. For more
details, refer to [4].

Definit ion 1.3. Adffirentialequationy' : f (t,y) definedon(2',: (0,T) x Ra is
called a comparison equation if the following conditions are satisfied:

(a) y' : f (t, y) is the Carath4odory equation;
(b) f (t, y) > 0 for all (t, y) e 9a and f (t, 0) : 0 for all t e (0, T );
(c) y : y(t) : O in every subinterval (0, y) c (0, Z) is the unique solution of (1.1)

which satisfies 
,\511(r) 

: 0.
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Example 1.4. Letk(.) beanonnegativeintegrablefunctionon (0, Z),thenthefollowing
functions:

( a )  f ( t , v ) : k ( t ) ' # ,  v > o  t  e  ( o , T ) ;

(b )  f ( t , v ) : k ( t )  f u '  v>o  t  e (o ,T ) ,
are right sides of comparison equations.

Consider the Cauchy problem (1.1)-(1.2) on C21. Suppose (1.1) is a comparison
equation and g is an a.c. function on [0, T). Let G be a set of zero measure such that

9(.) is differentiable atevery point of [0, f) \ G and E :- {t e (0, f) \ G : 9(t) > O}.

Theorem 1.5. If the following conditions

a(0) < 0 and q'( t )  < f( t ,p(t))

ho ld fo ra l l t  e  E , theng( t )  <Ofora l l t  e l0 ,T) .

The proof is similar to the proof of the second Comparison Theorem in [4]. The details
are left to the reader.

2. Uniqueness of Global Semiclassical Solutions of the Cauchy Problem for
Weakly Coupled Differential Equation Systems of First Order

Let us denote by | . l, (.) the Euclid norm and the corresponding scalar product in R',
respectively. Further, let

Lip (9r) :- {u :(22 -+ R : z is locally Lipschitz continuous},

Lip (t0, Z) x R') :: Lip (Ar) n C (t0, r) x R'),

V (Ar) 7 lu e Lip (t0, 7) x Rn) : u is differentiable for

all x e R' and for almost everywhere / € (0, f)l

v- (oz) := v (or) 
:;_l< 

v (or)

Theorem 2.1.  Letu:  (ur ,u2, . . .  ,u*)  eV^({27) .  Supposethere ex is tnonnegat ive

funct ionsk:k( t )  e  1110,  T)  and f  :  f  ( t ,y)  def inedon(O,T)  xRa,whichis the
right side of a comparison equation such that the following conditions hold

u ( O , x ) : 0 ,  V x  e  R ' ,

, D u i  ,
|  *  l sk ( tx l+  l x l ) lY"u i l+  f  ( t ,  

r? f ! ^1" ,1 ) '  i :  r , . . . , f f i ,

for all x e R' and for almost all t e (0,7). Then u(t, x) : O in Qr .

(2.r)

(2.2)
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Proof. I-et (lo, ro) € Qr. It suffices to prove that u(ts, r0) : 0. Consider the
multifunction F :527 --+ R'givenby F(t,x): BmkG)e*1x11, (t,x) € Qr, where
B, is a closed ball with the center at origin and radius r. By Theorem VI-13 in [2], it
follows that the set of a.c. solutions defined on 1 : [0, rs] , E7 (/6, x6), of the differential

dx(t\
inclusion -* e F(t,x(t)) subjecttotheconstraintx(/6) : x0,isanonemptycompact

d t
set in C(/, Rn).

Let us define a function (0 i I --> R as follow:

<p(t)  : :  maxlrm?\ lu1Q, x(t)) l :  x( .)  e El(re, xs)),  /  € [0,  /0] .  Q.3)

To prove u(to, xo) : 0, it is suffrcient to prove that p(r6) : Q.
By hypothesis of Theorem 2.1and Lemma 3 in [5], there exists a set G c (0, Z) of

zero measure, such that

. g : g(t) :: fi tc14ar is differentiable at every point (a.e.p.) in (0, /0) \ G;

. u(.,.) is differenriable a.e.p. in ((0, /o) \ G) x R',
o g is differentiable a.e.p. in (0, /0) \ G.

Denote E : {t € (0,/o) \ G I e(t)
E :  A,  immediate ly  q( td :0) .  By (2.3) ,  there ex is t  j  e  {1,2, . . . ,m} andxr( . )  e
E1Qs, xO such that g(t) = luj(h, x1(t))1. Without restriction of generality, we can
assume

e(t)  :  lut l t ,  xt( t )) | .

We write, for short, xr : xtG).If

eU)  :  a (h ,  aQ))  :  uL(h ,  x r ) ,

then we choose e € Rn such that lel = 1 and

(Y"u1Q1, xr1, r)  :  - lYru(t1, xr)1.

(2.4)

(2.s)

(2.6)

Denote by y : y(p) a solution continuously differentiable on R of the system
dv( o\:!:!! - (t + ly(p)l)e. Subject to y(g(rr)) : xI and pur

ap

x2: xz(t)  :  y@(t))  I  e [0,  T],

we have x2being differentiable at t : tr and the function i given by

(2.7)

I x z ( t )  f o r O < t < t r ,
x ( t l :  I

I  xr(r) for /1 < t < to,

belongs to Xr(/0, xe). Moreover, i(t) : xI and
By (2.5) and the continuity of ur( , xz (.)), for 6

q(^ + 3)  g( t t )  
< 

ur( t t  + 6,  xz( t l

i ( t )  :  x2( t ) ,  Yt  € [0,  A] .
< 0 small enough, we have

+ 6)) uLQr, )c2(tr))
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Letting 6 + 0- and applying (2.6)-(2.7) yield

s , ( t t )  <  l l u re r t  l ) l  -  k ( t ) ( r+  l r l l ) l v , r r  e t , r r )1 .' A t  - ' -  ' '

By (2.2), we obtain e'G) < f (n, 
,,yp*lu1Gt, 

xt)l). From (2.4),

e 'Q) < f  ( t , ,p(t)) .

281

(2.8)

It qQ) : -ur(h,xl), similarly to the case above, we also have (2.8). Since /1 is
arbitrary in E, we have e'(t) < f (t,q(t)), Yt € E. Hence, by p(0) : 0 and by
Theorem 1.5, we deduce gQ) < 0, Yt e [0, /o], and consequently, 9(/0) : 0. By
the definition of rp,we conclude u(ts,xs): 0. Since (to,xo) is an arbitrary pointin
{27 ,  u( t ,  r )  :  0  in  O7.  r

We now apply Theorem 2.1 to prove a uniqueness criterion for global semiclassical
solutions of the Cauchy problem (2)-(3), which is the main result of this paper.

First, werecall the definition of global semiclassical solutions fortheproblem (see [5]).

Definit ion 2.2. Avectorfunctionu eV^(97)iscalledaglobalsemiclassical solution
of (2)-(3) if u satisfies the condition (3) for all r € Rn and u satisfies the system (2) for
all x e Rn and for almost all t e (0, T) .

Theorem 2.3, Suppose Hi : Hi(t,x, p,qj), j 1,,...,m, satisfies thefollowing
condition: There exist nonnegative functions k(t) L'(O,T) and f (t,y) defined on
(0, 7) x Ra which is the right side of a comparison equation such that the following
inequality holds for all x e R" and for almost all t e (0, T):

lH1Q,x ,  p , s )  -  H iQ ,x ,  p ' , s j ) l

s  k ( / ) ( 1  + l x l ) l s j  - s j l +  l G , 1 y y ' ^ l p i  -  p ; l ) ,  i : r , . . . , m ,

w h e r e  p  :  ( p t , . . . , p i l ,  p '  :  ( p 1 , . . . , p k ) , e  R m ,  q j  :  ( q ; , .  . , S i ) ,

@ ' ) , . . . , a ' i )  e  R " . I f  u  :  ( u r , . . . , u ^ )  a n d  u  :  ( u r , . . '  , u ^ )  a r e  g l o b a l
classical solutions of (2)-(3), then u : u on {27.

Proof. Put z : u - u : (2t, ..., z*). By hypothesis of Theorems 2.I and 2.3, we
deduce z(t, x7 :0 for all (t, x) e f2r.

For other recent results on the inequalities oftype (1) and their applications, we refet
to [1] and to the bibliography quoted there.
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